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PREFACE. 



Thb following summary view of the first principles of al- 
gebra is intended to be accommodated to the method of in* 
struction generally adopted in the American colleges. 

The books which have been published in Great Britain on 
mathematical subjects, are principally of two classes. — One 
consists of extended treatises, which enter into a thorough in- 
vestigation of the particular departments which are the ob- 
lects of their inquiry. Many of these are excellent in their 
kind ; but they are too voluminous for the use of the body 
of students in a college. 

The other class are expressly intended for beginners ; but 
many of them are written in so concise a manner, that im- 
portant proofs and illustrations are excluded. They are 
mere text-Jfooks, containing only the outlines of subjects 
which are to be explained and enlarged upon, by the pro- 
fessor in bis lecture room, or by the private iiitxx in his 
chamber. 

In the colleges in this country, there is generally put into 
the hands of a class, a book from which they are expected of 
themselves to acquire the pinciples of the science to whicn 
they are attending : receiving, however, from their instructor, 
any additional assistance which may be found nec^^sary. An 
elementary work for such a purpose, ought evidently to con- 
tain the explanations which are requisite, to bring the sub» 
jects treated of within the comprehension of the body of 
the class. 

If the design of studying the mathematics were merely to 
obtain such a knowledge of the vractical parts, as is required 
for transacting b\isiness ; it might be sufficient to commit to 
memory some of the principal rules, and to make the opera- 
tions familiar, by attending to the examples. In this me- 
chanical way, the accountant, the navigator, and the land 
surveyor, may be qualified for their respective employments, 
with very little knowledge of the principles that lie at the 
foundation of the calculations which they are to make. 

But a higher object is proposed, in the case of those who 
are acquiring a liberal education. The main design should 
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be to call into exercise, to discipline, and to invigorate the 
power^i of the mind. It is the logic of the mathematics which 
constitutes their principal value, as a part of a course of col- 
legiate instruction. The time and attention devoted to them, 
is for the purpose of forming sound reasoners^ rather than ex- 
pert mathematicians. To accomplish this object it is neces- 
sary that the principles be clearly explained and demonstra- 
ted, and that the several parts be arranged in such a manner, 
as to show the dependence of one upon another. The whole 
should be so conducted, as to keep the reasoning powers in 
continual exercise, without greatly fatiguing them. No 
other subject affords a better opportunity for exemplifying the 
rules of correct thinking. A more finished specimen of clear 
and exact logic has, perhaps, never been produced, than the 
Elements of Geometry by Euclid. 

It may be thought, by some, to be unwise to form our gen- 
eral habits of arguing, on the model of a science in which 
the inquiries are accompanied with absolute certainty ; while 
the common business of life must be conducted upon probable 
evidence, and not upon principles which admit of complete 
demonstration. Tliere would be weight in this objection, if 
the attention were confined to the pure mathematics. But 
when thes^ are connected with the physical sciences, astro- 
nomy, chemistry, and natural philosophy, the mind has op- 
portunity to exercise its judgment upon all the various de- 
grees of probability which occur in the concerns of life. 

So far as it is desirable to form a taste for mathematical 
studies, it is important that the books by which the student is 
first introduced to an acquaintance \(nith these subjects, should 
not be rendered obscure and forbidding by their conciseness. 
Here is no opportunity to awaken interest, by rhetorical ele- 
gance, by exciting the passions^ or by presenting images to 
the imagination. The beauty of the mathematics depends 
on the distinctness of the objects of inquiry, the symmetry of 
their relations, the luminous nature of the arguments, and the 
certainty of the conclusions. But how is this beauty to be 
perceived, in a work which is so much abridged, that the 
chain of reasoning is often interrupted, important demonstra- 
tions omitted, and the transitions from one subject to another 
so abrupt, as to keep their connections and dependencies out 
of view 1 

It may not be necessary to state every proposition and its 

Eroof, with all the formality which is so strictly adhered to 
y Euclid ; as it is not essential to a logical argument, that 
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it be expressed in regular and entire syllogisms. A step of 
a demonstration may be safely omitted, when it is so simple 
and obviouS) that no one possessing a moderate acquaintance 
with the subject, could fail to supply it for himself. But this 
liberty of omission ought not to be extended to cases in 
which it will occasion obscurity and embarrassment. If it 
be desirable to give opportunity for the mind to display and 
enlarge its powers, by surmounting obstacles; fuU scope 
may be found for this kind of exercise, especially in the 
higher branches of the Mathematics, from difficulties which 
will unavoidably occur, without creating new ones for the 
sake of perplexing. 

Algebra requires to be treated in a more plain and diffuse 
manner, than some other parts of the mathematics; because 
it is to be attended to, early in the course, while the mind of 
the learner has not been habituated to a mode of thinking so 
abstract, as that which will now become necessary. He has 
also a neio language to learn, at the same time he is settling 
the principles upon which his future inquiries are to be con* 
ducted. These principles ought to be established, in the 
most clear and satisfactory manner which the nature of the 
case will admit of. Algebra and geometry may be consider, 
ed as lying at the foundation of the succeeding branches of 
the mathematics, both pure and mixed. Euclid and others 
have given to the geometrical part a degree of clearness and 
precision which would be very desirable, but is hardly to be 
expected, in algebm. 

For the reasons which have been mentioned, the manner 
in which the following pages are written, is not the most 
concise. But tlie work is necessarily limited in extent of 
subject. It is far from being a complete treatise of algebra. 
It is merely an introduction. It is intended to contain as 
much matter, as the student at college can attend to, with 
advantage, during the short time allotted to this particular 
study. There is generally but a small portion of a class, 
who have either leisure or inclination, to pursue mathemati* 
cal inquiries much farther than is necessary to maintain an 
honoraole standing in the institution of which they are 
members. Those few who have an unusual taste for this 
science, and aim to become adepts in it, ought to be refer- 
red to separate and complete 'treatises, on the different 
branches. No one who wishes to be thoroughly versed in 
mathematics, should look to compendiuras and elementary 
books for any thing more than the first principles. As soon 
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as these are acquired, he should be guided in his Inquiries by 
the genius and spirit of original authors. 

In the selection of materials, those articles have been 
taken which have a practical application, and which are pre- 
paratory to succeeding parts of tne mathematics, philosophy, 
and astronomy. The object has not been to introduce ari" 
ginfd matter. In the mathematics, which have been cuhiva- 
ted with success from the days of Pythagoras, and in which 
the principles already established are sufficient to occupy the 
most active mind for years, the parts to which the student 
ought ^r** to attend, are not those recently discovered. Free 
use has been made of the works of Newton, Maclaurin, 
Saunderson, Simpson, Euler, Emerson, Lacroix, and others, 
but in a way that rendered it inconvenient to refer to them, 
in particular instances. The proper field for the display of 
mathematical geniusy is in the region of invention. But 
what is requisite for an elementary work, is to collect, ar- 
range and illustrate, materials already provided. However 
humble this employment, he ought patiently to submit to it, 
whose object is to instruct, not those who have made consid- 
erable progress in the mathematics, but those who are just 
commencing the study. Original discoveries are not for the 
benefit of begiamersy though they may be of great importance 
to the advancement of science. 

The arrangement of the parts is such, that the explanation 
of one is not made to depend on another which is to follow. 
The addition, multiplication, and division of powers, for in- 
stance, is placed after involution. In the statement of gen- 
eral rules, if they are reduced to a small number, their ap- 
plications to particular cases may not, always, be readily un- 
derstood. On the other hand, if they are very numerous, 
they become tedious and burdensome to the memory. The 
rules given in this introduction, are most of them compre- 
hensive ; but they are explained and applied, in subordinate 
articles. 

A particular demonstration is sometimes substituted for a 
general one, when the application of the principle to other 
cases is obvious. The examples are not often taken from 
philosophical subjects, as the learner is supposed to be fa- 
miliar with none of the sciences except arithmetic. In treat- 
ing of negative quantities, frequent references are made to 
mercantile concerns, to debt, and credit, &c. These are 
merely for the purpose of illustration. The whole doctrine 
of negatives is made to depend on the single principle, thai 
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they are quantities to be subtracted. But the student, at 
this early period, is not accxistomed to abstraction. He re- 
quires particular examples, to catch his attention, and aid his 
conceptions. 

The section on proportion^ will, perhaps, be thought use- 
less to those who read the fifth Book of Euclid. That is suf- 
ficient for the purposes of pure ^eomeUicdl demonstration. But 
it is important that the propositions should also be presented 
under the algebraic forms. In addition to this, gi*eat assis- 
tance may be derived from the algebraic notation^ in demon- 
strating, and reducing to system, the laws of proportion. The 
subject instead of being broken up into a multitude of dis- 
tinct propositions, may be comprehended in a few general 
principles. 
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MATHEMATICS IN GENERAL. 



Art. 1. Mathematics U the science of quantitt. 

Any thing which can be multiplied, dimdedy or mecuuredf is 
called quanfUy. Thus, a line is a quantity, because it can 
be doubled, trebled, or halved ; and can be measured, by 
applying to it another line, as a foot, a yard, or an ell. 
Weight is a quantity, which can be measiu-ed, in pounds, 
ounces, and grains. Time is a species of quantity, whose 
measure can be expressed, in hours, minutes, and seconds. 
But coliiT is not a quantity. It cannot be said, with propri- 
ety, that one color is twice as great, or half as great, as 
another. The operations of the m&uJ, such as thought, 
choice, desire, hatred, &c. are not quantities. They are in- 
capable of mensuration.* 

2. Those parts of the Mathematics, on which all the 
others are founded, are JbrUhmettc, Algebra, and Geomehy. 

3. Arithmetic is the science of numbers. Its aid is 
required to complete and apply the calculations, in almost 
every other department of the mathematics. 

4. Algebra is a method of computing by iHters and other 
symbols. Fluxions, or the Differential and Integral Cal 
cuius, may be considered as belonging to the higher oranches 
of algebra, f 

5. Geometrt is that part of the mathematics, which treats 
of magniiude. By magnitude, in the appropriate sense of 
the term, is meant that species of quantity, which is extend- 
ed; timt is, which has one or more of the three dimensions, 
lengthy breadth, and thickness. Thus a line is a magnitude, 
becuuse it is extended, in length. A surface is a magnitude, 
having length and breadth. A solid is a magnitude, having 

^ I* ■ ■ — ■ I ■ 111 1 I I M I ■ ■ ■■ I ■!■ P 11 I ■ ■■ *i I I I I w—m ••^^ 

* See Note A. f See Note & 
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length, breadth, and thickness. But tnotion, though a qiian* 
tity, is not, strictly speaking, a magnitude. It has neither 
length, breadth, nor thickness.* 

6. Trigonometry and Conic Sections are branches of 
the mathematics, in which the principles of geometry are 
applied to triangles^ and the sections of a con«. 

7. Mathematics are either pure or mixed. In pwrt mathe- 
matics, quantities are considered, independently of any sub- 
stances actually existing. But, in vmtd mathematics, the 
relations of quantities are investigated, in connection with 
some of the properties of matter, or with reference to the 
common transactions of business. Thus, in Surveying, 
mathematical principles are applied to the measuring of 
land ; in Optics, to the properties of light ; and in Astrono- 
my, to the motions of the heavenly bodies. 

8. The science of the pure mathematics has long been 
distinguished, for the clearness and distinctness of its princi- 
ples ; and the irresistible conviction, which they carry to the 
mind of every one who is once made acquainted with them. 
This is to be ascribed, partly to the nature of the subjects, 
and partly to the exactness of the definitions, the axioms, 
and tjie demonstrations. 

9. The foimdati(m of all mathematical knowledge must 
be laid in definitions. A deSmHtm is an explanation of what 
IB meant, by any word or phrase. Thus, an equilateral tri- 
angle is defined, by saying, that it is a figure bounded by 
three equal sides. 

It is essential to a complete definition, that it perfectly dis- 
tinguish the thing defined, firom every thing else. On many 
subjects it is difiicult to give such precision to language, that 
it shall convey, to every hearer or reader, exactly the same 
ideas. But, in the mathematics, the principal terms may be 
so defined, as not to leave room for the least difference of 
apprehensi(»i, respecting their meaning. All must be agreed, 
as to the nature of a circle, a square, and a triangle, when 
they have once learned the definitions of these figures. 

Under the head of definitions, may be included explana- 
ii<ms of the eliaracters which sure used to denote the relations 
of quantities. Thus the character ^ is explained or defined, 
by saying that it signifies the same as the words square root. 

10. The next step, after becoming acquainted with the 
meaning of mathematical teims, is to bring them together, in 

* Some writers, howerer, use magnitude eus synonymous with quiuititv 
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the form of propositions. Some of the relations of quantities 
require no process of reasoning, to render them evident. To 
be miderstood, they need only to be proposed. That a 
square is a different figure from a circle; that the whole of a 
thing is greater than one of its parts ; and that two straight 
lines cannot enclose a space, are propositions so manifestly 
true, that no reasoning upon ij^era could make them more 
certain. They are, therefore, called self-evident trul 
axioms. 

11. There are, however, comparatively few mathemai 
truths which are self-evident. Most require to be proved 
a chain of reasoning. Propositions of this nature are denom-" 
inated theorems ; and the process, by which they are shown 
to be true, is called demjonstration. This is a mode of argu- 
ing, in which, every inference is immediately deriv^ed, either 
from definitions, or from principles which have been previ- 
ously demonstrated. In this way, complete certainty is made 
to accompany every step, in a long course of reasoning. 

12. Demonstration is either direct or Mvrsct, The for- 
mer is the common, obvious mode of conducting a demon- 
strative argument. But in some instances, it is necessary to 
resort to indirect demonstration ; which is a method of es- 
tablishing a proposition, by proving that to suppose it not 
true, would lead to an absurdity. This is frequently called 
reduetio ad absurdum. Thus, in certain cases in geometry, 
two lines may be proved to be equal, by showing that to sup- 
pose them unequal, would involve an absurdity. 

13. Besides the principal theorems in the mathematics, 
there are also Lemmas and Corollaries. A Lemma is a pro- 
position which is demonstrated, for the purpose of using it, in 
the demonstration of some other proposition. This prepara- 
tory step is taken to prevent the proof of the principal theo- 
rem from becoming complicated and tedious. 

14. A Corollary is an inference from a preceding prraosi- 
tion. A Scholium is a remark of any kind, suggested by 
something which has gone before, though not, like a corolla- 
ry, immediately depending on it. 

15. The immediate object of inquiry, in the mathematics, 
IB, frequently, not the demonstration of a general truth, but 
a method of performing some operation, such as reducing a 
vulgar fraction to a decimal, extracting the cube root, or 
inscribing a circle m a square. This is called solving a prob- 
lem. A theorem is something to be proved. A probkm is 
something to be done. 
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16 When that which is required to be done, is so easy, 
to be obvious to every one, without an explanation, it is call- 
ed a postulate. Of this nature is the drawing of a straight 
line, from one point to another. 

17. A quantity is said to be gtven, when it is either sup- 
posed to be already knotony or is made a cenditimiy in the 
statement of any theorem or problem. In the rule of pro- 
portion in arithmetic, for instance, three terms must be given 

Jjk' enable us to find a fourth. These three terms are the 
m&tcL upon which the calculation is founded. If we are re- 
]^iired to find the number of acres, in a circular island ten 
miles in circumference, the circular figure, and the length of 
. the circumference are the data. They are said to be given 
by supposition^ that is, by the conditions of the problem. A 
quantity is also said to be given, when it may be directly and 
easily inferred from something- else which is given. Thus, if 
two numbers are given, their sum is given; because it is ob- 
tained, by merely adding the numbers together. 

In Geometry, a quantity may be given, either in posi'loriy 
or magnitudey or both. A line is given in position, when its 
rituation and direction are known. It is given in magnitude, 
when its length is known. A circle is given in positiony when 
die piaf:e of its centre Ib known. It is giyen in magrdhtdtf 
when the length of its diameter is known. 

18. One proposition is contrary y or contradictory to another, 
when, what is affiimed, in the one, is denied, in the other. 
A proposition and its coiitrary, can never both be true. It 
cannot be true, that two given lines are equal, and that they 
are not equal, at the same time. 

19. One proposition is the converse of another, when the 
order is inverted ; so that, what is given or supposed in the 
first, becomes the conclusion in the last ; and what is given 
in the last, is the conclusion, in the first. Thus, it can be 
proved, first, that if the sides of a triangle are equal, the an- 
gles are equal ; and secondly, that if the angles are equal, 
the sides are equal. Here, in the first proposition, the equal- 
ity of the sides is given; and the equality of the angles tf»- 
f erred: in the second, the equality of the angles is given, and 
the equality of the sides inferred. In many instances, a pro- 
position and its converse are both true; as in the preceoing 
example. But this is not always the case. A circle is a 
figure bounded by a curve ; but a figure bounded by a curve 
»8 not of course a circle. 
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30» The practical aj^icaticms of the mathematics; in the 
common concerns of business, in the useful arts, and in the 
various branches of physical science are almost innumerable* 
Mathematical principles are necessary in Mercantile transae'* 
tUmSf for keeping, arranging, and settling accounts, adjusting 
the prices of commodities, and calculating the profits of trade : 
in J^Tavigatiwfty for directing the course of a sliip on the ocean, 
adapting the position of her sails to the direction of the wind, 
finding her latitude and longitude, and determining the bearm 
ings and distances of objects on shore : in Surveving^ fow 
measurm^, dividing, and laying out grounds, taJdng the eleva*^ 
tion of hills, and fixing the boundaries of fields, estates, and 
pubUc territories : in CipU Engineeringy for constructing 
bridges, aqueducts, locks, &c. : in Mechanics^ for understand- 
ing the laws of motion, the composition of forces, tiie equili- 
brium of the mechanical powers, and the structure of ma* 
chines : in Jlrchileciwrey for calculating the comparative 
strength of timbers, the pressure which each will be required 
to sustain, the forms of arches, the proportions of columns, &c. : 
in Fortification, for adjusting the position, lines, and an- 
gles, of ihe several parts of the works : in Gunnery^ for regu- 
lating the elevation of the cannon, the force of the powder, 
and the velocity and range of the shot : in OpticSj for tracing 
the direction of the rays of light, understanding the foima- 
tion of images, the laws of vision, the separation c^ colors, the 
nature of the minbow, and the construction of microscopes 
and telescopes : in Jlstronomyy for computing the distances, 
magnitudes, and revolutions of the heavenly bodies ; and the 
influence of the law of gravitation, in raising tlie tides, dis- 
turbing the motions of the moon, causing the return of the 
comets, and retaining the planets in their oibits : in Geogra^ 
phy, for determining the figure and dimensions of the earth, 
the extent of oceans, islands, continents, and countries ; the 
latitude and lon^tude of places, the courses of rivers, the 
height of mountams, and the boimdaries of kingdoms: in His^^ 
tory, for fixing the chronology of remarkable events^ and 
estimating the strength of armies, the wealth of nations, tlie 
value of their revenues, and the amount of their population ; 
and, in the concerns of GovemmesU, for apportioning taxes, 
arranging schemes of finance, and regulating national ex- 
penses. The mathematics have also important applications 
to Chemistry, Mineralogy, Music, Fainting, Sculpture, and 
indeed to a great proponion of the whole circle of arts and 
sciences. 2 
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SI. It is trae, that, in many of the branches which have 
been mentioned^ the ordinary business is frequently trans- 
acted, and the mechanical operations performed, by persons 
who have not been regularly instructed in a course of mathe* 
matics. Machines are framed, lands are surveyed, and ships 
are steered, by men who have never thoroughly investigated 
the principles, which lie at the foundation of their respective 
arts. The reason of this is, that the methods of proceeding, 
hi their several occupations, have been pointed out to them, 
4^y the genius and labor of others. The mechanic often 
^works by rules, which men of science have provided for his 
use, and of which he knows nothing more, than the practical 
application. The mariner calculates his longitude by tables, 
for which he is indebted to mathematicians and astronomers 
of no ordinary attainments. In this manner, even the ab- 
struse parts of the mathematics are made to contribute their 
%id to the common arts of life. 

22. But aa additional and more important advantage, to 
persons of liberal education, is to be found, in the enlarge- 
ment and improvement of the reasoning powers. The mind, 
like the body, acquires strength by exertion. The art of 
reasoning, like other arts, is learned by practice. It is per- 
fected, only by long continued exercise. Mathematical stu- 
dies are peculiarly fitted for this discipline of the mind. 
They are calculated to form it to habits of fixed attention ; 
of sagacity, in detecting sophistry ; of caution, in the admis^ 
flion of proof ; of dexterity, in the arrangement of arguments ; 
and of skill, in making all the parts of a long continued pro- 
cess tend to a result, in which the truth is clearly and firmly 
established. When a habit of close and accuiate thinking 
is thus acquired, it may be applied to any subject, on which 
a man of letters or of business may be called to employ his 
talents. ** The youth," says Plato, " who are furnished with 
mathematical knowledge, are prompt and quick, at all other 
0ei«ices." 

It is not pretended, that an attention to other objects of 
inquiry is rendered unnecessary, by the study of the mathe- 
matics. It is not their ofiice> to lay before us historical facts ; 
to teach the principles of morals ; to store the fancy with 
brilliant images ; or to enable us to speak and write with 
rhetorical vigor and elegance. The beneficial effects which 
they produce on the mind, are to be seen, principally, in the 
regulation and increased energy of the reasomng powers 
These they are calculated to call into frequent and vigorous 
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exercise. At the same time, mathematical studies may be 
so conducted, as not often to require excessive exertion and 
fatigue. Beginning with the more simple subjects, and as- 
cending gradually to those which are more <;om[dicated, the 
mind ax)uires strength as it advances; and by a succession 
of steps, 'ising regularly one above another, is enabled to 
sumiount the obstacles which lie in its way. In a course of 
mathematics, the parts succeed each other in such a con- 
nected series, rhat the preceding propositions are preparatory , 
to those which follow. The stuaent who has made liimself 
master of the former, is qualified for a successful investiga- 
tion of the latter. But he who has passed over any of the 
ground superficially, will find that the obstructions to his 
future progress are yet to be removed. In mathematics as in 
war, it should be made a principle, not to advance, while any 
thing is left unconquered behind. It is important thdt the 
student should be deeply impressed with a conviction of the 
necessity of this. Neither is it sufiScient that he understands 
the nature of one proposition or method of operation, before 
proceeding to another. He ought also to make himself /o- 
miliar with every step, by careful attention to the examples. 
He must not expect to become thoroughly versed in the sci- 
ence, by merely uculing the main principles, rules, and obser- 
vations. It is practice only, which can put these completely 
m his p(^session. The method of studying here recom- 
mended, is not only that which promises success, but that 
which will be found, in the end, to be the most expeditious, 
and by far most pleasant. While a superficial attention oc- 
casions perplexity and consequent aversion; a thorough 
investigation is rewarded with a high degree of gratification. 
The peculiar entertainment which mathematical studies are 
calculated to furnish to the mind, is reserved for those who 
make themselves masters of the subjects to which their 
attention is called. 



Note. — The principal definitionB, theorems, rales, See. which it ]» n 

to commit to memory, are distinguished by being put in Italics or Capital** 
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SECTION L 

NOTATION, NEGATIVE aUANTITIES, AXIOMS, fcc 

Art. 23. ALGEBRA may be defined, a general method 
or investigating the relations of quantities, bt let- 
ters, AND OTHER SYMBOLS. Thls, it must be acknowledged, 
is an imperfect account of the subject; as every account, 
must necessarily be, which is comprised in the compass of a 
definition. Its real nature is to be learned, rather by an 
attentive examination of its parts, than from any summary 
description. 

The solutions in Algebra, are of a more general nature 
than those in common Arithmetic. The latter relate to par- 
ticular numbers ; the former to whole classes of quantities. 
On this account. Algebra has been tenned^a kiriA of universal 
JlrUhmetic. The generality of its solutions is principally 
owing to the use of letlersy instead of numeral figures, to 
express the several quantities which are subjected to calcula- 
tion. In Arithmetic, when a problem is solved, the answer 
is limited to the particular numbers which are specified, in 
the statement of the question. But an Algebraic solution 
may be equally applicable to all other quantities which have 
the same relations. This important advantage is owing to 
the difiference between the customary use of figures, and the 
manner in which letters are employed in Algebra. One of 
the nine digits, invariably expresses the same number: but a 
letter may be put for any number whatever. The figure 8 
always signifies eight ; the figure 5, five, &c. And, though 
one of the digits, in connection with others, may have a loco* 
value, diflferent from its simple value when alone ; yet the 
same combination always expresses the same number. Thus 
263 has one uniform signification. And this is the case with 
every other combination of figures. But in Algebra, a letter 
may stand for any quantity wliich we wish it to represent. 
Thus b may be put for 2, or 10, or 60, or 1000. It must no^ 
be understood from this, however, that the letter has no de 
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tenninate value. Its value is fixed for the occasion. Pot 
the present purpose, it remains unaltered. But on a different 
occasion, the same letter may be put for any other number. 
A calculation may be greatly abridged by the use of let« 
ters; especially when very large numbers are concerned. 
And when several such nmnbers are to be combined, as in 
multiplication, the process becomes extremely tedious. But 
a single letter may be put for a large number, as well as 
for a small one. The numbers 26347297, 68347823, and 
27462498, for instance, may be expressed by the letters, i, e, 
and d. The multiplying them together, as will be seen 
hereafter, will be nothing more than writing them, one after 
another, in the foim of a word, and the product will be sim« 
ply bed. Thus in Algebra, much of the labor of calcula- 
tion may be saved, by the rapidity of the operations. Solu* 
tions are sometimes effected^ in the compass of a few lines, 
which, in common Aritlunetic, must be extended through 
many pages. 

24. Another advantage obtained from the notation by let- 
ter instead of figures, is, that the several quantities which 
are brought into calculation, may be preserved distinct from 
each other ; though carried through a number of complicated 
processes; whereas, in arithmetic, they are so blended to* 
gether, that no trace is left of what they were, before the 
operation began. 

25. Algebra differs farther from arithmetic, in making use 
of unknovm quantities, in canying on its operations. In 
arithmetic, all the quantities which enter into a calculation 
must be known. For they are expressed in numbers. And 
every number must necessarily be a determinate quantity. 
But in Algebra, a letter may be put for a quantity, before 
its value has been ascertained. And yet it may have such 
relations to other quantities, with which it is connected, as 
to answer an unportant purpose in the calculation* 

NOTATION, 

26. To facilitate the investigations in algebra, the seveial 
steps of the reasoning, instead of being expressed in words, 
are translated into the language of signs and symbols, which 
may be considered as a species of sliort^hand. This serves 
to place the quantities and their relations distmcily before 
the eye, and to bring them all into view at once. They arc 
thus more readily compared and understood, than when ra. 
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moved at a distance from each other, as in the commoii 
^ode of writing. But before any one can avail himself cf 
liiis advantage, he must become perfectly familiar with the 
pew language. 

27. The quantities in algebra, as has been already ob- 
served, are generally expressed by letters. The first letters of 
the Alphabet are used to represent knaum quantities ; and 
the last letters, those which are unknovm. Bometimes the 
quantities, instead of being expressed by letters, are set down 
in figures, as in common aritlmietic. 

28. Besides the letters and figures, there are certain char- 
acters used, to indicate the relations of the quantities, or the 
operations which are performed with them. Among these 
are the signs -f. and — , which are read plus and wiimw, or 
more and less. The former is prefixed to quantities which 
are to be added ; the latter, to those which are to be «tt6- 
tracted. Thus a-)-6 signifies that b is to be added to a. It 
is read a plus 6, or a added to 6, or a and 6. If the expres- 
sion be a -6, i. e. a minus b; it indicates that 6 is to be sub- 
tracted from a. 

29. The sign -|- is prefixed to quantities which are con- 
sidered as affirmative or positive ; and the sign — , to those 
which are supposed to be negative. For the nature of this 
distinction, see art. 54. 

All the quantities which enter into an algebraic process, 
are considered, for the purposes of calculation, as either posi- 
tive or negative. Before the first one, unless it be negative, 
the sign is generally omitted. But it is always to be under- 
stood. Thus o-j-fr, is the same as -f-a-f-^- 

30. Sometimes both -f- and — are prefixed to the same 
letter. The sign is then said to be ambiguous. Thus a+fe 
signifies that in certain cases, comprehended in a general so- 
lution, 6 is to be added to o, and in other cases subtracted 
from it. 

31. When it is intended to express the difference between 
two quantities without deciding which is the one to be sub- 
tracted, the character </> or -^ is used. Thus a-^6, or aci>6 
denotes the difference between a and 6, without determining 
whether a i? to be subtracted from 6, or b from a. 

32. The equality between two quantities or sets of quanti- 
tres is expressed by parallel lines =. Thus a+6=cl sig- 
nifies that a and b together are equal to d. And a^d=-e 
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^sb-^-g^h signifies that a and d equal c, which is equal (c 
h and g, which are equal to A. So 84-4=16-4=104-2= 

74-24.3=12. 

33. When the first of the two quantities compared, is 
greater than the other, the character^ is placed oetwcen 
them. Thus a}>& signifies that a is greater than 6. 

If the first is less than the other, the character <^ is used ; 
as a<Cb ; i. e. a is less than 6. In hoth cases, the quantity 
towaids which the character opens^ is greater than the other. 

34. A numeral figure is often prefixed to a letter. This 
is called a co-effieierU, It shows how often the quantity ex- 
pressed by the letter is to be taken. Thus 2b signifies twice 
b; and 96, 9 times 6, or 9 multiplied into 6. 

The co-efficient may be either a whole number or a firac- 
tion. Thus |6 is two-thirds of b. When the co-efiicient is 
not expressed, 1 is always to be understood. Thus a is the 
same as la; i. e. once a. 

35. The co-efficient may be a letter^ as well as a figure. 
In the quantity wi6, m may be considerejl the co-efiicient of 
b ; because b is to be taken as many times as there are units 
in m. If m stands for 6, then mh is 6 times b. In 3a&c, 3 
may be considered as the co-efficient of ahc ; 3a the co-efl5- 
cient of 6c; or 3a6, the co-efiicient of c. See art. 42. 

36. A simple quantity is either a single letter or nmnber, 
or several letters connected together without the signs 4- 
and-. Thus a, a6, abd and Sb are each of them simple 
quantities. A compound quantity consists of a number of 
simple quantities connected by the sign 4- or - • Thus a-j- 
6, d - y, fr - d4-3A, are each compound quantities. The mem- 
bers of which it is composed aie called terms. 

37. If there are two teniis in a compound quantity, it is 
called a binomial. Thus a4-6 and a - 6 are binomials. The 
latter is also called a residual quantity, because it expresses 
the difference of two quantities, or the remainder, after one is 
taken from the other. A compound quantity consisting of 
three tenns, is sometimes called a trinomial; one of four terms, 
a quadrmomialy &c. 

38. When the several members of a compound quantity 
are to be subjected to the same operation, they are frequent* 
ly connected by a line called a vinculum. Thus 0-6+^ 
shows that the svm of b and c is to be subtracted from a. But 
a -. b-^c signifies that 6 only is to be subtracted from a 
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while e is to be added. The su m of c and d, subtracted 

ftom the sum of a and 6, is o-ffc- c+d. The marks used 
fqr parentheses, ( ), are often substituted instead of a li ne, for 

a vinculum. Thus x - (a+c) is the same as x - a+c. The 
equality of two sets of quantities is expressed, without using 
a vinculum. Thus a^b^zc-^-d signines, not that 6 is equal 
to c; but that the sum of a and b is equal to the smn of c 
and d. 

39. A single letter, or a number of letters, representing any 
quantities with their relations, is called an algebmic exprei" 
rion; and sometimes a formula. Thus 04-6 -{~^^ ^ ^^ 
algebraic expression. 

40. The character X denotes multipliccttion. Thus ax& 
is a multiplied into b: and 6x3 is 6 times 3, or 6 into S. 
Sometimes a pokU is used to indicate multiplication. Thus 
a. 6 is the same os axb. But the sign of multiplication is 
more commonly omitted, between simple quantities; and 
the letters are connected together, in the form of a word or 
syllable. Thus ab is the same as a. 6 or ax^- And bcde 
is the same dLsbxcXdx^- When a compound quantity is 
to be multiplied, a vinculum is used, as in the case of sub- 
traction. Thus the sum of a and b multiplied into the sum 

of <; and d, is a+6 X c+rf, or (o+t) X (c+^)- And 
(6+2) X 5 is 8 X 5 or 40. But 6 + 2x5 is 6+10 or 16. 
>Vhen the marks of parentheses are used, the sign of multi- 
plication is frequently omitted. Thus (a?+y) {x - y) is (a:+y) 
X (ar-J/.) 

41. When two or more quantities are multiplied together, 
each of them is called a jacior. In the product aby a is a 

factor, and so is 6. In the product afXo+w», ^ is one of the 
factors, and a^m, the other. Hence every co-effiderU may be 
considered a factor. (Art. 35.) In the product 3y, 3 is a 
factor as well as y. 

43. A quantity is said to be resolved into /(tctors^ when any 
factors are taken, which, being multiplied together, will pro- 
duce the given quantity. Thus 3(w may be resolved mto 
the two factors 3a and />, because 3a x 6 is 3afr. And 5amn 
may be resolved into the three factors 5ay and w, and n. 
And 48 may be resolved into the two factors 2 X 24, or 3 X 16, 
or 4x12, or Cx8 ; or into the three^factors 2x3x9> or 4x 
6x2, &c. 
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43. The charaeter -f- is used to show that the quantity 
which precedes it, is to be divided, by t h at wh ich follows 

Thus o-T-c is a divided by c : and a+fc-r^-f rf is the sum 
of a and 6, divided by the sum of c and d. But in iilgebra, 
division is more commonly expressed, by writing the divisor 
under the dividend, in the form of a vulgar fraction. Thu9 

, is the same as a-T-6* and t-j-t is the difference of c and h 

divided by the sum of d and h. A cliaracter prefixed to the 

dividing line of a fractional expression, is to be understood 

as referring to all the parts taken collectively ; that is to the 

b-4-c 
whole value of the quotient. Thus a — signifies that 

the quotient of 6+c divided by m-f-n is to be subtracted from a, 

c — d h I ft 
And —; — X ~-^ denotes that the first quotient is to be 

multiplied into the second. 

44. When four quantities are proportioned^ the proportion 
is expressed by points, in the same manner, as in the Kule of 
Three in aritlunetic. Thus a:b::c:d signifies that a has to 
fr, the same ratio which c has to d. And cAicdi: a-^m : 
6-f n, means, that ab is to cd; as the sum of a and m^ to the 
sum of b and n. 

46, Algebraic quantities are said to be alike^ when they 
are expressed by the same Idters, and are of the same power: 
and unlike, when the letters are different, or when the same 
letter is raised to different powers.* Thus oft. Sab, -a6, 
and -6a&, are like quantities, because the letters are the 
same in each, although the signs and co-efBcients are differ- 
ent. But 3a, Sy, and Sbx, are unlike quantities, because 
the letters are unlike, although there is no difference in the 
signs and co-efficients. 

46. One quantity is said to be a multiple of another, when 
the former contains the latter a certain number of times with- 
out a remainder. Thus 10a is a multiple of 3a; and 24 is 
a multiple of 6. 

47. One quantity is said to be a measure of another, when 
the fonner is conlamed in the latter, any number of times, 
without a remainder. Thus 36 is a measure of 166; and 7 
is a measure of 35. 



* For the QOtation of pow^s (oid roots, see the sections on those subjectsu 
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48. The value of an expression, is the number or quantity, 
for which the expression stands. Thus the value of d-f-4 is 
7; of 3x4 is 12; of V is 2. 

49. Tlie RECIPROCAL of a quantity^ is the quotient urising 
from dividing ▲ unit by tliai quantity. Thus the reciprocal 

of a is - ; the reciprocal of a^b is — j-i ; the reciprocal of 4 

• * 

60. The relations of quantities, which m ordinary language, 
are signified by words^ are represented in the algebraic nata- 
tion, by signs. The latter mode of expressing these rela- 
tions, ought to be made so familiar to the mathematical 
student, that he can, at any time, substitxite the one for the 
other. A few examples are here added, in which, words 
are to be converted into oigns. 

1. What is the algebraic expression for the foUowinff 
statement, in which the letters a, 6, c, &c. may be supposed 
to represent any given quantities 1 

The product of a, ft, and c, divided by the difference of € 
and d, is equal to the sum of b and c added to 15 times h. 

Ans. — j=6+c+15A. 

2. The product of the difference of a and h into the siun 
of ft, c, and rf, is equal to 37 times m, added to the quotient 
of ft divided by the sum of h and ft. Ans. 

3. The sum of a and ft, is to the quotient of ft divided by 
c; as the product of a into c, to 12 times h. Ans. 

4. The sum of a, ft, and c, divided by six times their pro* 
duct, is equal to four times their sum diminished by d. Ans. 

5. The quotient of 6 divided by the sum of a and ft, is 
equal to 7 times rf, dinainished by the quotient of ft, divided 
by 36. Ans. 

51. It is necessary also, to be able to reverse what is done 
in the preceding examples, that is, to translate the algebraic 
signs into common language. 

What will the following expressions become^ when words 
are substituted for the signs 1 

- a+ft r /» . tt 
1. —f— =afttf-6m4-— T— . 

Ans. The sum of a and ft divided by A, is equal to the 
poduct of a, ft, and c diminished by 6 times m, and increased 
by the quotient of a divided by the sum of a and c. 
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8. ai+r:vi== d X a+6+c- 



x+y 6+6 

S. 0+7 (A+^)-|^=(«+A) (6-0. 

m 

6 g-& , <^4-^ft _ 6axS+fc _ c<f 
'3+6-c 2m am *+dm 

62. At the close of an algebraic process, it is frequently 
necessary to restore the numbersy for which letters had been 
substituted, at the beginning. In doing tliis, the sign of mul- 
tiplication must not be omitted, as it generally is, between 
factors, expressed by letters. Thus, if a stands for 3, and b 
for 4 ; the product ab is not 34, but 3x^ i- e- 12. 

In the following examples, 

Let a=3 And rf=6. 

6=4 m=:8. 

c=2 n=10. 

Then I £4^. 6«-«-3+8, 4x2-10. 
Iben, 1. ^+-35 2^+ 3x6 

c - dm Bab 

3. 6 m a+ — — •- — .-j =: ' 

cdm 4 a+3 cd a 

53. An algebraic expression, in which numbers have been 
substituted for letters, may often be rendered much more 
simple, by reducing several terms to one. This cannot 
generally be done, while the letters remain. If a+6 is used 
for the sum of two quantities, a cannot be united in the same 
term with 6. But if a stands for 3, and b for 4, then a+6 
=3+4=7. The value of an expression, consisting of many 
terms may thus be found, by actually performing, with the 
numbers, the operations of addition, subtraction, multiplica- 
tion, &c. indica^l by the algebraic characters. 

Find the value of the following expressions, in which the 
letters are supposed to stand for the same numbers, as in the 
preceding article. 

1. £^+a+mn=?21?+3+8xlO=9+3+80=92. 
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2. a 6m+_5^+ 2»=3 X 4 X 8+1^+ 2 X 10= 
m — o — 



m-b 






n-d n-6c 

2n+S ^ ^ n 

POSITIVE AND NEGATIVE QUANTITIES * 

64. To one who has just entered on the study of algebra, 
there is generally nothing more perplexing, than the use of 
what are called negative quantities. He supposes he is about 
to be introduced to a class of quantities which are entirely 
new ; a sort of mathematical notldngs^ of which he can form 
no distinct conception. As positive quantities are realy he 
concludes that those which are negative must be imaginary. 
But this is owing to a misapprehension of the term negative, 
as used in the mathematics, 

55. A NEGATIVE quantity is one which is required 
TO BE SUBTRACTED. "When several quantities enter into 
a calculation, it is frequently necessary that some of tlieiiQ 
should be added together, while others are subtracted. The 
former are called^affirmative or poative, and are marked with 
the sign + ; the latter are teiTaed negative, and distinguished 
by the sign -. If, for instance, the profits of trade ore the 
subject of calculation, and the gain is considered positive ; 
the loss will be negative ; because the latter must be subtracted 
from the former, to determine the clear profit. If the sums 
of a book account are brought into an algebraic process, the 
debt and the credit are distinguished by opposite signs. If a 
man on a journey is, by any accident, necessitated to return 
several miles, this backward motion is to be considered nega- 
tivey because that, in determining his real progress, it must 
be subtracted from the distance which he has travelled in 
the opposite direction. If the ascent of a body from the earth 
be called positive, its descent will be negative. These are 
only different examples of the same general principle. In 

* On the subject of negative auantities, see Newton*s Universal Arithmetic, 
Maseres on the Negative Sign, Mansfie!d*s Mstheniatical Essays, and Mac- 
laurin'a, Simpson's, Euler's, Saunderson's, and Ludlain's Algebra. 
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each of the instances^ one of the quantities is to be sublractei 
from the other. 

56. The terms positive and negative, as used in the mathe* 
inatics, are merely reUdive. Tliey imply that there is, either 
in the nature of the quantities, or in their circumstances, or 
in the purposes which they are to answer in calculation, 
some such opposition as requires that one should be subtracted 
from the other. But this opposition is not that of existence and 
non-existence, nor of one thing greater than nothing, and 
another less than nothing. For, in many cases, either oC 
the signs may be, indifferently and at pleasure, appUed to 
the very same quantity; that is, the two characters may 
chauge places. In determining the progress of a ship, for 
instance, her easting may be marked 4- » ^nd her westing - ; 
or the westing may be -f* > and the eaisting - . All that is 
necessary is, that the two signs be prefixeato tbe quantities, 
in such a manner as to show, which are to be added, 
and which subtracted. In different pjocesses, they may 
be differently applied. On one occasion, a downward mo- 
tion may be called positive, and on another occasion negative. 

57. In every algebraic calculation, some one of the quan- 
tities must be fixed upon, to be considered positive. All 
other quantities which will increase this, must be positive alsa 
But those which will tend to diminish it, must be negative. 
In a mercantile concern, if the stock is supposed to be positive, 
the prints will be positive ; for they increase the stock ; they 
are to oe added to it. But the losses will be negative ; for 
they dknirush the stock ; they are to be stibtracted from it. 
When a boat, in attempting to ascend a river, is occasionally 
driven back by the current ; if the progress up the stream, to 
any particular pomt, is considered positive, every succeeding 
uistance of forward motion will be positive, while the bach' 
ward motion will be negative. 

68. A negative quantity is frequently greater^ than the 
positive one \viih which it is connected. But how, it may 
be asked, can the former be subtracted from the latter 1 The 
greater is certainly not contained in the less : how then can 
it be taken out of iti The answer to this is, that the greater 
may be supposed first to exhut^t the less, and then to leave 
a remainder equal to the difference between the two. If a 
man has in his possesion 1000 dollars, and has contracted a 
debt of 1500; the latter subtracted from the former, not 
only exhaust«i the whole of it, but leaves a balance of 590 

3 
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against him. In common language, he is 500 dollars worse 
than nothing. 

69. In this way, it frequently happens, in the course of an 
algebraic process, that a negative quantity is brought to stand 
dhne. It has the sign of subtraction, without being con- 
nected with any other quantity, from which it is to be sub- 
tracted. This denotes tliat a previous subtraction has left a 
remainder, which is a part of the quantity subtracted. If 
the latitude of a ship which is 20 degrees north of the equator, 
is considered positive, and if she sails south 25 degrees ; her 
motion first diminishes her latitude, then reduces it to noth' 
mg, and finally gives her 5 degrees of south latitude. The 
sign - prefixed to the 25 degrees, is retained before the 5, 
to show that this is what remains of the southward motion, 
after balancing the 20 degrees of north latitude. If the mo- 
tion southward is only 15 degrees, the remainder must be 
-|-5, instead of - 5, to show that it is a part of the ship's 
northern latitude, which has been thus far diminished, but not 
reduced to nothing. The balance of a book account will be 
positive or negative, according as the debt or the credit is the 
gieater of the two. To determine to which side the remain- 
der belongs, the sign must be retained, though there is no 
other quantity, from which this is again to be subtracted, or to 
which it is to be added. 

60. When a quantity continually decreasing is reduced to 
nothing, it is sometimes said to become afterwards less than 
nothing. But this is an exceptionable manner of speaking.* 
No quantity can be really less than nothing. It may be di- 
minished, tiU it vanishes, and gives place to an opposite quan- 
tity. The latitude of a ship crossing the equator, is fii-st 
made less than nothing, and afterwards contrary to what it 
was before. The north and south latitudes may therefore 
oe properly distinguished, by the signs + and - ; all the 
positive degrees being on one side of 0, and all the negative, 
m the other ; thus, 
+6, +6, +4, +3, +2, +1, 0, - 1, - 2, - 3, - 4, - 5, &c. 

The numbers belonging to any other series of opposite 
|uantities, may be arranged in a similar manner. So that 
;) may be conceived to be a kind of dividing point between 

* The expression "i«M than nothing,*^ may not be wholly improper ; if it is 
mlended to oe understood, not literally, but merely as a convenient phrase 
adopted for the sake of avoiding a tedious circumlocution ; as we say " tne sun 
rises,'* instead of saying "the earth rolls round, and brings the sun mto view." 
The use of it in this manner, is warranted by Newton, Euler and others. 
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positive and negative numbers. On a thermometer, the de« 
grees above may be considered positive, and those below 0, 
negative. 

61. A quantity is sometimes said to be sttbtracted from 0. 
By this is meant, that it belongs on the negative side of 0. 
But a quantity is said to be tidded to 0, when it belongs on 
the positive side. Thus, in speaking of the degrees of a 
theriTiometer, G-|-6 means 6 degrees above 0; and 0-'6, 6 
degrees below 0. 

AXIOMS. 

62. The object of mathematical inquiry is, generally, to 
investigate some unknown quantity, and discover how great 
it is. This is effected, by comparing it with some other 
quantity or quantities already known. The dimensions of 
a stick of timber, are found, by applying to it a measuring 
rule of known length. The weight of a body is ascertained, 
by placing it in one scale of a balance, and observing how 
many pounds in the opposite scale, will equal it. And any 
quantity is determined, when it is foimd to be equal to some 
known quantity or quantities. 

Let a and b be known quantities, and y, one which is un« 
known. Then y will become known, if it be discovered to 
be equal to the sum of a and 6 ^ that is if 

An expression like this, representing the equality between 
one quantity or set of quantities, and another, is called an 
equation. It will be seen hereafter, that much of the business 
of algebra consists in finding equations, in which some un« 
known quantity is shown to be equal to others which are 
known. But it is not often the fact, that the first compari- 
son of the quantities, fuimishes the equation required. It 
will generally be necessary to make a number of additions, 
subtractions, multiplications, &c. before the unknown quanti* 
ty is discovered. But in all these changes, a constant equality 
must be preserved, between the two sets of quantities com- 
pared. This will be done, if, in making the alterations, we 
are guided by the following aocioms. These are not inserted 
here, for the purpose of being proved; for they are self- 
evident. ^Art. 1(% But as they must be continually intro- 
duced or implied, in demonstrations and the solutions ol 
problems, tliev are placed together, for the convenience ol 
reference 
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63. Axiom 1. If tiie same quantity or equal quantities be 
added to equal quantities, their sums will be equal. 

2. If the same quantity or equal quantities be subtracted 
from equal quantities, the remainders will be equal. 

3. If equal quantities be multiplied into the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be divided by the same or equal 
quantities, the quotients will be equal. 

5. If the same quantity be both added to and subtractea 
from another, the value of the latter will not be altered. 

6. If a quantity be both muUiplied and divided by another, 
the value of the former will not oe altered. 

7. If to miequal quantities, equals be added, the greater 
will give the greater sum. 

8. If from unequal quantities, equals be subtracted, the 
greater will give the greater remainder. 

9. If imequal quantities be multipUed by equals, the 
greater will give the greater product. 

10. If unequal quantities be divided by equals, the greater 
will give the greater quotient. 

11. Quantities which are respectively equal to any other 
quantity are equal to each other. 

12. The whole of a quantity is greater than a part. 

This is, by no means, a complete list of the self-evident 
propositions, which are furnished by the mathematics. It is 
not necessary to enumera^ them all. Those have been 
selected, to which we shall have the most frequent occasion 
to refer. 

64. The investigations in algebra are carried on, princi- 
pally, by means of a series of equations and proportions. But 
mstead of entering directly upon these, it will be necessary 
to attend in the first place, to a number of processes, on 
which the management of equations and proportions de- 
pends. These preparatory operations are similar to the cal- 
culations under the common rules of arithmetic. We have 
addition, multiplication, division, involution, &c. in algebra, 
as well as in aritlunetic. But this application of a common 
name, to operaticMis in these two branches of the mathemat- 
ics, is often the occasion of perplexity and mistake. The 
learner naturally expects to find addition in algebra the same 
as addition in arithmetic. They are iiMact the same, in 
many respects : in all respect<s perhaps, in which the steps of 
the oae will admit of a direct comparison, with those of the 
other But addition in algebra is more extensive^ than in 
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arithmetic. The same observation may be made concerning 
several other operations in algebra. They are, in many 
points of view, the same as those which bear the same names 
m arithmetic. But they are frequently extended farmer, and 
comprehend processes which are unknown to arithmetic. 
This is commonly owing to the introduction of negative 
quantities. The management of these requires steps which 
are unnecessary, where quantities of one class only are con- 
cerned. It will be important, therefore, as we pass along, to 
mark the difference as well as the resemblance^ between arith* 
metic and algebra ; and, in some instances, to give a new 
definition, accommodate^ to the latter. 
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Art. 65. In entering on an algebraic calculation, the first 
thing to be done, is evidently to collect the materials. Seve- 
ral distinct quantities are to be concerned in the process. 
These must be brought together. They must be connected 
in some form of expression, which will present them at once 
to our view, and show the relations which they have to each 
other. This collecting of quantities is what, in algebra, is 
called ADDITION. It may be defined, the connecting of 

SEVERAL quantities, WITH THEIR SIGNS, IN ONE ALGEBRAIC 
EXPRESSION. 

66. It is common to include in the definition, "uniting in 
one term, such quantities, as will admit of being united." 
But this is not so much a part of the addition itself, as a 
redttctioTiy which accompanies or follows it. The addition 
may, in all cases be performed, by merely connecting the 
quantities by their oroper signs. Thus a added to 6, is evi- 
dently a and b : that is, according to the algebraic notation, 
a+i. And a added to the sum of b and c, is a+6+c. And 
a-j-^j added to c-j-d, is a^b'\-C'{-d. In the same manner, \i 
the sum of any quantities whatever, be added to the sum of 

3* 
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any others, the expression for the whole, will contain all 
these quantities connected by the sign -^. 

67. Again, if the difference of a and b be added to c; the 
sum wyi be a^b added to c, that is a-6^-c. And if a — 6 
be added to c-d, the sum will be a-b-J^c^d, In one of 
the compound quantities added here, a is to be diminished 
by 6, and in the other, c is to be diminished by d; tlie sum 
of a and c must therefore be diminished, both by fc, and by 
d, that is, the expression for the sum total, must contain - 6 
and - d. On the same principle, all the quantities which, in 
the parts to be added, have the negative sign, must retain this 
sign in the amount. Thus o-f-li^-c, added to d-A m, is 
a+26-c+d-A-m. * 

68. The sign must be retained also, when a positive quan- 
tity is to b0 added, to a single negative quantity. If a be 
added to — 6, the sum will be - 6-^a. Here it may be object- 
ed, that the negative sign prefixed to b, shows that it is to be 
subtracted. What propriety then can there be in adding it 1 
In reply to this, it may be observed, that the sign prefixed 
to b while standing alone, signifies that 6 is to be subtracted, 
not from a, but from some other quantity, which is not here 
expressed. Thus -6 may represent the loas^ which is to be 
subtracted from the stock in trade. (Art. 55.) The object 
of the calculation, however, may not require that the value 
of this stock should be specified. But the loss is to be con- 
nected with a profit on some other article. Suppose the 
profit is 2000 doUars, and the loss 400. The inquiry then, is 
what is the value of 2000 dollars profit, when connected with 
400 dollars loss 1 

The answer is evidently 2000-400, which shows that 
2000 dollars are to be added to the stock, and 400 subtracted 
from it ; or which will amount to the same, that the difference 
between 2000 and 400 is to be added to the stock. 

69. Quantities are added, then, by writing them one 

AFTER ANOTHER, WITHOUT ALTERING THEIR SIGNS ; observ- 
ing always, that a quantity, to which no sign is prefixed, is 
to be considered positive. (Art. 29.) 

The sum of a-j-wi, and 6-8, and 2A-3in+il, and A-n 
and f+Sm-y, is 

a+m+fc - 8+2fc - 3m+<i-|- A - n-^r+3m - y. 

70. It is immaterial in what order the lerms are arranged. 
The sum of a and b and c is either o+t+c, or o+c-f-^, or 
c+6-|-a. For it evidently makes no difference, which of the 
quantities is added firsts The sum of 6 and 3 and 9, is the 
same as 3 and 9 and 6, or 9 and 6 and 3. 
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And a+m - n, is the same as a - n-f-m. For it is plainly 
of no consequence, whether we first add m to a, and after- 
wards subtract n; or first subtract n and then add m. 

71. Though connecting quantities by their fflgns is all 
which is essential to addition ; yet it is desirable to make the 
expression as simple as may be, by reducing several terms to 
one. The amount of 3a, and 66, and 4a, and 56, is 

3a-|-66+4a-f56. 
But this may be abridged. The first and third tenns may 
be brought «into one; and so may the second and fourth. 
For 3 times a, and 4 times a, make 7 times a. And 6 times 
6, and 5 times 6, make 1 1 times 6. The sum when reduced 
is therefore 7a+116. 

For making the reductions connected with addition, two 
rules are given, adapted to the two cases, in one of which, 
the quantities and signs are alike, and in the other, the quan- 
tities are alike, but the signs are unlike. Like quantities 
are the same powers of the same tetters. T Art. 45,) But 
as the addition of powers and radical quantities will be con- 
sidered in a future section, the examples given in this place, 
will be all of the first power. 

72. Case I. To reduce several terms to one, when 

THE QUANTITIES ARE ALIKE, AND THE SIGNS ALIKE, ADD THE 
CO-EFFICIENTS, ANNEX THE COMMON LETTER OR LETTERS, 
AND PREFIX THE CO^fMON SIGN. 

Thus to reduce 36-[-76, that is -^.36+ 76 to one term, add 
the co-efficients 3 and 7 ; to the sum 10, annex the common 
letter 6, and prefix the sign -f-. The expression will then 
be -|-106. That 3 times any quantity, and 7 tunes the same 
quantity, mak^ 10 times that quantity, needs no proof. 

Examples. 

be Sxy 76+ «y ry-^-Sabh cdxy'\'Smg 

26c 7a:i/ 8b^Sxy 3ry-f- abh 2cdxy-{- mg 
96c ixy 2b-\'2xy 6ry4-4a6A Bcdxy-^lmg 



36c 2ai^ 6b-\-5xy 2ry 



abh 7cdxy'-{-Smg 



156c 236+lla;y 15c/i;rj/+19mg 

The mode of proceeding will be the same, if the signs are 
negative. 
Thus - 36c - 6c - 56c, becomes, when reduced, - 96c, 
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And - a« - Sax - 2aap=s- 6ax. Or thus, 

-36c - ax -2a&- my -^Sach — Sbdif 

- 6c -Soa? - a6-Smy - acfc— 6cfy 

-56c -20* -7a6-8my , -6ac*-76dy 

-96c -10a6-12my 



73. It may perhaps be asked here, as in art. 68, what pro- 
priety there is, in adding quantities, to which the negative 
sign is prefixed ; a sign which denotes subtraction ? The an- 
swer to this is, that when the negative sign is appUed to sev- 
eral quantities, it is intended to indicate that th:;se quantities 
are to be subtracted, not from each others but from some other 
quantity marked with the contrary sign. Suppose that, in 
estimating a man's property, the si'm of money in his pos- 
session is marked -|-9 ^ud the debts which he owes are mark- 
ed -. If these debts are 200, 300, 500 and 700 dollars, and 
if a is put for 100 ; they will together be - 2a - 3a - 5a - 7a. 
And the several terms reduced to one, will evidently be 
- 17a, that is, 1700 dollars. 

74. Case II. To reduce several terms to one, when 

THE QUANTITIES ARfel ALIKE, BUT THE SIGNS UNLIKE, TAKE 
THE LESS CO-EFFICIENT FROM THE GREATER; TO THE DIF- 
FERENCE, ANNEX THE COMMON LETTER OR LETTERS, AND 
PREFIX THE SIGN OF THE GREATER CO-EFFICIENT. 

Thus, instead of 8a- 6a, we may write 2a. 

And instead of 76-26, we may put 56. 

For the simple expression, in each of these instances, is 
equivalent to the compound one for which it is substituted. 
To +66 +46 56c 2hm -dj/+6m 3A- dx 

Add -46 -66 -76c -9/mi 4dy - m 5h+4dx 

Sum+26 -26c Sdy+5ni 



75. Here again, it may excite surprise, that what appears 
to be subtraction, should be introduced under addition. But 
according to what has been observed, (Art. 66.) this subtrac- 
tion is strictly speaking, no part of the addition. It belongs 
to a consequent reduction. Suppose 66 is to be added to 
a - 46. The siun is a - 46+66. (Art. 69. ) 

But this esqpression may be rendered more simple. As it 
now stands, 46 is to be subtracted from a, and 66 added. 
But the amount will be the same, if, without subtracting any 
thing, we add 26, making the whole a+26. And in all sim- 
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Uar instances, the balance of two or mote quantities^ ma} bt 
substituted for the quantities themselves. 

77. If two equal quantities have contrary HgnSy they de- 
stroy each other, and may be cancelled. Thus-|-66-6fr 

=0: And 3x6-18=0: And 76c-76c=0. 

Let there be any two quantities whatever, of which a is 
the gieater, and b the less. 

Their sum will be a-^b 

And their difference a- 6 



The sum and difference added, will be 2a-{-0, or simply 
2a. That is, if the sum and difference of any two quantities 
be added together, the whok will be twice the greater quan- 
tity. This is one instance, among multitudes, of the rapidity 
with which general truths are discovered and demonstrated 
in algebra. (Art. 23.) 

78. If several positive, and several negative quantities are 
to be reduced to one term ; first reduce those which are posi- 
tive, next those which arc negative, and then take the differ" 
ence of the co-efficients, of the two terms thus fomid. 

Ex. 1. Reduce lSb-\'6b-^b''4b-bb-7by to one term. 

By art. 72, 136+664- i= 206 > 
And «46-56-76=-166 5 



By art. 74, 206-166=46, which is the value 

of aU the given quantities, taken together. 

Ex. 2. Reduce Sxy - xy^2xy - lxy-{-4xy - 9anf^7xy - 6a:y. 

The positive terms are Sary The negative terms are - xy 

2xy - 7ary 

4xy -9ai/ 

7xy -6ay 

And their simi is 16j:y -iSxy 

Then \6xy- 23ay = - 7ay 

Ex. 3. 3a(i-6arf+arf+7ad-2arf+9ad-8ad-4ad=0. 

4. 2a6m - ahm-^-lfabm - 3a6m+7a6m= 

5. axy'-7aay-\-8axy'-axy-Saxy-\-9axy=: 

79. If the letters^ in the several terms to be added, are 
different, they can only be placed after ea jh other, with their 
nroper signs. They cannot be united in one simple term 
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If 4b, and -* Gy, and Sop, and 17 A, and -Sd, and 6, be added , 
Uieir sum will be 

46 - 6y+3a?4.l7fc - 5d+6. (Art. 69.) 

Different letters can no more be united in the same term, 
than dollars and guineas can be added, so as to make a 
single sum. Six guineas and 4 dollars are neither ten guineas 
nor ten dollars. Seven hundred and five dozen, are neither 
12 hundred nor 12 dozen. But, in such cases, the algebraic 
signs sei-ve to show how the different quantities stand related 
to each other; and to indicate future operations, which are 
to be performed, whenever the letters are converted into 
numbers. In the expression a+6, the two terms cannot be 
united in one. But if a stands for 15, and if, in the course 
of a calculation, this number is restored ; then a+B will be- 
come 154-6, which i£ equivalent to the single term 21. In 
the same manner, a-^B, becomes 15-6, which is equal to 9. 
The signs keep in view the relations of the quantities till an 
opportunity occurs of reducing several terms to one. 

80. When the c[iiantities to be added contain several terms 
which are cdike, and several which are unlike, it will be con- 
venient to arrange them in such a manner, that the similar 
terms may stand one under another. 

To 36c - Gd'{-2b - 3y ) These may be arranged thus : 

Add - Sbc+x - Sd+bg > Sbc - 6d +26 - Sy 

And 2d+y+Sx-{-b ) -36c-3rf + a?-f 6g 

2d +y+3« +b 

I ■ ■ 

The sum will be « 7d + 26 - 2y+4ar+6g+ b. 

Examples. 

1. Add and reduce o6-|-8 to cd - 3 and 5a6 - 4m4.2. 
The sum is 6ab'\-7-^cd-4m. 

2. Add x+Sy-dXy to 7 - a? - 8-f An?. 
Ans. 3i/-da:-l+Awi. 

3. Add abm-Sx-^-bm, to y-a?+7 and 5a?-6y4-9. 

4. Add3am4-6-7a:y-8, to 10a:y-9+5am. 

5. Add 6a/i2/4-7d- l-fwui/, to Sahy '-7d-}'l7 -mxy 

6. Add 7ad-h-^Sxy"ady to 5ad-\-h ''7xy, 

7. Add 3a6 - 2aj/-4-a?,* to ab - ay-^bx - A. 
8 Add 26y - Sax+2<K to 36a: - 6y+a. 
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SUBTRACTION. 

1. ADDITION is bringing quantities together, to 
find tlfelr amount. On ttg^ contrary, SUBTRACTION is 

FINDING THE DIFFERENCE OF TWO QUANTITIES, OR SETS 
OF QUANTITIES. 

Particular rules might be given, for the several cases in 
subtraction. But it is more convenient to have one general 
rule, founded on the principle, that taking atcay a poaUwe 
quantity, from an algebraic expression, is the same in effect, 
as anneicmg an equal negative quantity ; and taking away 
a negative quantity is the same, as annexing an equal posi-1 
tive one. 

Suppose +5 is to be subtracted from * a-^-b 

Talcing away -|-6, from a+6, leaves a 

And annexing -6, to a-)-6, gives a-^b-^b 

But by axiom 5th, o-)-^*" ^ ^^ equal to a 

•That is, taking away a positive term, from an algebraio 
expression, is the same in effect, as annexing an equal nega» 
tits term. * 

Again, suppose -( is to be subtracted from a-b 
Taking away - 6, from a - 6, leaves a 

And annexing -[-6> to a - 6, gives a - 6+^ 

But a - b-^-b is equal to a 

That is, taking away a negative term, is equivalent to an- 
nexing a positive one. If an estate is encumbered with a 
debt ; to cancel this debt is to add so much to the value of 
the estate. Subtmcting an item from one side of a book ac- 
count, will produce the same alteration in the balance, as 
adding an equal sum to the opposite side. 
To place this in another point of view. 
If m is added to 6, the sum is by the notation b-\-m > 
But if m is subtracted from t, the remainder is 6 - w ) 
So if m and h are each added to 6, the sum is b-^-m-^h ^ 
But if TO and h are each subtracted from 6, the > 

remainder is fc-w-A 7 
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The only difference then between adding a positive quan* 
tity and subtracting it, is, that the Hgn is changed firom -f" 
to-. 

Again, if m-n is subtracted from 6, the remainder is. 

For the less the quantity subtracted, the greater will be the 
remainder. But in the expression m-n, m is diminished by 
n; therefore, fc-m must be increased by n; so as to become 
6-m-|-n: that is, m-n is subtracted from fr, by changing 
-f-tw into -tw, and -n into +n, and then writingnhem after 
bf as in addition. The explanation will be the same Jif there 
are several quantities which have^he negative sign. Ttence, 

82. To PERFORM SUBTRACTION IN ALGEBRA, CHANGE THE 
SIGNS OF ALL THE QUANTITIES TO BE SUBTRACTED, OR SUP- 
POSE THEM TO BE CHANGED, FROM 4" TO -, OR FROM - TO -]-, 
AND THEN PROCEED AS IN ADDITION. 

The signs are to be changed, in the subtrahend only. 
Those in the minuend are not to be altered. Although the 
.rule here given is adapted to every case of subtraction ; yet 
there may be an advantage in giving some of the examples 
in distinct classes. 

83. In the first place, the signs may be alike, and the min- 
uend greater than the subtrahend. 

Prom +28 166 Uda -28 -166 -14rfa 

Subtract +1^ ^^b 6da -16 -126 -Q^a 



Difference +12 46 Sda -12 -46 -8da 

Here, in the first example, the + before 16 is supposed 
to be changed into -, and then, the signs being unlike, the 
two terms are brought into one, by the second case of re- 
duction in addition. (Art. 74.) The two next examples 
are subtracted in the same way. In the three last, the - in 
the subtrahend, is supposed to be changed into +. It may 
be well for the learner, at fiist, to write out the examples ; 
and actually to change the signs, instead of merely con- 
ceiving them to be changed. When he has become famihar 
with the operation, he can save himself the trouble of tran 
scribing. 

Tills case is the same as subtraction in arithmetic. The 
two next cases do not occur in common arithmetic. 

84. In the second place, the signs may be alike, and the 
minuend less than the subtrahend. 
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Prom +166 126 Gda -16 -126 - 6da 
Sub. 4-286 166 Uda -28 -166 -Hda 



Dif. -126 -46 -8da +12 46 8da 

The same quantities are given here, as in the preceding 
article, for the purpose of comparing them together. But the 
minuend and subtrahend are made to change places. The 
mode of subtracting is the same. In this class, a greater 
quantity is taken from a less : in the preceding, a less from a 
greaien By comparing them, it will be seen, that there is no 
difference in the answers, except that the signs are opposite. 
Thus 166- 126 is the same as 126-166, except that one is 
+46, and the other - 46 : That is, a greater quantity sub- 
tracted from a less, gives the same result, as a less subtracted 
from a greater, except that the one is positive, and the other 
negative. See Art. 58 and 59. 

85. In the third place, the signs may be unlike. 

Prom +28 +166 +Uda -28 -166 -Uda 
Sub. -16 -126 - eda +16 +126 + 6da 

Dif. +44 286 20da -44 -286 -20(la 

Prom these examples, it will be seen that the difference 
between a positive and a negative quantity, may be greater 
than either of the two quantities. In a thermometer, tne dif- 
ference between 28 degrees above cypher, and 16 below, is 
44 degiees. The difference between gaining 1000 dollars in 
trade, and losing 500, is equivalent to 1500 dollars. 

86. Subtraction may be proved, as in arithmetic, by adding 
the lemainder to the subtrahend. The sirni ought to be equsd 
to the minuendj upon the obvious principle, that the difference 
of two quantities added to one of them, is equal to the other 
This serves not only to correct any particular error, but to 
verify the general rule. 

Prom 2a«/-l h+Sbx Ay- oA nJ-76jf 

Sub. -«y+7 3A-96a? 5hy-6<A 6nd- by 

Dif. 3a^(-8 -4Ay+5aA 

Prom 3a6m- xy -17+403? aji:+ 76 Sah+axy 

Bub. -7a6m+6a!y -20- imp -4aar+156 ^7ah+axy 

Rem. 10a6m-7ay ^ 5ax'' 86 
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87* When there are seoeral terms oltfce, they may be re- 
duced as in addition. 

1. From ah subtract Som^-om-f 7am-|-£(im+6aiik 

Ans. a6- Sam -am -Tom- 2ai}i-6am=rab-' 19(im. (Art. 72.) 

2. From y, subtract-a-a-a-a. 

Ans. y-f~M'M~^M~^=y4'^^- 

5. From aar-6c4-3<wt+76c, subtract Ahc^-i^ax-^-hc^Aax* 

(Art 78.) 
4. From ad-^Sdc-^bx^ subtract Sttd-^lbx-^dc-^ad. 

88. When the ktters in the minuend are different from 
(hose in the subtrahend, the latter are subtracted, by first 
changing the signs, and then placing the several terms one 
after another, as in addition. (Art. 79.) 

From 3a6-f-9 - w^y+^A, subtract x - rfr-j-4A.y - bmx, 

ijis. Sab-{S''my~\-dh-x-\-dr''4hy-^bmx, 

88. b. The sign-, placed before the marks of parmihesis^ 
which include a number of quantities, requires, that when 
these marks are removed, the signs of aU the quantities thus 
included, should be changed. 

Thus a- (6-c-|-d) signifies that the quantities 6, -c, and 
^-d, are to be subtracted from a. The expression will then 
become a-6+^-d. 

2. 13ad-f-a:y+d-(7orf-a:y4-d4-Am-ry)=6a<i-f-2a:y-Am 
+ry. 

8. 7a6c - 84-7a? - {Sabc - 8 - dx-^-r) == 4a6c-4-7a:+da? - r. 
4. Sad+A-2y-(7y+Sfc-ma:-f4ad-Ay-ad) = 

6. 6am-dy+8-(16+3rfy-8+am-e+r) = 

6. 7ay^2x+5'-{4+h'-ay+x+Sb) = 

88 c. On the other hand, when a number of quantities are 
introduced within the marks of parenthesis, with-immedi« 
a^ly preceding; the signs must be changed. 

Thus - m+b - dx+Sh^ - (m - b+dx - Si.) 
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MULTIPLICATION.* 

Art. 89. In addition, one quantity is connected with an- 
other. It is frequently the case, that the quantities broughl 
together are equal; that is, a quantity is added to Uself. 

As a-\'a=:z2a a^a^a^a=z4a 

a-|-a+«=3a a+a-f-a4-a4-a=5a> Ac. 

This repeated addition of a quantity to itself, is what was 
originally called midtiplicatian. But the term, as it is now 
used, has a more extensive signification. We have frequent 
occasion to repeat, not only the whole of a quantity, but a 
certain portion of it. If the stock of an incorporated com^ 
pany is divided into diares, one man may own ten of themi 
another five, and another a part only of a share, say two- 
fifths. When a dividend is made, of a certain sum on a 
share, the first is entitled to ten times this sum, the second to 
five times, and the third to only two-fifths of it. As the ap- 
portioning of the dividend, in each of these instances, is 
upon the same principle, it is called multiplication in the 
last, as weU as in the two first. 

Again, suppose a man is obligated to pay an annuity of 100 
dollars a year. As this is to be sttbiractea firom his estate, it 
may be represented by - a. As it is to be subtracted year 
after year^ it will become, in four years, -a'^a-^a'-' a=r - 4a; 
This repeated subtraction is also called multiplicatian. Ac- ' 
cording to the view of the subject ; 

90. MULTIPLVINO BT A WHOLE NUMBER IS TAKING THK 
MULTIPLICAND AS MANY TIMES, AS THERE ARE UNITS IN THK 
MULTIPLIER. 

Multiplying by 1, id taking the multiplicand once, as a. 
Multiplying by 2, is taking the multiplicand twicef as a^a, 

* Newton's Universal Arithmetic, p. 4. Maseres on the Neeatiye S]g% 
Sec II. Camus' Arithmetic, Book II. Chap. 3. Eider's AJgebnL Sec 1 
11. Chap. 3. Simpson's Algebra, Sec IV Madanrm, Saunderson, LMrda^ 
ILudlanL 
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Multiplying by S, is taking the multiplicand three times, af 
a-\-a-^aj &c. 

Multiplying bt a FRACTION is taking a certain 
PORTION OF THE multiplicand as mant times, as there 

ARE like portions OF A UNIT IN THE MULTIPLIER.^ 

Multiplying by |, is taking J of the multiplicand, once, as ja. 
Multiplying by j, is taking ^ oi the miutiplicand, twice, as 

Multipl3ring by ), is takuig l of the multiplicand, three times. 
Hence, if tne multiplier is a unity the product is equal to 
the multiplicand : If tne multiplier is greater than a unit, the 
product is greater than the multiplicand : And if the multipli- 
er is less than a unit, the product is less than the multiplicand. 

Multiplication by a NEGATIVE quantity, has the 

SAME relation TO MULTIPLICATION BY A POSITIVE QUANTITY, 

WHICH SUBTRACTION has to addition. In the one, the 
sum of the repetitions of the multiplicand is to be added, to 
the other quantities with which this multiplier is connected. 
In the other, the sum of these repetitions is to be subtracted 
from the other quantities. This subtraction is performed at 
the time of multiplying, by changing the sign of the pro- 
duct. See Art. 107 and 108. 

91. Every multiplier is to be considered a number. We 
sometimes speak of multiplying by a given weight or measure^ 
a sum of money, &c. But this is abbreviated Language. If 
construed literally, it is absurd. Multiplying is taking either 
the whole or a part of a quantity, a certain number oj timeo. 
To say that one quantity is repeated as many times, as an- 
other is heavy, is nonsense. But if a part of the weight of a 
body be fixed upon as a unit, a quantity may be multiplied 
.by a mmiber equal to the number of these parts contained 
^ in the body. If a diamond is sold by weight, a particular 
price may be agreed upon for each grain, A grain is here 
the unit ; and it is evident that the value of the diamond, is 
equal to the given price repeated as many times, as there are 
grains in the whole weight. We say concisely, that the price 
is multiplied by the weight ; meaning that it is multiplied by 
a nwmber equal to the number of grains in the weight. In a 
similar manner, any quantity whatever may be supposed to 
be made up of parts, each being considered a wmX, and any 
number of these may become a multiplier. 



* See Note C. 
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92. As multiplying is taking the whole or a part of ci 
quantity a certain number of times, it is evident that the 
product^ must be of the same nature as the multipUcand. 

If the multiplicand is an abstract number; the product will 
be a number. 

If the multiplicand is weighty the product will be weight. 
If the multiplicand is a line^ the product will be a line. iZ#- 
peatmg a quantity does not alter its nature. It is frequently 
said, that the product of two lines is a surface^ and that the 
product of three lines is a solid, 6ut these are abbreviated 
expressions, which if interpreted literally are not correct. 
See Section xxi. 

93. The multiplication of factions will be the subject of 
a future section. We have first to attend to multiplication 
by positive whole numbers. This, according to the defini* 
tion (Art. 90.) is taking the multiplicand as many times, as 
there are units in the multiplier. Suppose a is to be multi« 
plied by 6, and that h stands for 3. There are then, tbo-ee 
units in the multiplier h. The multiplicand must therefore 
be taken three times ; thus, a-^a-|-a=3a, or ha. 

So that, mvltiplymg two letters together U nothing more, 
than writing them one after the other^ either with, or without 
the sign of multiplication between them. Thus b multiplied 
into CIS bxCi or be. And x into y, is ffXy> or a?.y, or xy. 

94. If more than two letters are to be multiphed, they 
must be connected in the same manner. Thus a into 6 and 
c, is cba. For by the last article, a into 6, is ba. This pro- 
duct is now to be multiplied into c* If c stands for 5, then 
ba is to be taken five times thus, 

ba'^ba--\-ba-\-ba^ba=z&bay or cba. 

The same explanation may be applied to any number oi 
letters. Thus, am into xy^ is amxy. And bh into mrx, is 
bhmrXf 

95. It is immaterial in what order the letters are arranged 
The product ba is the same as ab. Three times five is eqral 
to five times three. Let the number 5 be represented by a« 
many points, in a horizontal line ; and the number 3, by 03 
many points in a perpendicular line. 



Here it is evident that the whole rnmiber of points is equal 
either to the number in the horizontal row three times repeat 

4* 
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od, or to the number in the perpendicular row five times re* 
peated ; that is, to 5 X 3, or 3 X 5. This explanation may be 
extended to a series of factors consisting of any nmnbers 
whatever. For the product of two of the factors may be 
considered as one number. This may be placed before or 
after a third factor : the product of three, before or after a 
fourth, &c. 

Thus 24=4x6 or 6x4=4x3x2 or 4x2x3 or '2x3x4 

The product of a, 6, c, and d, is abcd^ or Qcdb^ or dcba^ or btide. 
It will generally be convenient, however, to place the letters 
in alphabeticdl order. 

96. When the letters have numerical CO-EFFI- 
CIENTS, THESE MUST BE MULTIPLIED TOGETHER, AND 

PREFIXED TO THE PRODUCT OF THE LETTERS. 

Thus, Sa into 2fr, is Sab. For if a into 6 is a6, then 3 times 
a into 6, is evidently Sab: and if, instead of multiplying by 
b, we multiply by twice b, the product must be twice as great; 
thatis2x3a6or 6a6. 

Mult. 9ab I2hy Sdh %ad 7bdh Say 

Into 3a;y 2rx my IShmg x 8m« 

Prod. 21abxy Sdhmy 7bdhx 

97. If either of the factors consists of figures ofdy^ these 
must be multiplied into the co-efiicients and letters of the 
other factors. 

Thus Sab into 4, is 12a6. And 36 into 2ar, is 72a?. And 
24 into Ay, is Mhy. 

98. If the multiplicand is a compound quantity, each of its 
terms must be multiplied into the multiplier. Thus b-^c-^d 
into a is ab-\-a€-\-ad. For the whole of the multiplicand ig 
to be taken as many times, as there are units in the multi- 
plier. If then a, stands for 3, the repetitions of the multipli* 
cand are, 

b+c+d 

6-|-c-|-d 
And their sum ie ' 36-)-Sc-f Sd, that is, ab^ac+ad. 
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Mult. d+2xy 2h+m S«+l 2*111+8.4.* 

Into Sb Qdy my 46 

Prod 3bd+6bxy SUmy+tny 



99. The preceding instances must not be confounded 
with those in which several factors are connected by the 
sign X 9 or by a point. In the latter case, the multiplier » 
to be written before the other factors without being repeated. 
The product of bxd into a^is abx d^ and not abx<id. For 
bxdis bdy and this into a, is abd. ^Art. 94.) The expression 
bxd is not to be considered, like o+c2, a compound qtumtUy 
consisting of two terms. Different terms are always separn- 
ted by+or-. (Art. 36.) The product of bx^X^Xy in- 
to a, is axbxb'X^^Xy or abhmy. But 6-{-*4"*M"y ^^ ^ 
is aif-^-ahr^am^ay. 

100. If both the factors are compound quantities, each 
term in the multiplier must be mtdtipliM into each in the multi^ 
pUcand, 

Thus a-f-6 into c-{-d is ac-\-ad'\-bC'{-bd. 

For the units in the multiplier a^b are equal to the units 
in a added to the units in 6. Therefore the product produ- 
ced by a, must be added to the profluct produced by b. 
Tlie product of c-\-d into a is ac-^-ad > * . 



The product of c- 



d into b is bc-^-bd y 



98. 



The product of c-(-d into a-fft is therefore ac-^ad^bc-^-bd 

Mult. Sx+d 4ay+2b o+l 

Into 2a-{-hm 3c -f-*** 3a:4-4 



Prod. 6ax-{-2ad-{-Shmx-\-dhm 3ar+3x4-4a4-4 

■II' !■ ■ III II . n il I I I .1 ■■ 11 I I l^^-^^— — .^ 

Mult. 2A4.7 into 6rf-j-l. Frod. 12dh+42d+2h+7. 
Mult, dy-^-rx-^-h into 6m+4+7y. Prod.r 
Mult. 7+eb+ad into 3r+44-2A. Prod. 

101. When several terms in the product are alike^ it will 
be expedient to set one under the other, and then to unite 
them, by the rules for the reduction in addition. 



t 
S6 ALGEBRA. 

Mult, 64-a b+c+2 «+ y+J 

Into b+a 6+c+S Sb+Sx^-'^ 

bb+ab bb+bc+2b 

J^ab+aa be ^cc^2c 

+36 -l-Sc+e 



Prod. bb+2ab-\-aa bb+2bc+5b+ee+5c+e 



Mult. Sa+d+4 into 2a+fid+ 1 . Prod. 
Mult. b+cd+2 into Sb+4ed+7. Prod. 
Mult. Sb+2x+h into a X ^ X S«« Prod. 

103. It will be easy to see that when the multiplier and 
multiplicand consist of any quantity repeated (u a factor^ this 
factor will be repeated in the product, as many times as in 
the multiplier and multiplicand together. 

Mult. ax^X^ Here a is repeated three times as a factor. 
Into ax^ Here it is repeated fiffice. 

Prod. ax«XaX0Xa. Here it is repeated Jive times. 

The product of bbbb into 666, is 6666666. 
The product of 2arxSa;x4« into dxx^^pf is 2xX^^X^X 
5xX^^' 

104. But the numeral co-efficierUs of several fellow-factors 
may be brought together by multiplication. 

Thus 2ax36 into 4ax56 is 2ax36x4ax56, or 120aa66. 

For the co-efBcients oxefactorSy (Art. 41.) and it is imma- 
terial in what order these are arranged. (Art. 95.) So that 
2axS6x4ax56=2x3x4x5xaXaX6x6=120aa66. 

The product of Sox46A into 6mx%j is SGOabhmy. 
The product of 46x6d into 2a:+l, is 48bdx+2Ud. 

105. The examples in multiplication thus far have been 
confined to positive quantities. It will now be necessary to 
consider in what manner the result will be affected, by mul« 
tiplying positive and negative quantities together. We shall 
find, 

That + into 4- produces -f- 

— into -|- - 
+ into - - 

- into •*- J^m 
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All these may be comprised in one general rule, which it 
will be important to have always familiar. If the signs of 

THE FACTORS ARE ALIKE, THE SIGN OF THE PRODUCT WILL 
BE AFFIRMATIVE ; BUT IF THE SIGNS OF THE FACTORS ARE 
UNIJKR, THE SIGN OP THE PRODUCT WII.L BE NEGATIVE. 

106. The first case, that of -j- into +> needs no farther 
illustration. ♦The second is - into +> that is, the multipli- 
cand is negative, and the multiplier positive. Here -a 
into 4-4 is - 4a. For the repetitions of the multiplicand are, 

-o-a-a-a=-4a. . 
Mult. 5-Sa 2a-m A-3d-4 a-2-7d-* 

Into &y Sh+x %y 36+fc 



Prod. 66y-18aj/ 2%-6dj/-8i/ 



107. In the two preceding cases, the afi&rmative sign pre- 
fixed to the multiplier shows, that the repetitions of the mul- 
tiplicand are to be added to the other quantities with which 
the multiplier is connected. But in the two remaining cases, 
the negative sign prefixed to the multiplier, indicates that 
the sum of the repetitions of the multiplicand are to be 8\jib 
traded from the other quantities. (Art. 90.) And this sub- 
traction is performed, at the time of multiplying, by making 
the sign of the product opposite to that of the multiplicand. 
Thus +« into - 4 is - 4a. For the repetitions of the multi- 
plicand are, 

-^a-{-a-f-tf+a=+4a. 

But this sum is to be subtracted^ from the other quantities 
with which the multiplier is connected. It will then become 
-4a. (Art. 82.) 

Thus in the expression 6-(4x«5) it is manifest that4x<i 
is to be subtracted from h. Now 4xfl is 4a, that is -f.4a. 
But to subtract this from 6, the sign + must be changed 
into -. So that i-(4x«) is 6 -4a. And aX-4 is there-^ 
fore - 4a. 

Again, suppose the midtiplicand is a, and the multiplier 
(6-4.) As (6-4) is equal to 2, the product will be equal 
to 2a. This is less than the product of 6 into a. To obtain 
then the product of the compound multiplier (6 - 4) into a, 
we must svbtract the product of the negative part, from thai 
of tlie positive part. 
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Multiplying a ) . .. ( Multiplymg a 

Into 6-4 J ^ ^^^ ^^^ ^ i Into 2 

And the product Ba-4a, is the same as the product 2a. 

Therefore a into - 4, is — 4cL 

But if the multiplier had been (6-{-'4,) the two products 
must have been added. 

Multiplying « ^ i. the same as i ^^^^^P^V^S « 
Into 6+4 5 ^ ^^^ ®^® ^® I Into 10 

And the prod. . 6a-4-4a is the same as the product 10a. 

This snows at once the difference between multiplying by 
a positive factor, and multiplying by a negative one. In the 
former case, the sum of the repetitions of the multiplicand is 
to be added to^ in the latter, subtracted from, the other quan- 
tities, with which the multiplier is connected. For every 
negative quantity must be supposed to have a reference to 
some other which is positive; though the two may not 
always stand in connection, when the multiplication is to be 
performed. 

Mult, a+6 idy+hx+2 S&+3 

Into h^x mr^ab ad-^d 



Prod, ab+bb --ax^bx Sadh+Sad - 18A - 18 

108. If two negatives be multiplied together, the product 
will be affirmative : - 4 X - a=-f-4a. In this case, as in the 
preceding, the repetitions of the multiplicand are to be «*6- 
tractedy because the multiplier has the negative sign, lliese 
repetitions, if the multiphcand is - a, and the mmtiplier - 4, 
are -a-a-a-a==-4a. But this is to be subtracted by 
changing the sign. It then becomes •4-4a. 

Suppose -a is multiplied into (6-4.) As 6-4=2, the 
product is, evidently, hoice the multiplicand, that is, -2a. 
But if we multiply - a into 6 and 4 separately ; - a into 6 
is - 6a, and - a into 4 is - 4a. (Art. 106.) As in the multi- 
plier, 4 is to be subtracted from 6 ; so, in the product, - 4a 
must be subtracted from - 6a. Now - 4a becomes by sub- 
traction +4a. The whole product then is - 6a-|-4a which is 
equal to - 2a. Or thus. 

Multiplying ~ a > . , C Multiplying - a 

Into 6-4 J ^ ^^® ^^™® ^ I Into S 

And the prod. - 6a4-4a, is equal to the product - %i. 
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It is often considered a great mystery, that the product of 
two negatives should be affirmative. But it amounts to no* 
thing more than this, that the subtraction of a negative quan* 
tity, is equivalent to the addition of an affirmative one; 
(Art. 81.) and, therefore, that the repeated subtraction of a 
negative quantity, is equivalent to a repeated addition of an 
affirmative one. Taking off from a man's hands a debt of 
ten dollars every month, is adding ten dollars a month to the 
value of his property. 

Mult. a-4 Sd'-hy-^^ Say-b 

Into S6-6 46-7 Goc-l 



Prod. Sab - 1 26 - 6a+24 \Saxy - 66x - Say+b 

Multiply Sctd-ah"! into4-dy-Ar, 
Multiply 2hy+Sm-\ into 4d-2a?+S. 

1 09. As a negative multiplier changes the sign of the quan- 
tity which it multiplies ; if there are several negative factors 
to be multiplied together, 

The two first will make the product positive; 
The thka will make it negative; 
The fourth will make it positive^ &c. 

Thus-ax-6=+a6 1 pu^o factors. 

4-a6crfx - e=: - abode J L fa^' 

That is, the product of any even number of negative fac 
tors is positive ; but the product of any odd number of nega- 
tive factors is negative. 

Thus-ax -<»=«« And-ax-«X-«X-o=<WMki 

-ax -«X -a=-aaa -ax -«X -a-x-flX-«=-<WMMMi 
The product of several factors which are all positive^ is in- 
variably positive. 

110. Positive and negative terms may frequently balance 
each other, so as to disappear in the product. (Art 77.) A 
star is sometimes put in the place of a deficient term. 
Mult, a- 6 mm-yy 004-064-66 

Into 04-6 mm-{-yy 0-6 

00-06 0004-0064-066 

4-06-66 -006-066-666 

Prod.aa * -66 ooa * • -666 
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111. For many purposes, it is sufficient merely to indieate 
the multiplication of compound quantities, without actually 
multipi3ang the several terms. Thus the product of 
a^b-^-e into hr^m^y^ is (o+i+O X (A+n»+y«) (Art. 40.) 
The product of 

a^m into ^+a? and d+y, is (flJ+m) X (M**^) X (^y-) 

By this method of representing multiplication, an important 
advantage is often gained, in preserving the factors distinct 
from each other. 

When the several terms are multiplied in form^ the expres • 
sion is said to be expanded. Thus, 

(a-|-6) X (c-^d) becomes when expanded ac-{'ad'\-bc^bd 

112. mth a given multiplicand, the less the multiplier, 
the less will be the product. If then the multiplier be 
reduced to nothins^ the product will be nothing. Thus axO 
=0. And if be one of any number of fellow-factors, the 
product of the whole will be nothing. 

Thus, abxcxSdxO=:SabcdxO=0. 

And (a+6)x(c+el)x(A-«i)xO=0. 

113. Although, for the sake of illustrating the different 
points in multiplication, the subject has been drawn out into 
a considerable number of particulars; yet it will scarcely be 
necessary for the learner, after he has become familiar with 
the examples, to burden his memory with any thing more 
than the following general rule. 

MULTIPLT THE LETTERS AND CO-EFFICIENTS OF EACH TERM 
IN THE MULTIPLICAND, INTO THE LETTERS AND GO-EFFICIENTS 
OF EACH TERM IN THE MULTIPLIER; AND PREFIX TO EACH TERM 
OF THE PRODUCT, THE SION REQUIRED BY THE PRINC IPLE, THAT 
LIKE SIGNS PRODUCB4-9 AND DIFFERENT SIGNS - . 

1 . Mult. a+Sb - 2 into 4a - 66 - 4. 

2. Mult. 4a6xa:X2 into 3my-l-f-A. 

3 Mult. Hah-y) x4 into 4a:x3x5x«^. 

4. Mult. (6a6-;fcd+l)x2into (8+4a:-.l)x<^. 

5. Mult. 3ay+i/-4-f^into (rf-|-a:)x(/*4-y.) 

6. Mult. 6aa?-(4fc-rf) into (6+l)x(A+10 

7. Mult. 7ay-l-fAx(rf-a?)into -(r+3-4m.) 
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Art. 114^ IN multiplication, we have two &ctors giv^en, 
and are required to find their product. By multiplying the 
factors 4 and 6, we obtain the product 24. But it is fre- 
quently necessary to reverse this process. The number 24, 
and one of the factors may be given, to enable us to find the 
other. The operation by which this is effected, is called 
Division. We obtain the number 4, by dividing 24 by 6. 
The quantity to be divided is called the dividend ; tlie given 
factor, the divisor ; and that which is required, the quotient. 

115. DIVISION IS FINDINO A QUOTIENT, WHICH MULTI- 
PLIED INTO THE DIVISOR WILL PRODUCE THE DIVIDEND.* 

In multiplication the multiplier is always a numher. (Art. 
91.) And the product is a quantity of the same kind, as the 
multiplicand. (Art. 92.) The product of 3 rods into 4, is 12 
rods. T^Tien we come to division, the product and either of 
the factors may be given, to find the other : thai, is, 

The divisor may be a number^ and then the quotient will 
be a quantity of the same kind as the dividend ; or. 

The divisor may be a quantity of the same kind as the 
dividend ; and then the quotient will be a number. 

Thus 12 rorf5-^4=3 rods. But 12 ro(fa-2-3ro<fa=4. 

And 12 rocb-r-24=irocl. And 12 rods-i-M rods=zi 

la the first case, the divisor being a nuniber^ shows into 
how many parts the dividend is to be separated ; and the quo- 
tient shbws what these parts are. 

If 12 rods be divided into 3 parts, each will be 4 rods long. 
And if 12 rods be divided into 24 parts, each will be half a 
rod long. 

In the other case, if the divisor is less than the dividend, 
the former shows into wha^ parts the latter is to be divided ; 
and the quotient shows how many of these parts are contained 






* Tlie rtmainder is here supposed to bo included 10 tlie quotieiijjbis i» cam 
monly the case in algebra. 
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m tlie dividend. In other words, divimon in this case coo* 
flists in finding how often one quantity is contained m another. 

A line of 3 rods, is contained in one of 12 rods, four tknes. 

But if the divisor is greater than the dividend, and yet a 

auantity of the same kind, the quotient shows what part of 
tie divisor is equal to the dividend. 

Thus one half of 24 rods is equal to 12 rods. 

116. As the product of the divisor and quotient is equal to 
the dividend, the quotient may he found, by resolving the 
dividend into two such factors, that one of them shall be the 
divisor. The other wiU, of com-se, be the quotient. 

Suppose abd is to be divided by a. The factor a and bd 
will produce the dividend. The first of these, being a divi- 
sor, may be set aside. The other is the quotient. Hence^ 

When the divisor is found as a factor in the divi- 
dend, THE n;VI8I0N IB PERFORMED BT CANCELLING THIS 
FACTOR. 

Divide ex dh drx hmy dhxy abed abxy 
By c d dr km dy b ax 

Quot X X hx by 

, In each of these examples, the letters which are common 
to the divisor and dividend, are set aside, and the other let- 
ters form the quotient. It will be seen at once, that the pro- 
duct of the quotient and divisor is equal to the dividend. 

117. If a letter is repeated in the dividend, care must be 
taken that the factor rejected be only equal to the divisor. 

Div. aab bbx aadddx aammyy aaaxxxh yyy 
By a b ad amy aaxx yy 

Quot ab addx ahx 



In such instances, it is obvious that we are not to reject 
every letter in the dividend which is the same with one in the 

divisoPtf 

>• 

118. If the dividend consists of any factors whatever, ex- 
rOTiging\)ne of them is dividing by it. 
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Div. a {b+d) a (6+d) {b+x) (c+d) (b+y) X (d - &)« 
By a b-^d fc-j-a: d-A 



In all these instances the product of the quotient and divi- 
fior is equal to the dividend by Art. 111. 

119. In performing multiplication, if the factors contain 
numeral figures^ these are multiplied into each other. (Art. 
96.) Thus 3a into 76 is 21 a&. Now if this process is to be 
reversed^ it is evident that dividing the number m the product, 
by the number in one of the factors, will give the nimiber in 
the other factor. The quotient of 21a&-7-3a is 76. Hence, 

In division, if there are numeral co-effidetUs prefixed to the 
letters, the co-efficieni of the dividend must be dwided^ by the co» 
efficient qf the dUnsor. 

Div. 6ab 16dxy 25dkr ISay S4drx 20hm 
By 26 4dx dh 9 S4 m 

QuotSa 25r drx 



120. When a simple factor is multiplied into a compound 
one, the former enters into every term of the latter. (Art. 
98.) Thus a into 6-|*<{, is ab-\-ad. Such a product is easily 
resolved again into its original factors. 

Thus ab+ad=:zax{b+d). 

ab^ac^ah=zax (6+C-4-/1). 
amhr^amx-\-amy =iamx (h-^x-^-y). 
4a(l4.8aA+12am-l-4ay=:4ax (<H-2M-Sm+y). 

Now if the whole quantity be divided by one of these factora^ 
according to Art. 118, the quotient will be the other factor. 

Thus, (a6+ad)-^a=:6+A And (a6+ad)-^(64-d)=a. 
Hence, 

If the divisor is contained in every term of a comporcnd divi- 
dend, it must be cancelled m each. 

Div. 064-00 bdh^bdy aahr\'ay drX'\'dhX'\-ds!y 

By a bd a dx 

Quot. 64-c ohr^-y 



And if there are co-effictents, these must be divided, in each 
term alsa 
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Div. 6a&4-12ac lOdry+Ui nhx+8 iSimJ^l4dx 
By Sa 2d 4 7d 



QuoL 2fr-f 4c Shx+2 



121. On the other hand, if a compound expresnon contam" 
mg any factor in every term, be divided by the other q%umHiie$ 
connected by their eigne, the quotierU %ciU be that factor. See the 
first part of the preceding article. 

Div. ab'{'aC'[-ah amh'\-amx'\'amy 4ab'\'Say ahm^€sky 
By b'\'e^h /*+»+¥ i+^y wH-y 



Quot. a 4a 



122. In division, as well as in multiplication, the caution 
must be observed, not to confound terms with factors. See 
Art 99. 

Thusfa5+ac^-^a=64-c. (Art 120.) 
But labxo€)^i-a=:aabC'i'a=:^abc. 



And (ab+ac)'^{b+c)sia. (Art. 121.) 
But \abxac)'-r'{bxc)==aabc'i^bc==:aa. 



123. In division, the same rule is to be observe:d 
respecting the signs, as in multiplication ; that is, 

IF THE DIVISOR AND DIVIDEND ARE BOTH POSITIVE, OK 
BOTH NEGATIVE, THE QUOTIENT MUST BE POSITIVE : IF 
ONE IS POSITIVE AND THE OTHER NEGATIVE, THE QUO— 
TIENT MUST BE NEGATIVE. (Art. 105.) 

This is manifest from the consideration that the product of 
the divisor and quotient must be the same as the dividend. 

If +aX+b=^+ab \ ^ ^-afc-f-f t=:4-a 

^aX+b==-abl . ) -.a6-^4.6=-a 

- ax - b=+ab J \ +06-5- - 6= - o 

Div. ahx 8a-10ay Sax -Say Samxdh 
By -a --ia Sa -2a 



Quot - 5a: - 4+6y - Sm x dk=: - Shdm 
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134. If the letters of the divisor are not to be found 
m the dividend, the division is expressed by writing 
the divisor under the dividend, in the form of ▲ vul- 
gar fraction. 

xy d^x 

Thus xH'^a^i —-f and (d-a:) -f--A="~r 

This is a method of denoting division, rather than an actual 
performing of the operation. But the purposes of division 
may frequently be answered, by these fractional expressions. 
As they are of the same nature with other vulgar fractions, 
they may be added, subtracted, multiplied, &c. See the 
next section. 

125. When the dividend is a compound quantity, the divi- 
sor may either be placed under the vilioU dividend, as in the 
preceding instances, or it may be repeated imder each temiy 
taken separately. There are occasions when it will be con- 
venient to exchange one of these forms of expression for the 
other. 

Thus 6-4-c divided by ar, is wther— ^, or -I — • 

XXX 

o-fj 
And ar\-h divided by 2, is either ""o^* ^^^ ^ ^^ ^'^ ''^^ 

ct h 
of a and b; or^-|^— , that is, the sum of half a and half &• 

For it is evident that half the sum of , two or more quantities^ 
is equal to the 9um of their halves. And the same principle 
is applicable to a third, fourth, fifth, or any other portion of 
the dividend. 

So also a - 6 divided by 2, is either ?~\ or -..--. 

^ ^^ 2 2 

For half the difference of two quantities is equal to the rfift 
ference of their halves. 

a - 264-& a 26 A Sa^c Sa e 

So " ^ =•« — ^ -j-^zr* And ' =—"~~ — *— • 
m m tn "^w — a? — — « — a? 

126. If some of the lettezs in the divisor are in each term 
of the dividend, the fractional expression may be rendered 
more simple, by rejecting equal factors from the numerator 
and denominator. .^ 
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Div. ab dha ahm^iay ah-^-hx 2am 

By ac dy ctb by Stxy 

ah h Am-3y (oa 

Quot. — or- — 

ac c h xy 



These reductions are made upon the principle, that a given 
divisor is contained in a given dividend, just as many timesf, 
OS douUe the divisor in double the dividend ; triple the divi- 
sor in triple the dividend, &c. See the reduction of fractions. 

127. If the divisor is in some of the terms of the dividend, 
but not in all ; those which contam the divisor may be divi- 
ded as in Art. 116, and the others set down in the form of a 
fraction. 

■VII ^ « *\ • . f 00-4-0 ob d - » 
Thus (a6-4-a)-Hi( is either — • — , or —-I — , or o^ — . 

Div. dxy-^-rx-hd 2ak^ad^x bm-^Sy 2my^dh 

By X a -& 2m 

mmmmmmtmimmtir'^^atmmmm mb— Ma_>«a>i_MMMaMi ^.^^^•mm.^^m.mtmm^ mmmm^m—^^mmmm 



128. The quotient of any quantity divided by Usetf cr it« 
equcd, is obviously a wiit. 

Thufl-=1. And^- = 1. And-r7^=l. And-f|— ^, =1. 
a ^€tx 4-f-2 a+o-SA 

Div. ax+x S6d-Srf iaxy - 4a-^Sad 3a6+S-6iit 
By X Sd 4a 3 

Quot.a+l «y-l+2rf 



Cor. If the dividend is greater than the divisor, the quo- 
tient must be greater than a unit : But if the dividend is ku 
tlian the diviscM*, the quotient must be le& than a unit. 



-%• - ' — - 
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PROMISCUOUS EXAMPLES. 

1 Divide 12aty+6d>a:- 1856m+246, by 6ft. 
S Divide 16a - 12-|-8y+4 - gOodar+m, by 4. 

8. Divide (a-2A)x(3»M-»)Xa?, by (a-2A)x(3m+y) 

4. Divide ahd - 4ad+3^ - «, by W - 4d+3y - 1 . 

5. Divide oo; - ry4-^ "" i^J( " 6+^ by - a. 

6. Divide amy+3^my - mxy-^-am - d, by - dwiy. 

7. Divide ard - 6a+2r - W-f6, by 2ard. 

8. Divide 6ax - 8+2a:y-l-^ " 6%> by 4axy, 

12^. From the nature of division it is evident, that the 
value of the quotient depends both on the divisor and the 
dividend. With a given divisor, the greater the dividend, 
the greater the quotient. And with a given dividend, the 
greater the divisor, the less the quotient. In several of the 
succeeding parts of algebra, particularly the subjects of frac- 
tious, ratios, and proportion, it will be important to be able 
to determine what change will be produced in the quotient, 
by increasing or diminishuig either the divisor or the mvidend. 

If the given dividend be 24, and the divisor 6 ; the quotient 
will be 4. But this same dividend may be supposed to be 
multiplied or divided by some other number, before it is 
divided by 6. Or the divisor may be multiplied or divided 
by some other number, before it is used in dividing 24. In 
each of these cases, the quotient will be altered. 

130. In the first place, if the given divisor is contained in 
the given dividend a certain nmnber of times, it is obvious 
that the same divisor is contained, 

In double that dividend, twice as many times ; 
In triple the dividend, thrice as many times, &c. 

That is, if the divisor remains the same, mtdtiph/ing the 
dividend by any quantity, is, in effect, rmiUiplying the quoHeni 
by that quantity. 

Thus, if the constant divisor is 6, then 24-f-6=4 the 
quotient 

Multiplvmg the dividend by 2, 2 x24-i-e =2x4 

Multiplying by any number n, n X 24-2-6 = o X '^ 
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131. Secondly, if the given divisor is contained in ihe 
given dividend a certain number of times, the same divisor 
is contained. 

In half that dividend, half as many times ; 

In ime tldrd of the dividend, one third as many times, &c. 

That is, if the divisor remains the same, dvAiv^s the divi- 
dend by any other quantity, is, in effect, dmdmg the quoHent 
by that quantity. 

Thus 84-^6=4 

Dividing the dividend by 2, ^24-^6 = {4 

Dividing by n, i24-^6 = i4 

132. Thirdly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend. 

Twice that divisor is contained only half as many times ; 
Three times the divisor is contained one third as many times. 

That is, if the dividend remains the same, multiplying the 
divisor by any quantity, is, in effect, dividing the quotient by 
that quantity. 

Thus 24-f.6=4 

Multiplying the divisor by 2, 244-2 X 6 = | 

Multiplying by n, 24-Hi X 6 = | 

133. Lastly, if the^iven divisor is contained in the given 
dividend a ceitain number of times, then, in the same divi- 
dend, 

Half that divisor is contained twice as many times ; 

One third of the divisor is contained thrice as many times. 

That is, if the dividend remains the same, dividing the divi-- 
sor by any other quantity, is, in effect, multiplying the quotient 
by that quantity. 

Thus 24-^6=4 

Dividing the divisor by 2, 24-f-^6 =2x4 

Dividing by n, 24-f.j6=nx4 

For the method of performing division, when the divisor 
and dividend are both compau/nd quantities, see one of the fol- 
jowing sections. 
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SECTION V. 



FRACTIONS.* 

Art. 134. EXPRESSIONS in the form of fmctions occiii 
more frequently in Algebra than m arithmetic. Most in- 
staaces in division belong to this class. Indeed the numeia-^ 
tor of every fraction may be considered as a dividend^ of 
wliich the denominator is a divisor. 

According to the common definition in arithmetic, the 
denominator shows into what parts an integral unit is sup- 
posed to be divided ; and the numerator shows how many 
of these parts belong to the fraction. But it makes no dif- 
ference, whether the whole of the numerator is divided by 
the denominator ; or only one of the integral units is divided, 
and then the quotient taken as many times as the number of 
units in the numerator. Thus | is the same as J+i+i* 
A fourth part of three dollars, is equal to three fourths of one 
dollar. 

135. The value of a fraction, is the qtu>tierU of the nume- 
rator divided by the denominator. 

Thus the value of ~ is 3. The value of — is a. 

2 6 

Prom this it is evident, that whatever changes are made 
in the terms of a fraction ; if the qtuttient is not altered, the 
Value remains the same. For any fraction, therefore, we 
may substitute any other fraction which will give the same 
quotient. 

Thusi^l!^=l^=?*2i=:?+?,&c. For the quotient in 
% 5 2ba 4drx 3+1 * 

each of these instances is 2. 

136. As the value of a fraction is the quotient of the nu 
merator divided by the denominator, it is evident from Art. 
128, that when the numerator is equal to the denominator, the 
value of the fraction is a unit ; when the numerator is less 

* Horsley'8 Mathematics, Camus' Arithmetic, Emerson, Eulcr, Saunden^on, 
ana Ludlom. 
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thau the denominator, the vahie is less than a unit; and w^hen 
the numerator is greater than the denominator, the value is 
greater than a tmit. 

The calculations in fractions depend on a few g^eneral 
principles, which will here be stated in connexion with each 
other. 

137. If the denominator of a fraction remains the same, tnul' 
Hplying the numerator by any quantity, is multiplying the 
VALUE by that quantity ; and dhnding the numerator^ is dividing 
the value. For the numerator and denominator are a divi- 
dend and divisor, of which the value of the fraction is the 
quotient. And by Art. 130 and 131, multiplying the divi- 
dend is in effect maltipl3nng the quotient, and dividuig the 
dividend is dividing the quotient. 

Thus in the fractions — , , , 5 — , &c. 

a a a a 

The quotients or values are 6, 36, 76rf, ^6, &c. 

Here it will be seen that, while the denominator is not 
altered, the value of the fraction is multiplied or divided by 
the same quantity as the numerator. 

Cor. With a given denominator, the greater the niune- 
rator, the greater will be the value of the fraction ; and, on the 
other hand^ the greater the value, the greater the numerator. 

138. If the numerator remains the sanie, multiplying the de» 
nominator by any qtumtity^ is dividing the value by that quantity ; 
and dhnding the denominator, is multiplymg the value. For 
multiplying the divisor is dividing the quotient ; and dividing 
the divisor is multiplying the quotient. (Art. 132, 133.) 

T *u A. ♦• 24ai 24a6 Mob 24ab « 
lathe fracuons -^ _. _. _, &c. 

The values are 4a, %a, 8a, 24a, &c 

Cor. With a given numerator, the greater the denominator, 
the less will be the value of the fraction ; and the less the 
value, the greater the denominator. 

139. From the last two articles it follows, that dividing the 
numerator by any quantity, will have the same effect on the 
value of the fraction, as multiplying the denominator by that 
quantity ; and multiplying the numerator will have the same 
effect, as dividing the denominator. 
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140. It is also evideut fVom the preceding articles, that ip 

THE ftUMRRATOR AND DENOMINATOR BE BOTH MULTIPLIED, 
OR BOTH DIVIDED, BY THE SAME QUANTITY, THE VALUE OF 
THE FRACTION WILL NOT BE ALTERED. 

_,, bx abx Sbx ibx labx ^ _ . , _ 

these instances the quotient is x, 

1 41. Any integral quantity may, without altering its value, 
be thrown into the form of a fractioq, by multiplying the 

Quantity into the pr(^K)sed denominator, and taking the pro- 
uct for a numerator. 

_,, a ab ad-A-ah Sadh « « , 

Thus rt=Y=-T = ,_j_, ~"65r* *" quotient 

of each of these is a. 

142. There is nothing, perhaps, in the calculation of alge- 
braic fractions, which occasions more perplexity to a learner, 
than the positive and negative signs. The changes in these 
are so frequent, that it is necessary to bec<Hne familiv vdth 
the principles on which they are made. The use of the sign 
which is prefixed to the dividuig line, is to show whether the 
value of the tohoU fraction is to be added to, or subtracted 
from, the other quantities with which it is connected. (Art. 
43.) This sign, therefore, has an influence on the several 
tenns taken collectively. But in the numerator and de-> 
nominator, each sign affects only the smgle term to which it 
is applied. 

The value of -^ is a. (Art. 135.) But this will become 

negative, if the sign - be prefixed to the fraction. 

ab _. oft 

Thus y+-T =y+a. But y - -j =y- a. 

So that changing the sign which is before the whole frac* 
tion, has the effect of changing the value from positive to 
negative, or from negative to positive. 

Next^ suppose the sign or signs of the numerator to be 

changed. 

— ab 



.# 



By Art. 123,«WI+a. But -r- = - a. 
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. .ab be ^ T» . ^ab+hc , 

And r — ^-^a-'C. But t^ — =-a+«. 

That is, by changing all the signs of the nnmerator, the 
value of the fraction is changed from positive to negative, or 
the contrary. 

Again, suppose the sign of the denonmator to be changed. 
As before -? =+<»• But — T'=-a. 

143. We have then, this general proposition; If the 

SIGN PREFIXED TO A FRACTION, OR ALL THE SIGNS OF THE 
NUMERATOR, OR ALL THE SIGNS OF THE DENOMINATOR BE 
CHANGED ; THE VALUE OF THE FRACTION WILL BE CHANGED, 
FROM POSITIVE TO NEGATIVE, OR FROM NEGATIVE TO POSI- 
TIVE. 

From this is derived another important principle. As each 
of the changes mentioned here is from positive to negative, 
or the contrary ; if any two of them be made at the same 
time, they toiU balance each other. 

Thus by changing the sign of the numerator, 

-- =-f-fl becomes -^^--= - «• 
b b 

But, by changing both the numerator and denominator, if 
becomes— —:=-|-a> where the positive value is restored. 

By changing the sign before the fraction, 

y+^ =y+a becomes y - ?L =ry - a. 
b b 

But by changing tlie sign of the numerator also, it becomes 

y - -Hi- where the quotient - a is to be subtracted from y, 
b 

or which is the same thing, (Art. 81,) -{-a is to be addedn 
making y-\-a as at first. Hence, 

144. If ALL THE SIGNS BOTH OF THE NUMERATOR AND 
DENOMINATOR, OR THE SIGNS OP ONE OF THESE WITH THE 
SIGN PREFIXED TO THE WHOLE FRACTION, BE CHANGED AT 
THE SAME TIME, THE VALUE OF THE FRAC^itf? WILL NOT BE 
ALTERED. 
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6-6 -e 6 ,^ 

Thus 2 = 31= - T= - ^=+*' 

/ 

Hence the quotient in division may be set down in diflereni 
ways. Thus (a - c)-f.6, is either -r H — r-, ^ r - r- 

The latter method is the most cammon. See the exam 
pies in Art. 127. 



REDUCTION OP FRACTIONS. 

145. From the piinciples which have been stated, are dc 
rived the rules for the redticHon of fractions, which are sub- 
stantially , the same in algebra, as in arithmetic* 

A FRACTION MAT BE REDUCED TO LOWER TERMS, BY DIVI 
DING BOTH THE NUMERATOR AND DENOMINATOR, BT ANT QUAN 
TITY WHICH WILL DIVIDE THEM WITHOUT A REMAINDER. 

According to Art. 140, this will not alter the value of Um 
fraction. 

_,, (^ a ^ .^6dm 3m .,7m 1 
Thu8^=-. Ajid-g^=^. Aiid^=-. 

In the last example, both parts of the fraction are divided 
by the numerator. 

a-X-bc 1 dM-^-ay a 

If a letter is in every term, both of the numerator and de 
nominator, it may be canheUedy for this is dwidmg by that 
letter. (Art. 120) 

$am-\-ay 37/i+y dry+dy _r+i 
inus. 



ad'\-'ah d-\-h dhy-^dy A-1 

If the numerator and denominator be divided by the p^eat" 
est common measure, it is evident that the fraction will !)e 
reduced to the lowest terms. For the method of finding the 
greatest common measure, see Sec. xvi. 

146. Fractions of different denominators may be rs* 

DUCED to a common DENOMINATOR, B7 MULTIFLVING EACH 

5 
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IfUMERATOR INTO ALL THE DENOMIKATORS EXCEPT ITS OWNj 
FOR A NEW NUMERATOR ; AND ALL THE DENOMINATORS TO* 
GETUER, FOR A COMMON DENOMINATOR. 

Ex. 1. Reduce % and ^ and. to a common denominator* 

b d y 

axiXy—ody ) 

^X^ Xy =^^9 \ ^^ three nmnerators. 

»»X*X<*=w*ft<i ) 

hx^Xy^bdy the common denominator. 

The fractions reduced are f;*, and *I^, and f^. 

bay bdy bay 

Here it will be seen, that the reduction consists in multi- 
plying the numerator and denominator of each fraction, into 
all the other denominators. This does not alter the value, 
(ArU 140.) 

2. Reduce ^, and ?*, and ?£. 

Sm g y 

3. Reduce |, and -, aiidlii. 

S X d+k 

4. Reduce -TTf <^d ;-• 

After the fractions have been reduced to a common de- 
nominator, they may be brought to lower terms, by the rule in 
the last article, if there is any quantity which will divide the 
denominator^ and aU the numerators without a remaindei. 

An irUeger and a fraction, are easily reduced to a common 
denominator. (Art. 141.) 

Thus a and . are equal to- and ~, or ^ and ... 
*- 1 c c c 

And a, 6,-^ 1 are equal to ?!13f, W ^ *? 
my tny my my my 

147. To REDUCE AN IMPROPER FRACTION TO A MIXED 
QUANTITY, DIVIDE THE NUMERATOR B7 THE DENOMINATOR, 

as in Art. 127. 

Tlius oH^+rf ^a+m+t 
b b 
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^ , atii — a^oJy — hr 

Reduce — ^ , to a mixed quantity. 

For the reduction of a mixed quanHty to an improper frac- 
tion, see Art. 150. And for the reduction of a coDipotiiki 
Jr€Ktian to a simple one, see Art. 160* 

ADDITION OP FRACTIONS. 

148. In adding fractions, we may either write them one 
after the other, with their signs, as in the addition of integers^ 
or we may incorporate them into a single fraction, by the fol- 
lowing rule : 

Reduce the fractions to a common denominator, 
make the signs before them all positive, and then add 
their numerators. 

The common denominator shows into what parts the inte- 
gral unit is supposed to be divided ; and the numerators show 
the number of these parts belonging to each of the fractions 
(Art. 134.) Therefore the numerators taken together shov^ 
uie whole number of parts in all the fractions. 

„ 2 11 . .3 1,1,1 
lhus,Y=y+i3r- And;^=y+;y+y. 

Therefore, i+i =1+1+1+1+1=*. 

The numerators are added, according to the rules for the 
addition of integers. (Art. 69, &g.) It is obvious that the 
sum is to be placed over the common denominator. To 
avoid the perplexity which might be occasioned by the signs, 
it will be expedient to make those prefixed to the fractions 
uniformly positive. But in doing this, care must be taken 
not to alter the value. This will be preserved, if all the signs 
in the numerator are changed at the same time with tliat le- 
fore the fraction. (Art. 144.) 

Ex. 1. Add A and-i of a pound. Ans. -i-.or_-, 
16 16 '^ 16 16 

It is as evident that ^r, and -n of a pound, are -^ of a 
pound, as that 2 ounces and 4 ounces, are 6 ounces. 

%, Add « and -. First reduce them to a common denomi 
6 d 

nator. They will then be^^. and -i, and their sum^ 'v", ' 
"^ bd bd bd 
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8. Given ^ and - ?^"t"^, to find their sum. 
a Sh 

(Lna«and - ^T+^^^J!^ and - Mr+dd _ 3hn^2dr-ia 
d Sh Sdk Sdh SdK 

4. i and - iz^=-+ - *+»» _<y - M+*» 
d y d y <ty * 

5*tind ^ --«"*-}-«» . -om+dy^ ^ am-rfy 
y -m -my -my -my my 

6.-iLandJL-='^-°*+'^+**=gg±;* (Art.rr.) 

7. Addl^to— . 8. Add:iito^ii. Ans.-6. 
d m-^r 2 7-3 

149. For many purposes, it ia sufficient to add fractions in 
the same manner as integers are added, by writing them oa« 
after another with their signs. (Art. 69.) 

Thus the sum of?, and t and - A,is 1+i - ^ 

y 2m b y 2m 

In the same manner, fractions and integers may be added. 

The sum of a and - and Sm and-*, is a4-Sm+- -*. 

y r ^ y r 

150. Or the integer may be incorporated with the fiaction^ 
by converting the former into a fraction, and then adding the 
numerators. See Art 141. 

mu ^ J. b . a . b am , h am+h 

The sum of a and ~, ist-J — = — = ^^ . 

m 1 ' m m ' m m 

The sum of Sd and — ^ — ,is 2LJ— J — 

m-y' m-y 

Incorporatmg an integer with a fmction, is the same as r«- 
ducing a mixed quantity to an improper fraction. For a mixed 
quantity is an integer and a fraction. In arithmetic, these 
are generally placed together, without any sign between 
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them. But ia algebra, they are distinct terms. Thus 2} is 
t and i, which is the same as 2-|-i- 

£x. 1. Reduce a^J- to an improper fraction. Ans ^I— 

b 

2. Reduce tn+d--!:-. Ans. hm^dm+dh^dd-r 

h^d h^d 

8. Reduce 1+f. Ans. ^il 4. Reduce 1-A 

oh m 

5. Reduce h+ / . 6. Reduce 3+?4^* 

d-y ^ Sa 



SUBTRACTION OP FRACTIONS. 

51. The methods of performing subtraction in algebra, 
depend on the principle, that adding a negative quantity is 
equivalent to subtracting a positive one ; and v. v, (Art. 81.) 
For the subtraction of fractions, then, v*re have the following 
simple rule. Change the fraction to be subtracted, 

FROM positive TO NEGATIVE, OR THE GONTRART, AND THEN 

PROCEED AS IN ADDITION. ^Art. 148.) In making the re- 
quired change, it will be expedient to alter, in some instances^ 
the signs of the numerat<Hr, and in others, the sign before the 
dividing line, (Art. 143,) so as to leave the latter always 
afSrmative. 

Ex. 1. From f, subtract A, 

h wi 

First change — , the fraction to be subtracted, to _. 

m m 

Secondly, reduce the two fractions to a cconmon denomi 

nator, making, 55? and IlA. 

6m bm 

Thirdly, the sum of the numerators am-blij placed over 
Ihe common denominator, gives the answer, ?^ " 



6m 



2. From tfcJJ subtract 1 Ans. ^^+^-^. 
r d dr 

S. From « subtract Izl Ans. «y-<^«H-fa» 
» y my - 

6* 
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4. From ?±?i subtract ?izH Am. *!^ril?. 

». Pram^ subtract -1 Ans. *y-<^y+t»» 
m y my 

e. Prom fil subtract lli. 7. From- subtract 1. 
a m a 6 

158. Fractions may also be subtracted^ like integers, by 
setting them down^ after their signs are changed, without r&* 
ijucing them to a common denominator. 

From * subtract - *±1 Ans. !L+!!±t 
m y my 

In the same manner, an integer may be subtracted tortk 
a fraction, or a fraction from an integer. 

From a subtract _ Ans. a-. • 

m m 

1 53. Or the integer may be incorporat ed with, the fraction^ 
as in Art. 150. 

Ex. l.FriHn* subtract m* Ans. ^L-.mzs'^'"?^. 

y y y 

8. From 4a+ * subtract 3a - L Ans. ^^+^^+H 

c d cd 

3. From 1+^ subtract £zi Ans.£±!*Z^. 

d d d 

4. Froma+3A-iz^ subtract 3a- A+^±*. 

2 3 



MULTIPLICATION OP FRACTIONS. 

154. By the definition c^ multiplication^ multiplying by a 
fraction is taking apart of the multiplicand, as many times as 
there are like parts of an unit in the multiplier. (Art. 90.) 
Now the denominator of a fraction shows into what parts tlie 
integral unit is supposed to be divided ; and the numerator 
shows how many of those parts belong to the given fraction. 
In nuilti[Jying by a fraction, therefore, the multiplicand is 
to be divided into such parts, as are denoted by the denom- 
inator ; and then one of these parts is to be repeated, oa 
many times,, as is required by the numerator 
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3 

Suppose a is to be multiplied by — 

4 
A fourth port of a is j* 

This taken S tunes is ^ .?..?-==?£. (Art. 148 ) 

4 4 4 4 
a S 

Again, suppose ^ is to be multiplied by j* 

One fourth of ^ is -—-. (Ait 138.) 

This taken 3 times is 7t4-7t+tl = tt* 

40 * 46 ' 40 4a 

the product required. 

In a similar manner, any fractional multiplicand may be 
divided into parts^ by multiplying the denominator ; and one 
of the parts may be repeated, by multiplying the numerator. 
We have then the following rule : 

155. To MULTIPLY FRACTIONS, MULTIPLY THE NUMERA- 
TORS TOGETHER, FOR A NEW NUMERATOR, AND THE DENOMI- 
NATORS TOGETHER, FOR A NEW DENOMINATOR. 

Ex. 1. Multiply — intO;r — Product ir — ► 

'^ ^ c 2m 2cm 

2. Multiply — ^ — mto — r* Product ^i:; — 

^ '' y m-.2 i»y-2y 

3. Multiply ^ ^ J mto -. r- Product - ^ / . > 

d-X-h 4—171 1 3 

4. Mult. i-r-,into--r — 5. Mult. — p^- intOQ. 

156. The method of multiplying is the same, when there- 
are more than two fractions to be multiplied together. 

Multiply together p -p and — • rrouuct ^-. 

For ?-X ^ is, by the last article f^^ and this into H^ is ^ 
b a bd y bds^ 

2.Multiply2?,!L::i,*,and_L. Product ??*? "-Ml 



60 ALGEBRA. 

S, Mult. ?+* 4 and JL. 4. Mult. ?!, iZ.^ and ^ 

157. The multiplication may sometimes be shortened, hj 
rejecting equal factors, from the numerators and denomina- 
tors. 

1. Multiply - into — and -. Product—. 

''^r ^ y ry 

Here a, being in one of the numerators, and in one of the 
denominators, may be omitted. If it be retained, the product 

will be — . But this reduced to lower terms, by Art. 145^ 
ary 

will become — as before. 

2. Multiply ^ into ^ and ?*. Product f*. 

'^ m Sa 2d 6 

It is necessary that the factors rejected from the numera* 
tors be exactly equal to those which are rejected from the 
denominators. In the last example, a being in two of the 
numerators, and in only one of the denominators, must be re- 
tained in one of the numerators. 

3. Multiply fth^ into !?3f. Product ^"^^^ . 

y ah ah 

Here, though the same letter a is in one of tlie nmnerators, 
and iu one of the denominators, yet as it is not in every term 
(rf the numerator, it must not be cancelled. 

4. Multiply?!??!^ into* and?!:. 

k m 5a 

If any difficulty is found, in making these contractions, it 
\iill be better to perform the multiplication, without omitting 
any of the factors ; and to reduce the product to lower terms 
afterwards. 

158. When a fraction and an integer are multiplied to- 
gether, the numerator of the fraction is multiplied into the 
mteger. The denominator is not altered ; except in cases 
where division of the denominates: is substituted for midtipli- 
cation of the numerator, according to Art. 1S9. 
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Thus ax^=-- For o=«; and lx'^='^. 

y y 1 1 y y 

Borx'x^=^^^ And axl=l Hence, 
a o oa ho 

159. A FRACTION IS MULTIPLIED INTO A QUANTITY EQUAL 
TO ITS DENOBIINATOR, BY CANCELLING THE DENOMINATOR. 

Thus ^Xb=za. For ?.x*=55*. But the letter 6, being 
b h b 

in both the numerator and denominator, may be set aside. 
(Art. 145.) 

So-*!Lx(a-y)=:3irt. And*i^x{S+m)=fc+3i. 
a— y 3-|-wi 

On the same principle, a fraction is multiplied into any 
factor in its denominator, by cancelling that factor. 

Thusixy=^=l And 4x6=*. 
hy^^ by b 24^ 4 

160. From the definition of multiplication by a fraction, it 
follows that what is commonly called a cwnpoiind fraction^* 

is the product of two or more fractions. Thus ~ of - is 

4 b 

-Xp- For, of ^, is — of — taken three times, that is, 
4 6 4 6 4 i 

-r+— , +-r, • But this is the same as ^ multiplied by -. 
46^46^46 b ^ ^4 

(Art. 154.) 

Hence, reducmg a compound Jraetion into a rimple one^ is the 
same as mtUHphpng fractions into each other. 

Ex 1. Reduce z, of .-fL. Axis. . . 

7 S+2 76+14 

2. Reduce |ofiofi±*. Ans. ^H^* . 

3 5 ia^m 30a-15sii 

3. Reduce -.of -of ^ Ans. , 

7 3 8-d 168-21d 



* By a compound fraction is meant a fraction ^a fraction, aikl not a fraction 
whose uumerator or denominator is a compound quantity. 
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161. The expression ia^ Ib^ ly, &e. are equivalent to 

?2, 1, ^, For fa is } of a, ivliich is equal to j!xa= . 
3 S 1 3 3 



(Art. 158.) So J6=ix6=~ 



DIVISION OF FRACTIONS. 

16S. To DIVIDE OME FRACTION BT ANOTHER, IITTERT THE 
BITI80R, AND THEN PROCEED AS IN MULTIPLICATION. (Alt. 

Ex, 1. Divide ^by-^. Ans. ?X^=?i 

b d b e be 

To understand the reason of the rule, let it be premised, 
that the product of any fraction into the same fraction inverted, 
is always a unit. 

Thus «X*-=?!j=l. And_^x-^=1. 
b a ab A-f y d 

But a quantity is not altered by multiplying it by a unit. 
Therefore, if a dividend be multiplied^ first into the divisor 
inverted, and then into the divisor itself, the last product will 
be ecj^ual to the dividend. Now, by the definition, (art. 1 15,) 
** division is finding a quotient, which multiplied into the di« 
visor will produce the dividend." And as the dividend mul- 
tiplied into the divisor inverted is such a quantity, the quo- 
tient is truly found by the rule. 

This explanation will probably be best imderstood, by at- 
tending to the examples. In several which follow, the proof 
of the division will be given, by multiplying the quotient into 
the divisor. This wUl present, at one view, the dividend 
multiplied into the inverted divisor, and into the divisor itself. 

2. Divide " by ?*. Ans. « x|_=^ 
2d y 2d Sh 6dh 

Proof. I^.x— =— . the dividend. 
6dk y 2d 

S. Divide f±^ by 5i Ans. ^x^=^5l±!^ 

r y r 5d 6ar ^ 

Proof. 3!+^x-=^. ' I 

5dr y r 
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4. Divide *** by ^. Ans. f*lx4-=™ 

jB a X 4hr rx 

Proof. ?ff xl^=^ the dividcnA 
rx a X 

5. Dhide ^hyl^ Ans. i5^xi^=l^ 

5 -^ lOy 5 18A A 

6. Divide 2*±i by £*ZlL 7. Divide *Z^ by .*™ 

163. When a fraction is divided by an mtegevy the denomU 
nator of the fraction is multiplied into the integer. 

Thus the quotient of - divided by m, is -JL. 

6 otn 

For m=!?; and by the last article, f!4.^=?xi=A 
1 6 1 6 m om 

So-±,^=JL,xl=— !t". And?^e=l=l. 
a^b a--b h ah-bk 4 24 8 

In fractions, multiplication is made to perform the office 
of division ; because division in the usual form often leaves a 
troublesome remainder : but there is no remainder in multi- 
plication. In many cases, there are methods of shortening 
the operation. But these will be suggested by practice, 
without the aid of particular rules. 

164. By the definition, (art. 49,) "the reciprocal of a 
quantity, is the quotient arising^ from dividing a unit by that 
quantity." 

Therefore the reciprocal of - is l-^i=l X-=-- That is, 

6 b a a 

The reciprocal of a fraction is the fraction inverted. 

Thus the reciprocal of is -^lO?.; the reciprocal of 

tn-f-y b 

iL is Jf or 3y ; the reciprocal of j is 4. Hence the recip*. 
»f 

rocal of a fraction whose numerator is 1, is the denominatoi 
of the fraction. 

1 1 . 

Thus the reciprocal of — is a ; of -, is a4-^ &c. 

a a+o 
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65. A fraction sometimeg occurs in the numerator or de- 
nominator of another fraction, as ti It is often convenient, 

b 

in the course of a calculation, to transfer such a fraction, 
from the numerator to the denominator of the principal frac« 
tion, or the contrary. That this may be done without altei* 
ing the value, if the fraction transferred be inverted^ is evi- 
dent from the following principles : 

First, Dividing by a fraction, is the same as multiplying by 
the fraction inverted. ^Art. 162.) 

Secondly, Dividing the numerator of a fraction has the 
same effect on the value, as multiplying the denominator; and 
multiplying the numerator has the same effect, as dividing 
the denominator. (Ait. 139.) 

Thus in the expression 1. the numerator of » is multiplied 

X X 

into f. But the value will be the same, if, instead of multi- 
plying the numerator, we divide the denominator by |, that is^ 
midtiply the dencxninator by }. 

Therefore 1"*=-?. So ^^=1*. 

X ix im m 

And Jl=_i_=_V- And fLif =ilzi^. 

^+y *x(M-y) *^+i» ^"» »» 

1 66. Multiplying the numerator^ is in effect multiplying the 
value of the fraction. (Art. 137.) On this principle, a frac- 
tion may be cleared of a fractional co-eflScient which occurs 
in its numerator. 

Thus L«=lx-=-. And i?=lx-= ^ 
656' 5b y5y5i/ 

And i!bH?=Lx*±^=te And t.= ^ 
m 3 fn 3m 5a 20a 

On the other hand, Jf =ix-=??- 

7x 7 X X 

And « =lx-=*-i And _ii - *« 



3y 3 y y 5rf-f-5ar d-\-x 

167. But multiplying the denomtnatm^y by another fraction, 
is in effect dividing the value ; (Art. 138.) that is, it is mulH" 
plying the value by the fraction inverted. The principal frac- 
tion may therefore be cleared of a fractional co-efl5cient, 
which occurs in its denominator. 



SIMPLE EQUATION& tt 

And ti:*=?54:9fc. And?*=?,L\ 

On the other hand, —z=zJ!L 

Sx is 

And ?M+^^y±^ And ?f =iL. 

2m |m y if 

67. 6« The numerator or the denommator of a fractkm, 
may be itself a fraction. The expression may be reduced Id 
a more simple form, on the principles which have been applied 
Uk the preceding cases. 

« 

•*,. 5 « c ad 
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SECTION VIL 



SIMPLE EaUATIONS. 

Art. 168. Thb subjects of the preceding sections are uw 
troductory to what may be considered the peculiar province 
of algebra^ the investigation of the values of unknown quaii« 
cities, by means oi equations. 

Ax EQUATION IS A PROPOSITION, EXPRESSING IN ALGEBRAIC 
CHARACTERS) THE EQUALITY BETWEEN ONE QUANTITY OR SBT 
OF QUANTITIES AND ANOTHER, OR BETWEEN DIFFERENT SX- 

7 
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PRESSIONS FOR THE SABIE QUANTITY.* ThUS X^a=b^C^ ifl 

an equation, in which the sum of x and a, is equal to the sum 
of 6 and c. The quantities on the two sides of the sign of 
equality, are sometimes called the memhers of the equation ; 
the several terms on the left constituting the ^rsf member, 
and those on the nght^ the second member. 

169. The object aimed at, in what is called the resolution 
or reduction of an equation, is to find the value of the unknown 
qiumtUy. In the first statement of the conditions of a problem, 
the known and unknown quantities are frequently thrown 
promiscuously together. To find the value of that which is 
required, it is necessary to bring it to stand by itself, while 
all the others are on the opposite side of the equation. Bui 
in doing this, care must be taken not to destroy the equation, 
by rendering the two members unequal. Many changes 
may be made in the arrangement of the terms, without af- 
fecting the equality of the sides. 

170. The reduction of an equation consists, then, 
in bringing the unknown quantity by itself, on one 

side, and all THE KNOWN QUANTITIES ON THE OTHER SIDE, 
WITHOUT DESTROYING THE EQUATION. 

To effect this, it is evident that one of the members must 
l>e as much increased or diminished as the other. If a quan- 
tity be added to one, and not to the other, the equality will 
be destroyed. But the members will remain equal ; 

If the pame or equal quantities be added to each. Ax. 1. 
If the same or equal quantities be subtracted fwMCi each. Ax. 2. 
If each be multiplied by the same or equal quantities. Ax. 3. 
If each be divided by the same or equal quantities. Ax. 4. 

171. It may be farther observed that, in general, if the 
unknown quantity is connected with others by addition, mul- 
tiplication, division, &c. the reduction is made by a contrary 
process. If a known quantity is added to the unknown, the 
efjuation is reduced by subtraction. If one is multiplied by 
the other, the reduction is effected by division^ &.c. The 
reason of this will be seen, by attending to the several cases 
in the following articles. The known quantities may be ex- 
pressed either by letters or figures. The unknown quantity 
is represented by one of the last letters of the alphabet, gen- 
erally a:, y, or z. (Art. 27.) The principal reductions to 



♦ See Note D. 
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t)e considered in this section, are those which are effected by 
transpoHtiony multiplicationy and division. These ouglit to b^ 
made perfectly familiar^ as one or more of them will be ne 
cessary, in the resolution of almost every equation. 

TRANSPOSITION. 

172. In the equation 

a? -7=9, 
the number 7 being connected with the unknown quantity 9 
by the sign -, the one is subtracted from the other. To re- 
duce the equation by a contrary process, let 7 be added to 
both sides. It then becomes 

a? -7+7=9+7. 

The equality of the members is preserved, because one i^i 
as much increased as the other. (Axiom 1.) But on one 
side, we have - 7 and + 7. As these are equal, and have 
contrary signs, they balance each other^ and may be cancel- 
led. (Art. 77.) The equation will then be 

a:=9+7. 
Here the value of x is found. It is shown to be equal to 
9+7, that is to 16. The equation is therefore reduced. 
The unknown quantity is on one side by itself, and all th© 

Icnrosm. qiiAntitiAa oix tlie> oth^r Aide. 

In the same manner, if x- i=a 

Adding h to both sides x - 6+6=a+ft 

And cancelling (-6+6) xz^a-\-b. 

Here it will be seen that the last equation is the same a3 
the first, except that b is on the opposite side, with a contra- 
ry sign. 

Next suppose y+c = d. 

Here c is added to the unknown quantity y. To reduce tlie 
equation by a contrary process, let c be subtracted from both 
sides, that is, let - c, be applied to both sides. We then have 

y+c-c=rf-c. 

The equality of the members is not affected, because one 
is as much diminished as the other. When {^^c-c) is can- 
celled, the equation is reduced, and is 

y=(i-c. 

This is the same as y+c=d, except that c has been trans- 
posed, and has I'eceived a contrary sign. We hence obtain 
the following general rule : 



68 ALGEBRA 

173. When known quantities are connected with thb 

UNKNOWN quantity BY THE SIGN + OR -, THE EQUATION IH 
REDUCED BY TRANSPOSING THE KNOWN QUANTITIES TO 
THE OTHER SIDE, AND PRBFIXIN'2 THE CONTRARY SIGN. 

This is called reducing an '^n;ation by addiHon or subtract 

Iton, because it is, in effect^ A^^ng or subtracting certain 

quantities, to or from, each of the members. 

the. 1. Reduce the equation a^Sb-'m:szh^d 

Transposing-f~36, we have a?-m=A-<f-S6 

And transposing - m, :rsr h-^d- Sb-^-m. 

174. When several terms on the same side of an equation 
are aHke^ they may be united in one, by the rules for reduc-» 
tion in addition. (Art. 72 and 74.) 

£s. 2. Reduce the equation x-^-Bb - 4hz=z7h 

Transposing 56 - 4A ar = 76 -- Sb^4h 

Uniting 76 - 56 in <me term dr= ^b-^-Ah. 

175. The vnknotm quantity must also be transposed, 
whenever it is on both sides of the equation. It is not mate* 
rial on which side it is finally placed. For if ir=3, it is evi- 
dent that S=^x. It may be well, however, to bring it on thai 
ade, where it will have the affirmative sign, when the equa^ 
tion la reduced. 

Ex. 3. Reduce the equation ^-tSLWi4=iy=3« 

By transposition Zh -A - rf=: Sa: - 2x 

Ajnd ft -«?=«. 

176. When tlie same term^ with the same sign, is on appa- 
$Ue rides of the equation, instead of transposing, we may ex- 
punge it from each. For this is only subtracting the same 
quantity from equal quantities. (Ax. 2.) 

Ex. 4. Reduce the equation t-{-Sh-\-ds:zb'{-Sh'\-7d 

Expunging Sb x-\-d=b-\-lld 

And ap=6+6rf. 

177. As aU the terms of an equation may be transposed, 
or supposed to be transposed; and it is immaterial which 
member is written first ; it is evident that the signs of all the 
terms may be changed^ without affecting the equality. 

Thus, if we have x - 6=d - a 

Then by transposition - d+a= - x -|-6 

Or, inverting the meml^ers - a:4-6=: - d^a, 

1 78. If all the terms on one side of an equation be trans- 
posed^ each member will be equal to 
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Thus, if oi-f 6=£?, then a?+6 - d=0. 

It is frequently convenient to reduce an equation to this 
form, in which the positive and negative tenns balance each 
other. In the example just given, x-^b is balanced by - d. 
For in the first of the two equations, a:-}-^ '^ equal to d. 
Ex. 5. Reduce a+^ar - 8=6 - 4-f-ar-f.a. 

6. Reduce y-^-ab - hmz=:a^iy - ab-^-hm. 

7. Reduce A+S0+7«==8 - 6h+6x - d+b. 

8. Reduce bh+21 - 4x+d=z 12 - Sar+d- 76A. 

REDUCTION OF EQUATIONS BY MULTIPLICATION. 

179. The unknown quantity, instead of being connected 
with a known quantity by the sign + or -, may be ^ided 

by it, as in the equation ^. =6, 

a 

Here the reduction cannot be made, as in the preceding 
instances, by transposition. But if both members be muttU 
plied by a, (Art. 170,) the equation will become, 

For a fraction is multiplied into Us denominator^ by removing 
the denominator. This has been proved from the properties 
of fractions. (Ajt. 159.) It is also evident from the sixth 
axiom. 

Thus :r=g;,g^-, (^+^)X^ -J£iJ^ &c. For in each 
a "^ 3 "■ a+b "" d+5 

of these instances, x is both multiplied and divided by the 
same quantity ; and this makes no alteration in the value. 
Hence, 

180. When the unknown quantity is DIVIDED by a 

KNOWN QUANTITY, THE EQUATION IS REDUCED BY MULTI- 
PLYING EACH SIDE BY THIS KNOWN QUANTITY. 

The same transpositions are to be made in this case, as in 
the preceding examples. It must be observed also, that every 
term of the equation is to be multiplied. For the several 
terms in each member constitute a compound multipljcand, 
which is to be multiplied according to Art. 98. 

Ex. 1. Reduce the equation — |-a=6-|-» 



c 



Multiplying both sides by 



The product is x+ae^ibc^cd 

And / ^ x=6c+cd-ae« 




» "^ 
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2. Reduce the equation ?IL.-(-5=20 

Multiplying by 6 x- 4+SO = 1 20 

And x= 1 20+4 - S0= 94. 

S. Reduce the equation j.J^d=h 

a+fc 

Multiplying by a+6 (Art. 100.) x+ad+bd=zah+bk. 
And X = a/*4- bh - ad -bd, 

181. When the unknown quantity is in the denominator of 
a fraction, the reduction is made in a similar manner, by mul- 
tiplying the equation by this denominator. 

Ex. 4. Reduce the equation -f-7=8 

10 -a: 

Multiplying by 1 - a? 6+70 - 7a:= 80 - 8a: 

And 0^1=4. 

182. Though it is not generally necessary^ yet it is ofte» 
convenient, to remove the denominator from a fraction con- 
sisting of lawipn quantities only. This may be done, in the 
same manner, as the denominator is removed from a fraction, 
which conteuns the unknown quantity. 

Take for example x^d.k 



J 



Multiplymg by a a:=?.*+2* 

h c 

Multiplying by 6 fa=flrf+?** 

c 

Multipl3ring by e bcx^acd-^abh. 

Or we may niiltiply by the [nroduct of all the denomina* 
tors at once. 

X d h 

In the same equation -=tH — 

a b c 

Multiplying by abc abcx^abcd^^abck 

a b c 

Then by cancelDng from each term, the tetter which i?r 
common to its numerator and denominator, (Art. 145,) we 
have bcx=iacd^ahk^ as before. Hence, 

183. An equation may be cleared op FRACTIONS b^ 

MULTIPLYING EACH SIDK. INTO. ALL THE DENOMINATOESi^ 
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Thus the equation 5 = ^4.^ - * 

a d g m 

is the Bame as dgmx:=abgm+adem - adgh. 

And the equation f.=— +--H — 

18 the same as 80a;= 40-f484- 1 80. 

' In clearing an equation of fractions, it will be necessary 
to observe, that the sign - prefixed to any fraction, denotes 
that the whde value is to be subtracted, (Art. 142,) which is 
done by changing the signs of all tlie terras in the numerator. 

The equation a-^_._ 36-2toi-6n 

X r 

is the same as or-- dr=crx - 36a:+2ftwwr-|-6nar. 

REDUCTION OF EQUATIONS BY DIVISION. 

184, When the unknown quantity is MULTIPLIED 

INTO ANY KNOWN QUANTITY, THA EQUATION IS REDUCED BY 
DIVIDING BOTH SIDES BY THIS KNOWN QUANTITY. (Ax. 4.) 

Ex. 1. Reduce the equation ax-^-b-Sh^zd 

By transposition ax=z d-{-3h - b 

Dividing by a «=— t — I— • 

2. Reduce the equation 2iF=— -—+46 

c h 

Clearing of fractions 2^fcc= oA - cd-^4bch 
Dividing by 2ch x=±:l^^ 

185. If the unknown quantity has co-efficients in several 
temis^ the equation must be divided by all these co-efficients^ 
connected by their signs^ according to Art. 121. 

Ex. 3. Reduce the equation Sa:-6,T=a-d 

That is, (Art. 120.) .(3-6)xa:=a-rf 

Dividing by 3 - i a? = ^^~ 

4. Reduce the equation ar+«=sA-4 

Dividing by a-|-l z= . " ,- 
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Ex. 5. Reduce the equation g^^*" =^ ,. 

Clearing of fractions 4hx - 4a:= oA-f d& ^ 46 
Dividing by 4/i- 4 «==?*±l**zi*. 



4&-4 



186. If any quantity, either known or unknown, ib found 
as a factor in every term^ the equation may be divided by it. 
On the other hand, if tay quantity is a dimscr in every term, 
the equation may be rmdUplied by it. In this way, the factor 
or divisor will be removed, so as to render the expression more 
simple. 

Ex. 6. Reduce the equation aX'^Sab=i6ad'{-a 

Dividing by a a-f-Sfr = 6(1+ 1 

And i=6d+l-3&. 



7. Reduce the equation 



«+l_ft_A-rf 



Multiply iiig by x (Art. 1 59. ) a:-|- 1 - 6 = /t ~ ^ 

And xz^h-d-^-b-l. 

3. Reduce the equation a:x (fl+^) - ^ "" ^^^^X i^^) 

Dividing by a+b (Art. 118.)x - 1 =:d 
And xzzid-^-l. 



187. Sometimes the conditions of a problem are at first 
stated, not in an equation, but by means of a proportion. To 
show how this may be reduced to an equation, it will be ne- 
cessary to anticipate the subject of a future section, so far as 
to admit the principle that " when four quantities are in geo- 
metrical proportion, the product of the two extremes is equal 
to the product of the two means :'' a principle which is at 
the foundation of the Rule of Three in arithmetic. See 
Arithmetic. 

Thus, if a : 6 : : c : (/, then ad^bc. 

And if 3 : 4 : : 6 f 8, then 3x8=4x0. Hence, 

188. A PROPORTION IS CONVERTED INTO AN EQUATION BY 
MAKING THE PRODUCT OF THE EXTREMES, ONE SIDE OF THE 

Equation; and the product of the means, the other side. 
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Hx. 1 . Reduce to an equation ax: b:: chid* 

The product of the extremes is eidx 
The product of the means is bch 
The equation is, therefore adxz=bch. 

!S. Reduce to an equation o-f b : c : : &- m : y. 

The equation is aijf-{^lnfr^€h-cm 

189. On the other hand, an equation mat be con- 
verted INTO a proportion, BY RESOLVING ONE SIDE OF THE 

EQUATION INTO TWO FACTORS, FOR THE MIDDLE TERMS OF 
THE PROPORTION : AND THE OTHER SIDE INTO TWO FACTORS, 
v^R THE EXTREMES. 

As a quantity may often be resolved into different pairs of 
factors ; (Art. 42,) a variety of proportions may frequently 
be derived from the same equation. 

Ex. 1. Reduce to a proportion abcz=ideh. 

The side abc may be resolved into aybc^ or abxc, or acxb* 
And deh may be resolved into dx^K ox dexK or dhx^* 

Therefore ax d\: ah: be And ac:dh\:e\b 

And abidexih: e And ac\d::ehib^ &c. 

For in each of these instances, the product of the extremes 
is abe^ and the product ctf the means deh. 

3. Reduce to a proportion " <Mr4-T?JP==T?&— ttt"- 

The first member may be resolved into xx (^+') 
And the second into ex\d- h) 

Therefore xi cxid-hi a-^b And d-h: x\: a-^-b : c, &c. 

190. If for any terra or terms in an equation, any other ex- 
pression of the same value be substitutedy it i^ manifest that 
the equality of the sides will not be affected. 

Thus, instead of 1 6, we may write 2 xB, or ^, or 25 - 9, &.c. 

4 

For these are only different forms of expression for the same 
quantity. 

191. It will generally be well to have the several steps, in 
the reduction of equations, succeed each other in the follow* 
ing order. 

First, Clear the equation of fractions. (Art. 183.) 
Secondly, Transpose and unite tiie terms. (Arts. 17:5, 4, 5.) 
Thirdly, Divide by the co-efficients of the unknown quan- 
tity. (Arts. 184,5.) 
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EXAMPLES. 

1 Reduce the equation —-(-.6=—+'^ 

4 8 

Clearing of fractions 24«4-192=;:S0ar-fS34 ' 

Transf). and uniting tenns 4a;=32 
Dividing by 4 ar=: 8. 

2. Reduce the equation ^4"*= — --+^ 

a be 

Clearing of fractions bcx-^ahx-acx^nhcd-abch 

Dividing .T= ^bcd-abch 

be-{-ab-ac 

3. Reduce 40-6x-16=:l»0-14x. Ans. x=n. 

4. Reduce ?Jl?+i=20 -inl^. Ans. «=??. 

2 ^3 2 4 

6. Reduce ?+f.=20-^ 6. Reduce lz^-4=5. 

3 5 4 X 

7. Reduce _^-2=8. 8. Reduce _^=l. 

ar+4 «+4 

9. Reduce «+*+*= 11. 10. Reduce l+£ -i=I 
_T2JIa 2 3 4 10 

11. Reduce £zi4.ex=^iizf. 

13. Reduce 3T+?££?=54-ll£ri!. 

^6 ^2 

13. Reduce ?£zi-2=lilif4-x. 

3 3 ^ 

14. Reduce 21+?£JliI=^izi-f ?Iz5f. ' 

^16 8^2 

15. Reduce 3«-izi-4=5£+li-i . 

4 3 12 

16. Reduce Ifl^-l^t^fi+G^^I+l. 

3 5^2 

17. Reduce llzl?-l£+!=5-6x+!f±li 

5 3 3 

iS. Reduce x-^£zl+4=.^±:if-^£Z^+ilZ^. 

5 2 7 6 
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19. Reduce «f+I+l^jd?=!f±!. 

20. Reduce 5f±i : llzl : : 7 : 4. 

2 4 



SOLUTION OP PROBLEMS 

192. In the solution of problems, by means of equations, 
two things are necessary : First, to translate the statement of 
the question from common to algebraic language, in such a 
manner as to form an equation : Secondly, to reduce this 
equation to a state in which tlie tmknown quantity will stand 
by itself, and its value be given in known terms, on the op- 
posite side. The manner in which the latter is effected, has 
already been considered. The former will probably occasion 
more perplexity to a beginner; because the conditions of 
questions are so various in their nature, that the proper me- 
thod of stating them cannot be easily learned, like the reduc- 
tion of equations, by a system of definite rule?. Practice, 
however, will soon remove a great part of the difficulty. 

193. It is one of the principal peculiarities of an algebraic 
solution, that the quantity sought is itself introduced into tlie 
operation. This enables us to make a statement of the con 
ditious in the same form, as though the problem were already 
solved. Nothing then remains to be done, but to reduce the 
equation, and to find the aggregate valuQ of the known quan- 
tities. (Art. 53.) As these are equal to the unATioifn quantity 
on the other side of the equation, the value of that also is 
determined, and therefore the problem is solved. 

Problem 1. A man being asked how much he gave for his 
watch, replied ; If you multiply the price by 4, and to the 
product add 70, and fiom this smn subtract 50, the remain- 
der will be equal to 220 dollars. 

To solve this, we must first translate the conditions of the 
problem, into such algebraic expressions as Will form an equa- 
tion. ' '. 

Let the price of the watch be represented by x 
This price is to be mult*d by 4, which makes 4x 
To the product, 70 is to be added, making 4a:+70 
From this, 50 is to be subUacted, making 4a?4-70 - 50 
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Here we Lbtv< a number of the conditions, expressed m 
algebraic terms ; but have as yet no equation. We must ob- 
serve then, that by the last condition of the problem, the pre* 
ceding terms are said to be equal to 220. 

We have, therefore, this equation 4x-|-70- 50=220 

Which reduced gives a:=50. 

Here the value of xib found to be 50 dollars, vtrhich is the 
price of the watch. 

194. To prove whether we have obtained the true value of 
the letter wnich represents the unknown (j^uantity, we have 
only to substitute this value, for the letter itself, in the equa^ 
tion which contains the first statement of the conditions of 
the problem ; and to see whether the sides are equal, after 
the substitution is made. For if the answer thus satisfies the 
conditions proposed, it is the quantity sought. Thus, in the 
preceding example. 

The original equation is 4«+70 - 50=220 

Substituting 50 for a:, it becomes 4x504-70 - 50=220 
That is, 220=220. 

Prob. 2. What number is that, to which, if its half be add<f 
ed, and from the sum 20 be subtracted, the remainder will be 
a fourth of the number itself! 

In stating ouestioos of this kind, where fractions are 
concerned, it snould be recollected, that ix is the same as 

* ; that i«=-* &c. (Art. 161.) 

i 5 ^ 

In this pri/blem, let x be put for the number required. 
Then by the conditions proposed, *+5' " 20=— 
And reducing the equation x=z 16. 

Proo^ 16+1? -20=1?. 

^2 4 

Prob. 3. A father divides his estate among his three son&f, 
in such a manner, that. 

The first has $1000 Jess than half of the whole ; 

The second has 800 less than one third of the whole ; 

The third has 600 less than one fourth of the whole ; 

What is the value of the estate ? 

If the whole estate be represented by a?, then the several 

•hares will be |- - 1000, and |- - 800, and j -600. 
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And as these constitute the whole estate, they are togetlier 
equal to x. 

We have then this equation f - 1000-f f - 800+f - 600=«. 

* l# 4 

Which reduced gives «= 88800 

Proof ?2?22-l(K)04^?!??2-8()0+???29-600=28800, 

195. To av(»d an unnecessary introductkm of unknown 
quantities into an equation, it may be well to observe, in this 
place, that when the sum or difference of two quantities is 
given, both of them mav be expressed by means of the same 
letter. For if one of tne two quantities be subtracted from 
their sum, it is evident the remainder will be equal to the 
other* And if the difference of two quantities be subtracted 
from the greater, the remainder will be the less. 

Thus if the sum of two numbers be 20 

And if one of them be represented by x 

The other will be equal to 20 - «. 

Prob. 4. Divide 48 into two such parts, that if the less be 
divided by 4, and the greater by 6, the sum of the quotients 
will be 9. 

Here, if jp be put for the smaller part, the greater will be 
48-«, 

Bytheccmditionsof the problem --f* — ^=9* 

4 o 

Therefore ar= 1 2, the less. 

And 48 - a:=S6, the greater, 

196. Letters may be employed to express the knoton quan- 
tities in an equation, as well as the unknown. A particular 
value is assigned to the numbers, when they are introduced 
into the calculation : and at the close, the numbers are re- 
stored. (Art. 52.) 

Prob. 5. If to a certain number, 720 be added, and the 
sum be divided by 125 ; the quotient will be equal to 789S 
divided by 462. What is that number! 

Let xz= the number required. 

a=720 rf=:7S92 

i=:125 &=:462 

8 
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Then by the conditions of the problem ?jb?=- . 

b h 

Therefore ^^ bd-ah 

h 
Restoring the ^..^.i^ro,^- (^^5x7392)-- (720x462) ,,^^ 

462 

197. When the resolution of an equation brings out a 
negative answer, it shows tliat the value of the unknown 
quantity is contrary to the quantities which, in the statement 
of the question, are considered positive. See Negative Quan- 
tities. (Art. 64, &c.) 

Prob. 6. A merchant gains or loses, in a bargam, a certain 
sum. In a second bargain, he gains 350 dollars, and, in a 
third, loses 60. In the end he finds he has gained 200 dol- 
lars, by the three together. How much did he gain or lose 
bv the first 1 

In this example, as the profit and loss are opposite in their 
nature, they must be distinguished by contrary signs. (Art. 
57.) If the profit is marked 4-> the loss must be - . 

Let xz= the sum required. 

Then according to the statement a:+350 - 60= 200 

And a: =-90 

The negative sign prefixed to the answer, shows that there 
was a loss in the first bargain ; and therefore that the proper 
fiign of X is negative also. But this being determined by the 
answer, the omission of it in the course of the calculation 
can lead to no mistake. 

Prob. 7. A ship sails 4 degrees north, the^^ 13 S. then 17 
N. then 19 S. and has finally 11 degrees of south latitude 
What wap her latitude at starting ? 

Let a:= the latitude sought. 

Then marking the northings +, and the southings - ; 
By the statement x+i - 13+17- 19= - 1 1 

And a?=0. 

The answer here shows that the place from which the ship 
started was on the equator, where the latitude is nothing. 

Prob. 8. If a certain number is di\nded by 12, the quo- 
tient, dividend, and divisor, added together, wU amount to 
64. What is the number ] 
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Let xz=i the number sought 
Then JL+x+l2=z64. 

And *-i?f=48. 

13 

Prob. 9. An estate is divided among four children, in such 
a manner that 

The first has 200 dollars more than i of the whole. 
The second has 340 dollars more than j of the whole. 
The third has 300 dollars more than i of the whole. 
The fourth has 400 dollars more than i of the whole, 
What is the value of the estate 1 Ans. 4800 dollars. 

Prob. 10. What is that number which is as much less than 
600, as a fiRh part of it is gieater than 40 ? Ans. 450. 

Prob. 11. There are two numbers whose difference is 40, 
and which are to each other as 6 to 5. What are the num- 
bers 1 Ans. 240 and 200. 

Prob. 12. Three persons, wJ, jB, and C, draw prizes in a 
lottery. A draws 200 dollars ; B draws as much as ^, to- 
gether with a third of wliat C draws ; and C draws as much 
as ^ and B both. Wliat is the amount of the three prizes 1 

Ans. 1200 dollars. 

Prob. 13. What number is that, which is to 12 increased 
by three times the number, as 2 to 9 1 Ans. 8. 

Prob. 14. A ship and a boat are descending a river at the 
same time. The ship passes a certain fort, when the boat is 
13 miles belfl\v. The ship descends five mile?, while tlie 
boat descends three. At what distance below the fort will 
they be together ? Ans. 32^ miles. 

Prob. 15. What nmnber is that, a sixth pjirt of which ex- 
ceeds an eighth part of it by 20 ? Ans. 480. 

Prob. 16. Divide a prize of 2000 dollars into two such 
parts, that one of them shall be to the other, as 9 : 7. 

Ans. The parts are 1125, and 875. 

Prob. 17. What sum of money is that, whose third part, 
fourth part, and fifth part, added together, amount to 94 dol • 
lars? Ans. 120 dollaxB. . 
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Prob. 18. Two travellers, jJ and By SCO miles apart, travel 
towards each other till they meet. j9's progress is 1 miles 
an hour, and J^s 8. How far does each travel before they 
meett Aiis. ^ goes 200 miles, and B 160. 

Prob. 19. A man spent one third of his life in England, 
one fourth of it in Scotland, and the remainder of it, whicli 
was 20 years, in tiie United Stales. To what age did he 
live ? Ans. to the age of 48. 

Prob. 20. Wliat number is that J of which is greater than 
\ of it by 96 ? 

Prob. 21. A post is ; in the earth, ? in the water and 13 
feet above the water. What is the length of the post 1 

Ans. 35 feet. 

Prob. 22. What number is that, to which 10 being added, 
I of the sum will bo 66 1 

Prob. 23. Of the trees m an orchard, f are apple trees, rb 
pear trees, and the remainder peach trees, wtucb are 20 
more than ^ of the whole. What is the whole number in 
the orchard 1 Ans. 800. 

Prob. 24. A gentleman bonght several gallons of wine te 
94 dollars; and after using 7 gallons himself, sold ^ ef the 
remainder for 20 dollars. How many gallons had he at first 1 

Ans. 47. 

Prob. 25. A and B have the same income. .S contracts 
an armual debt amounting to 1^ of it ; B lives upon 4 of it ; 
at the end of ten years, B lends to •/? enough to pay off Ids 
debts, and has 160 dollars to spare. What is the income of 
each 1 Ajis. 280 doUais. 

Prob. 26. A gentleman lived single \ of his whole life ; 
and after having been married 5 years more than ^ of his 
life, he had a son who died 4 years before him, and who 
reached only half the age of his father. To what age did 
the father live T Ans. 84. 

Prob. 27. TITiat number is that, of which if i, i, and ? be 
added together the sum will be 73 1 Ans. 84. 

Prob. 28. A person after spending 100 dollars more than j 
of his income, had remaiflSng 35 dollars more than | of it. 
Required his income 



\ 
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Prob. 29. In the composition of a quantity of gunpowder 
The nitre was 10 lbs. more than | of the whole, 
The sulphur 4^ lbs. less than ^ of the whole, 
The charcoal 2 lbs. less than 4 of the nitre. 
What was the amount of ^npowder 1 Ans. 69 Iba. 

Prob. 30. A cask which held 146 gallons, was filled with 
a mixture of brandy, wine, and water. There were 15 gal- 
lons of wine more than of brandy, and as much water as the 
brandy and wine together. What quantity was there ot 
each? 

Prob. 31. Four persons purchased a farm in company for 
4755 dollars ; of which B paid three times as much as tff ; 
C paid as much as A and B ; and D paid as much as C and 
B. What did each pay % Ans. 317, 951, 1268, 2219. 

Prob. 32. It is required to divide the number 99 into five 
such parts, that the first may exceed the second by 3, be less 
than the third by 10, greater than the fourth by 9, and lesi 
than the fifth by 16. 

Let a:= the first part. 
Then x - 3= the second, a: - 9= the fourth, 

a?-f 1 = the third, or-f- 1 6 = the fifth. 

Therefore x+x-^ 3+a:+10+ap - 9+3:+ 16 =99. 

And 0?= 17. 9 

Prob. 33. A father divided a small sum among four sons. 
The third had 9 shillings more than the fourth ; 
The second had 12 shillings more than the third ; 
The first had 18 shillings more than the second ; 
And the whole sum was 6 shillings more than 7 times the 
smn which the youngest received. 
What was the sum divided 1 Ans. 153. 

Prob. 34. A farmer had two flocks of sheep, each contain- 
mg the same number. Having sold from one of these 39, 
and from the other 93, he finds twice as many remaining in 
the one as in the other. How many did each flock originally 
contain 1 

Prob. 35. An express, travelling at the rate of 60 miles ? 
day, had been dispatched 5 days, when a second was sent 
after him, travelling 75 miles a day. In what time will the 
one overtake the other ? Ans. 20 days. 

Prob. 36. The age of A is double that of J?, the age of B 
triple that of C, and the sum of all their ages 140. What is 
the age of each ? ^ 
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Prob. 37. Two pieces of cloth^ of the same price by the 
yardy but of difierent lengths, were bought, the one for five 
pounds, the other for 6^. If 10 be added to the length of 
each, the sums will be as 5 to 6. Required the length of es^ch 
piece. ¥^'- ^ 

Prob. S8. tS and B began trade with equal sums of money. 
The first year, ^ gained forty pounds, and JS lost 40. The 
second year, Jl lost ^ of what he had at the end of the firsts 
and J3 gained 40 pounds less than twice the sum which Ji 
had lost. B had then twice as much money as •S. What 
sum did each begin with 1 Ans. S20 pounds. 

Prob. 39. What number is that, which being severally ad- 
ded to 36 and 52, will make the former sum to the latter^ as 
3to41 

Prob. 40. A gentleman bought a chaise, horse, and har- 
ness,, for 360 dollars. The horse cost twice as much as the 
harness ; and the chaise cost twice as much as the harness 
and horse together. What was the price of each 1 

Prob* 41. Out of a cask of wine, from w^hkh had leaked 
J^art, 21 gallons were afterwards drawn ;. when the cask was 
found to be half full. How much did it hold 1 

Prob. 42. A man has 6 sons, each of whom is 4 years older 
than his next younger brother ; and the eldest is three times 
as old as the youngest. What is the age of each % 

-Prob. 43. Divide the number 49 into two such parts, that 
the greater increased by 6, shall be to the less diminished by 
11, as 9 to 2. 

Prob. 44. What two nmnbers are as 2 to 3 ; to each of 
which, if 4 be added, the sums will be as 5 to 7 ? 

Prob. 45. A person bought two casks of pmter, one of 
which held just 3 times as much as the other ; from eacli of 
these he drew 4 gallons, and then found that there were 4 
times as many gallons remaining in tlie larger, as in the other. 
How many gallons were there in each ? 

Prob. 46. Divide the number 68 into two such parts, that 
the difference between tlie greater and 84, shall be equal to 
3 times the difference between the less and 40. 

Prob. 47. Four places are situated in the order of the let- 
ters d. B. C 2>. The distance from A to i? is 34 miles. 
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The distance from S to B is to the distance from C to 27 as 
8 to S. And i of the distance from A to B, added to half 
the distance from C to D, is three times the distance from 
BtoC, What are the respective distances! 

Ans From «d to B^12; from B to C=4; fit)m C to 27=18. 

Prob. 48. Divide the nmnber S6 into S such parts, that'l 
of the first, | of the second, and \ of the third, shall be equfli 
to each other. 

Prob. 49. A merchant supported himself 3 years, for 60 
pomids a year, and at the end of each year, added to that 
part ot his stock ivhicn was aot thus expended, a simi equal 
to one third of this part. At the end of ^he third year, his 
original stock was doubled. What was that stock? 

Ans. 740 pounds. 

Prob. 50. A general having lost a battle, found that he 
had only half of hLs anny4-3600 men left fit for action ; ^ of 
the army4-600 men being wounded ; and the rest, who were 
^ of the whole, either slain, taken prisoners, or missing. Of 
how many men did his army consist 1 Ans. 24000. 

For the solution of many algebraic problems, an acquaint- 
ance with the calculations of powers and radical quantities is 
required. It will therefore be necessary to attend to these 
before finishing the subject of equations. 



SECTION VIII. 

INVOLUTION AND POWERS. 



Art. 198. WHEN a quantity is multiplied into iT 
SELF, THE PRODUCT is called a POWER. 

Thus 2x2=4, the square or second power of 3 

2x2x2=8* tlie cube or third power. 
2x2x2 X 2=1 6, the fourth power, &c. 

Bo 10x10=100, the second power of 10. 

10x10x10=1000, the third power. 
10XlOxlOxlO=10000» the fourth power^ &.c 
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And ax«=o<*> the second power of a 

aXaX<i=aaa, the third power 
«X«X«X*=o<w«> the fourth power, &o 

199. The original quantity itself though not, like the pow* 
era proceeding from it, produced by multiplication, is never- 
theless Galled the first power. It is also called the root of 
the other powers, because it is that from which they are all 
derived. 

200. As it is inconvenient, especially in the case of high 
powers, to write down all the letters or factors of which the 
powers are composed, an abridged method of notation is ge- 
nerally adopted. The root is written only once ; and then a 
number or letter is placed at the right hand, and a little ele- 
vated, to signify how many times the root is employed as a 
^actor^ to produce the power. This number or letter is called 
the index or exponent of the power. Thus a^ is put for aX^ 
or aa^ because the root a, is twice repeated as a factor, to 
produce the power aa. And a' stands for acta; for here a 
is repeated three times as a factor. 

The index of the first power is 1 ; but this is commonly 
omitted. Thus a^ is the same as a. 

201. Exponents must not be confounded with co-efficients. 
A co-efficient shows how often a quantity is taken as a pott 
of a whole. An exponent shows how often a quantity is 
taken as a fcuitor in a product. 

Thus 4(i=a4-o+^+<*' ^^t o*=:ax<»XaX<»« 

202. The scheme of notation by exponents has the pecu- 
liar advantage of enabling us to express an unknown power. 
For this purpose the index is a lettery instead of a numerical 
figure. In the solution of a problem, a quantity may occur, 
which we know to be sonie powei of another quantity. But 
it may not be yet ascertained whether it is a square, a cube, 
or some higher power. Tlius in the expression a', the index 
X denotes that a is involved to some power, though it does not 
determine what power. So If and rf" are powers of h and d ; 
and are read the mth power of h, and the nth power of i 
When the value of the index is foimd, a number is generally 
substituted for the letter. Thus if m=3 then 6"* =6%* but 
if m=:6, them i*=:6*. 

203. The method of expressing powers by exponents is 
also of great advantage in the case of compound quantities. 
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Thus a+b+4^ or a+6-frf' or (o+fc+rf)', is (a+b+i)x 
{a+b+d)x{a+b+d) that is, the cube of (a+h+d). » But 
this involved at length would be 

204. If we take a series* of powere whose indices increase 
or decrease by 1 , we shall find that the powers themselves 
increase by a common mtUtipliery or decrease by a common dU 
visor; and that this multiplier or divisor is the original quan- 
tity from which the powers are raised. 

Thus in the series aaaaa^ aaaOf aaa^ aa^ a; 

Or a* a* a" a" a'; 

the indices counted from right to left are 1, 2, 3, 4, 5 ; and 
the common difference between them is a unit. If we be- 
gin on the right and multiply by a, we produce the several 
powers, in succession, from right to left. 

Thus ax«=«* the second term. And a'x«=o*. 
a*X«=*' the third term. a^X«=«'> &c 

If we begin on the leftf and divide by a, 
We have a'^i^sza* And a^-^z=a*. 

205. But this division may be carried still farther ; and 
we shall then obtain a new set of quantities. 

Thusa-^a=i=I. (Art.128.) L^a=JL (Art. 163.) 

a a aa 

a aa aaa 

The whole series then 

is aaaaOy aaaa, aaa^ aa, a, 1, —, — , , &c. 

a aa aaa 

Or a% a\ a', a% a, 1, _, -, -, &c. 

a a* a* 

Here the quantities on the right of 1, are the reciprocal$ of 
those on the Zc/i. (Art. 49.) The former, therefore, may be 

Eropcrly called redprocaZ powers of a; while the latier may 
e termed, for distinction's sake, direct powers of a. It may 
be added, that the powers on the left are also the reciprocaLi 
of those on the right. 

* Note.— The term series is applied to a number of quantities saooeedinc 
each other, in some regular order. It is not confined to any particular law <i 
increase or decrease. 
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For 1^=1 xl=a. (Art. 162.) And l^l=a». 
a I a' 

a' 1 a* 

206. The same plan of notation is applicable to compound 
quantities. Thus from o-j-fc, we have the series, 



1 1 1 



(a+i)«.(«+*)% («+6). 1. ^ -,^. -^^ ^^ &c. 

207. For the convenience of calculation, another form of 
notation is given to reciprocal powers. 



According to this, -.or--=a~*. And — or ~=a 

a a^ aaa cr 



— s 



1 or \ =a-^ — or l=a-^ &c. 
tta if aaaa or 

And to make the indices a complete series, with 1 for the 

common difference, the term fLor 1, which is considered as 

a 

no power, is written cf. 
The powers both direct and reciprocal* then. 

Instead of aaaaf aaa^ ao, a, ^ 1, _, — , , &c. 

a a aa cuia o,naa 

Will be a\ a\ cf, a\ a\ a'-'.a''^ a-^ a'\ &c. 

Or 0+^, tt-^, (f^, rt+«, of', a-', a-», a"', a""*, &c. 

And the indices taken by themselves will be, 

+4,+3,+2,+ l,0,-l,-2,-3,-4, &c. 

208. The root of a power may be expressed by more let- 
ters than one. 

Thus aax<^9 or aal' is the second power of aa. 

And aaX^^AX^i^) or aa\^ is the third power of aa, &c. 

Hence a certain power of one quantity, may be a different 
power of another quantity. Thus a* is the second power of 
a\ and the fourth power of a. 

209. All the powers of 1 are the same. For lxl> or 
1X1X1, &c. is still 1. 



See Note E* 
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INVOLUTIOIM 

SIO. Involution ii finding any power of a quantity, by 
mnltiplying it into itself. The reason of the following gene- 
ral rule is manifest, from the nature of powers. 

Multiply the quantitt into itself, till it is taken 

AS A factor, as many TIMES AS THERE ARE UNITS IN THE 
INDEX OF THE POWER TO WHICH THE QUANTITY IS TO BE 
RAISED. 

This rule comprehends all the instances which can occur 
in involution. But it will be proper to give an explanation 
of the manner in which it is applied to particular cases. 

211. A single letter is involved, by giving it the index of 
the proposed power ; or by repeating it as inuny tunes, as there 
are units in that index. 

The 4th power of a, is a* or cuuuu (Art. 198.) 

The 6th power of y, is y^ or yyj/yyy. 

The nth powei: of ar, is a?" or xxx. . .n times repeated. 

212. The method of involving a quantity which consists 
of several factors, depends on the principle, that the power of 
the product of several factors is equal to the product of thevr 
powers. 

Thus (tfy)'=a* y\ For by Art. 210 ; (oy)*=ay Xay. 

But ayxoyi^cyoy=^(^^oyy=(^y^» 

So (iwkr)'=ima:xt«»afX^»>w:=fc6imm«M?«rc=t'mV. 
And {adyy=zadyX<^yX<^dy.,.n i\meB=<fd''rf. 

In finding the power of a product, therefore, we may either 
involve the whole at once ; or we may involve each of the 
factors separately, and then multiply their several powers in- 
to each other. 

Ex. 1. The 4th power of d/iy, is (dhy)\ or d*h^y*. 

2. The Sd power of 46, is {4b)\ or 4^6', or 646'. 

3. The nth power of 6a£if, is (Sady, or e^a-d". 

4. The 3d power of SmX^y, is (3m x%)", or 27w'x8y". 

213. A compound quantity consisting of terms connected 
by + and-, is involved by an actual multiplication of iti 
several parts. Thus, 
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(a4-^)'=<H-^i ^^ fi^^ power. 



(a4-i)*=:a^+2^+^S ^h® second power of (a+^*) 
a+b 



(a+i)'=:a"+3a*6+3a6«+fc", the third power. 

a-{- b 

» 

.- a*6+3a*6*+So6»+ft* 

ra+6)*=a'4-4o«&+6rf*6"+4a6'+6S the 4th power, &e. 

2. The square of a -6, is a*-2a6+6*. 
S. Thecubeofa+1, isa'+Sa'+8a+l. 

4. The square of a+b+h, is d'+Zab+2ah+b*+2bh+lf 

5. Required the cube of a-\-2d^3, 

6. Required the 4th power of 6-|-2. 

7. Required the 5th power of ^r-^-l. 

8. Required the 6th power of 1 -6. 

214. The squares of bvnomial and residual quantities occur 
so frequently in algebraic processes, that it is important to 
make them familiar. 

If we multiply a-^-h into itself, and also a - A, 

Wehavea+A Anda-A 

a-4-A . a — A 



H-oA+A* - oA+A* 



'».• 



a'4.2aA+Al fl?-2aA+A^ 



Here it will be seen that, in each case, the first and last 
terms are squares of a and A ; and that the middle term is 
twice the prpduct of a into A. Hence the squares of biao- 
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nual and lesidual quantities, without multiplying each of tfie 
terms separately, may be found, by the following proposition** 

The square of a binomial, the terms of which ark* 

BOTH positive, IS EQUAL TO THE SQUARE OF THE FIRST TERM 
•4- TWICE THE PRODUCT OF THE TWO TERMS, -f^I^K SQUARB 
OF THE LAST TERM. 

And the square of a resUkud quantity, is equal to the 
square of the first term, -twice the product of the two termsi 
4- the square of the last lerm. 

Ex. 1. The sqviare of 2a4-6, is 4a*+iab+b*. 

2. The square of A+1, is fc»+2A-fl. 

3. The square of ab+cdy is o«6«+2a6c(i+c"cP. 

4. The square of 6y+3, is 36y*4- d6y+9. 

5. The square of Sd - A, is 9^* - GdA-f-A*. 

6. The square of a - 1, is a* - 2a4-l 

For the method of finding the higher powers of bifioiniaI% 
see one of liie succeeding sections. 

215. For many purposes, it will be sufficient to express the 
powers of compound quantities by eajMNwnlf, without an actual 
multiplication. 

• Thus flie square of o+fc, is o-j-6|*> or (a^hy. Art. SOS. 
The nth power of tc+S+of, is (fcc+S-fo?)*. 

. n cases of this kind, the vinculum must be drawn oyer dU 
the terms of which the compound quantity consists. 

216. But if the root consists of several factorsy the vincu* 
lum which is used in expressing the power, may either extend 
over the whole ; or may be applied to each of the factorv 
separately, as convenience may require. 

Thus the square of a-f6x<?+^ is either 

a+bxc+d\ ora+5| xc+r!r 

For, the first of these expressions is the square of the pro- 
duct of the two factors, and the last is the product of theii 
squares. But one of these is equal to the other. (Art. 212,) 

The cube of axb+dy is {axb+Sj\ or (fx{b+i)K 



* Euclid's Elements, Book II. propw 4i 

9 
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S17. When a quantity whose power has been expressed bj 
a vinculum a.jd an index, is afterwards involved by an actual 
multiplication of the terms, it is said to be expanded. 

Thus {(jir\-V)\ when expanded, becomes a^-fSoi+J*. 
And (a+6+A.)«, becomes a'+2a6+2aA+6*+26A4-A«. 

18. With respect to the sioir which b to be prefixed to 
quantities involved, it is important to observe, that when ths 

ROOT IB POSITIVE, ALL ITS POWERS ARE POSITIVE ALSO ; BUT 
WHEN THE ROOT IS NEGATIVE, THE ODD POWERS ARE NEGA- 
TIVE, WHILE THE EVEN POWERS ARE POSITIVE. 

For the proof of this, see Art. 109. 

The 2d power of - a is+o^ 
The Sd power is - a* 

The 4th power is -f" ^ 
The 6th power is - a', &c. 

SI 9. Hence any odd power has the same sign as its root. 
)Wtt an even power is positive, whether its root is positive or 
negative. 

Thus+ax+o==a^ 
And -ax -«=«'• 

S20. A QUANTITY WHICH IS ALREADY A POWER, IS INVOLV- 
ED BY MULTIPLYING ITS INDEX, INTO THE INDEX OF THE POW- 
ER TO WHICH IT IS TO BE RAISED. 

1. The 3d power of a*, is a* » 'ssa*. 

For c^z=.Qa\ and the cube of oa is iMy,aay^aa^iuuMaar:zi]f\ 
which is the 6th power oif a, but the 3d power of a*. 

For the further illustration of this rule, see Arts. S33, 4 

2. The 4th power of aV, is a»^<t«^=a* • *•• 
S. The Sd power of 4 o**, is 64 a*ar*. 

4. The 4th power of 2a»x3a;*d, is \%a}^yfi\ti^d^. 

5. The 5th power of (a+6)«, is (a+6) » •. 

6. The nth power of a*, is o'*. 

. 7. The nth power of («- y)*, is («-y)' 



\mn 



8. »*-4-t*, '=a'+ga'y+6«. (Art. 214.) 

9. 4?x6^« =a«xi* 10. (a»6«A«)'=a*6*A»«. 
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221. The rule is equally applicable to powers whose expo- 
nents icre negative* 

Ex. 1. The Sd power of a-* is a-«^=(H. 

For cr*=-?-, (Art 207.) And the Sd power of this b 
aa 

aa aa cm aaaaaa or 
2. The 4th power of a^lr* is a*ft-", or ^^. 

S. The cube of 2a:y^, is 8ir*y*», 

4. The square of 6'arS is h^x-^. 

5. The nth power of ar-", is ar*", or , 

222. It must be observed here, as in Art. 218, that if the 
sign which is prefixed to the power be -, it must be changed 
to -4-> whenever the index becomes an even number. 

Ex, 1. The square of - o', is +a*. For the square of 
- a", is - a' X - a% which, according to the rules for the signs 
in multiplication, is-f-a*. 

2. But the cufce of -a» is -a*. For-a*X-«^X-a^=-^. 
S. The square of -of, is +«** 
4. The fith power of - a', is +(i?*. 

Here the power will be positive or negative, according aa 
the number which n represents is even or odd. 

22S. A FRACTION is involved by involving both 

THE NUMERATOR AND THE DENOMINATOR. 

1. The square of ~ is ~. For, hj the rule for the multi- 

plication of fractions, (Art. 155.) 

a a^aa^tp 

2. The 2d, Sd, and nth powers of 1, tx^^jL and JL 



€^a' 



S. The cube of ??!^, is ?^'. 
4. The nth power of —-•is 
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6. The cube of Zfl, is z3l. (Art. 221 .) 

224. Examples of hmmials^ in wliich one of the terms is 
a fraction. 

1. Find the square of a?-f-j» and a; - j, as in art. 214. 

x+\ x^\ 

2. The square of a +?, is ci^+i^+i 

8. The square of ar+-, is aj^-J-iar-j- «. 

2 4 

4 Thesquareofa-A,isai«-?^+*l. 

fit fii fn 



225. It has been shown, (Art 165,) that a Jractumal co* 
tffidofU may be transferred from the numerator to the de- 
nominator of a fraction, or from the denmninator to the nu- 
merator. By recurring to the scheme of notation for recip- 
rocal powers, (Art 207,) it will be seen that a$iy factor may 
also be transferred, if the sign of its index be changed, 

1 Thus, in the fraction — , we may transfer x from the 

numerator to the denominator. 

For fr"=?x:r^= ^X—= — . 

2. In the fraction ~ we may transfer y from the deno- 
minator to the numerator. 



For ± ==f xl-?xv-*- ^y^. 
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226. In the same manner, we may transfer a factor which 
has a positive index in the numerator, or a negative index in 
the denominator. 

aa^ a 
1. Thus "y"=jpi"* For «■ is the reciprocal of af*, 

(Arts. 205, 207,) that is, a:»=-j=r- Therefore, -j-=g^« 
Ji h^ ad} of 

227. Hence the denominator of any fraction may be en- 
tirely removed, or the numerator may be reduced to a umt^ 
without altering the value of the expression. 

1. Thus -r=r-ii, or oi"^. 
a?*<r" 1 



ADDITION Aia> SUBTRACTION OF POWERS. 

228. It is obvious that powers may be added, like other 
quantities, by vniting them one after another with their signs. 
(Art. 69.) 

Thus the sum of a' and 6*, is a*+^*« 

And the simi of d» - i* and A" -d*, is (f -t"4- A* - d*. 

229. The same powers of the same letters are like quantities; 
(Art. 45,) and their co-efficients maybe added or subtractedt 
as in Arts. 72 and 74. 

Thus the sum of 2a^ and 3a', is 5a'. 

It is as evident that twice the square of a, and three times 
the sc|uare of a, are five times the square of Oi as that twice 
a and three times a, are five times a. 

9* 
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To -8*y 86^ Say -&^&* *(«+»)" 

Add -2xy 6ft- -7ay 6a*h* 4(a+y)' 

Sum -5«y -4«y '^(^y)* 

M*sM>-p^-Mii>a •■■iiMM aaiBiBM^aB^M aiHsM^^BwvHB •■■•■■■iMHWMiMa 

230. But powers of different letters and different powers of 
the «am« letter^ must be added by writing them down with 
their signs. 

The sum of a* and a' is a'-f-fl'- 

It is evident that the square of a, and the cube of a, are 
neither twice the square of a» nor twice the cube of a. 
The sum of a*i" and S(fb\ is a*6"+SaV. 

231. Subfractian of powers is to be performed in the same 
manner as addition, except that the signs of the subtrahend 
are to be changed accordmg to Art. 82. 

Prom 2(J* -36" SfcV 0^6* 5fa- 

Sub. -6a* 4i* 4fcV aV 2 



!:-1!: 



Diff. 8a* -AW S(a-A)* 



MULTIPLICATION OP POWERS. 

232. Powers may be multiplied, like other quantities, by 
writing the factors one after another, either with, or without, 
the sign of multiplication between them. (Art. 93.) 

Thus the product of a* into 6*, is c?b\ or aaabb. 
Mult. a?-» A'fc-" Say dh^aT" a*6y 

Into a* a* -2a; 46i/* a'fc^ 

Prod. (TiT^ -ea'xy* a«6ya»6«y 

The poduct in tlie last example, may be abridged, by 
bringing together the letters which are repeated. 

It will then become o^iy 

The reason of this will be evident, by recurring to the 
rics of powers in Art. 207, viz. 

a-^y a+», a+«, a+», a», a~», er*, cT*, 0"*, &c. 

Or, which is the same, 

aaaoy aaa. cuu a, 1, — , — , — , , &c. 
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By compering the several terms with each other, it will 
be seen that if aay two or more of them be midtiplied to- 
gether, their product will be a power whose exponent is the 
nan of the exponents of the factors. 

Thus a^Xa'=<u(X<MMi=aaaaa=sa^. 

Here 5, the exponent of the product, is equal to S+S, the 
sum of the exponents of the factors. 

So or xa*=a***. 

For a", is a taken for a factor as many times as there are 
units in n ; 

And a*", is a taken for a factor as many times as there are 
units in m ; 

Therefore the product must be a taken for a factor as 
many times as there are units in both m and n. Hence, 

233. Powers of the same root mat be multiplied, 
st addinq their expomckts. 

Thus ffx(f=(^=^^ And a;'x«'Xa?=«*^'=«'. 

Mult 4a* S«* fcy cfV^t (*+*-»)" 

Into 2a" 2a!* Vy ^Vy • o+fc-y 

Prod. Q(^ by (*+*-»)•*•* 

Mult. a^+a;^4-«j/'4-Sf' ^^^^ ^"V' Ans. «*-y*. 
Mult. 4ar^+Sj5y-l into 2a;* -a:. 
Mult. a^+X" 5 into 2a;'+a?+l. 

234. The rule is eqilally applicable to powers whose expo 
nents are negative. 

1. Thus a-«xa"'=a-'. That is Ix— = ' 



aa aaa aaaaa 

2. y"-"Xy~"=y ■"""■" Thatis J-X— =-i-. 

3. -a-»xa"'=-a-'. 4. a-«x<JF'=a''"*=a*. 
6. a-"xa*=a*— . 6. y-'»x»'=!^=l. 

235. If a+b be multiplied into a - (, the product will be 
o»-6': (Art. 110,) that is 
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The PRODuer of the sum and differekce of two 

QUANTITIES, IS EQUAL TO THE DIFFERENCE OF THEIR 
SQUARES. 

This is another instance of the facility with which genenu 
trtUha are demonstrated in algebra. See Arts. 23 and 77. 

If the sum and difference of the squares be multiplied, 
the product will be equal to the difference of the fourth 
powers, &c. 

Thus (a-y)x(o+y)=a«-y«. 

(a*-y')X(a*+y*)=a«-y»,&c. 



DIVISION OP POWERS. 

236. Powers may be divided, like other quantities, by re« 
jecting from the dividend a factor equal to the divifior ; or by 
placing the divisor under the dividend, in the form of a frac- 
tion. 

Thus the quotient of t^V divided by Vf is cf. (Art 116.) 

Divide 9a«y* * 126y (fb+S(fy* dxia-h+yY 
By -3a» 2b' a« (a-fc+y)» 

Quot. -.3y* *+3y* d 



The quotient of a' divided by a\ is _ But this is equal 

to (f. For, in the series 

a+*, a^\ a+\ a^\ a^ a-», a-*, a-% a"*, &c. 

if any term be divided by another, the index of the quotient 
will be equal to the difference between the index of the divi- 
dend and that of the divisor. 

Thus a'-T-rf=;?5!?!^=a«. And £r-^(ir=^=a— . 

aaa (f 

Hence, 

237. A POWER MAY BE DIVIDED BY ANOTHER POWER OP 
THE SAME ROOT, BY SUBTRACTING THE INDEX OF THE DI- 
VISOR FROM THAT OF THE DIVIDEND. 
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Thus y'-fV=y"=y*. That is M=y, 

Anda^*^a=:«***^=a*. That is —:=z(t. 

a 

Andaf-f-a;*=«"==«"=l. Thatis5!!=l. 

Divide y'- i« Sa*** rf^ 12(6+y)- 
By sT y 4a- rf» S(6+y)» 



Quot y" . gflf 4(6+y)--» 

238. The rule is equally applicable to powers whose ex< 
ponents are negative. 

The quotient of cr* by a*^, is cT*. 

That is JL^J- = -l_x— = ^ ' 



oooaa ooa oaoaa 1 aaaaa aa 

2. -:c-*-h»"'=-ar^. That is J-^l= J^=-ly 

-ar as* -ar -ar 

5. h'^h^=zh^'=h\ That is A«-i.J=A«xJ=&*. 

A 1 

4. 6a*-r-2tf-'=Sa'^. 5. W-f-arsio*. 

6. y^6»=6'-'=6-*. 7. (^-;.a'=a-'. 

8. (a^+y')--^(a•+J^)-=(a•+y•)— . 

9. (6+a:)"^(64.ar) = (6+x)-^ 

The multiplication and division of powers, by adding and 
subtracting their indices, should be made very familiar ; as 
they have numerous and important applications, in the high- 
er branches of algebra. 

EXAMPLES OP FRACTIONS CONTAININa POWERa 

239. In the section on fractions, the following examples 
were omitted for the sake of avoiding an anticipation of the 
subject of powers. 

1. Reduce — - to lower terms. Ans. ~. 

3rf S 

For^=5?2^=^. (Art. 145.) 
Srf Soa S ^ ^ 

2. Reduce 2_ to lower terms. Ans. -. or 2ae. 

3«^ 1 



n 



98 ALGEBRA. 

5. Reduce ^f^:^ to lower terms. Am.^B±*t. 
4. Reduce ^"^Zl^f^+p l to lower terms. 

-*^^- — ia4^2 ^^^^^^^ ^7 dividing each term by 2aff. 

6. Reduce-, and-^^ to a common denominator. 

<f Xtt""* is a"-», the first numerator. (Art. 146.) 
a' Xa-' is a^=l, the second numerator. 
o^ X«""* is a^\ the common denominator. 

The fractions reduced are therefore fL. and JL. 



a-' a-» 



6. Reduce —. and --, to a common denominator 

Ans.^and^or|fJand^. (Art. 145.) 
5a' 5a^ 5a^ 5o' ' 

7. Multiply g, into ^. Ans.i*^=?l. 

a Multiply i^, into fLl*. 

0* 3 

9. Multiply ?y;L, into ^. 

« a:+a 

10. Multiply i!. into bll, and^l. 

1 1. Divide ^ by ^ Ans. 2^ = f . 

JT V ay yV 

12. Divide f^ by ^-«~* 



a* ■ a 



13. Divide *-y ', by «*+*"* 

14. Divide 5-Zi, by ^!+] . 
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SECTION IX. 



EVOLUTION AND RADICAL aUANTITIE&* 



Art. S40. If a quantity is multiplied into itself, the pro- 
duct is a power. On the contrary, if a quantity is resoWed 
into any number of equal facton^ each of these is a roo< of 
that quantity. 

Thus b is the root of bbb; because bbb may be resolved 
into the three equal factors, 6, and &, and b. 

In subtraction, a quantity is resolved into two parts. 

In division, a quantity is resolved into two factors. 

In evolution, a quantity is resolved into equal factors. 

241. A ROOT OF A QUANTITY, THEN, IS A FACTOR, WHICH 
MULTIPLIED INTO ITSELF A CERTAIN NUMBER OF TIMES, WILIi 
PRODUCE THAT QUANTITY. 

The number of times the root must be taken as a factor, 
to produce the given quantity, is denoted by the name of the 
root. 

Thus 2 is the 4th root of 16; because 2x2x2x2=16, 
where two is taken four times as a factor, to produce 16. 

So 0^ is the square root of o^ ; for cfx^^ff* (Art. 233.) 

And cf is the cube root of tf ; for tfx^X^^^^ 

And a is the 6th root of (f ; for aXaX<'XaXaXa=fl^. 

Powers and roots are correlative terms. If one quantity 
is a power of another, the latter is a root of the former. As 
V is the cube of 6, 6 is the cube root of V. 

242. There are two methods in use, for expressing the 
roots of quantities ; one by means of the radical sign \/, and 
the other by a fractional index. The latter is generally to 
De preferred ; but the former has its uses on particular occa- 
sions. 



* Newton'i Arithmetic, Madaurin, fimenon, Euler, Saundenoii, bimI 
Simpflon. 
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When a root is expressed by the radical sign, the sign is 
placed over the given quantity, in this manner, \/a. 

Thus X/a is the 2d or square root of a. 

Xya is the Sd or cube root 

^/a is the nth root 

And v^y ^ ^^ ^^ '^^^ ^^ ^>4~y- 

243. The figure placed oyer the radical sign, denotes the 
number of factors into which the given quantity is resolved ; 
in other words, the number of times the root must be taken 
as a factor to produce the given quantity. 

So that V«X V«=^- 
And V^^XV^XV*^^' 

And \/«X\/^'"-** *™^ =^ 

The figure fpr the sawiare root is commonly omitted ; \/a 
being put for \/a. mienever, therefore, the radical sign is 
used without a figure, the square root is to be understocxl. 

244 When a figure or letter is prefixed to the radical sign, 
without any character between them, the two quantities are 
to be consiaered as muliiplied together. 

Thus 2\/^ is 2xV^ ^^^^ ^3> ^ multiplied into the root of 
a^ or, which is the same thing, twice the root of a. 

And a?>\/b, is £X V^» ^^ ^ times the root of 6. 

When no co-efiicient is prefixed to the radical sign, 1 is 
always to be understood ; \fa being the same as 1\/^ ^^^ 
is, cnot the root of a. 

245. The method of expressing roots by radical signs, ha« 
no very apparent connection with the other parts of the 
scheme of algebraic notation. But the plan of indicating 
them by yrocfiofioZ indices^ is derived directly from the mode 
of expressing powers by integral indices. To explain this, 
let £^ be a given quantity. If the index be divided into any 
number of equal parts, each of these will be the index of a 
root of a*. 

Thus the square root of a* is o^. For, according to the 
definition, {Art. 241,) the square root of a* is a factor, which 
multiplied mto itself will produce a*. But a'x«'=a^. (Art. 
233.) Therefore, a* is the square root of q\ The index of 
the given quimtity a', is here divided into tlie two equal 
parts^ 3 and 3. Of course, the quantity itself is resolved into 
the two equal factors, a° and a'. 
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Tlic c«Se root of tf is rf. For (fx^X^^^* 

Here the index is divided into iktee equal parts, and Um 
quantity itself resolved into three equal factors. 

The square root of t? is a* or a. For axtf='* 

By extendiiig the same plan of notation^ fractUmal mJtom 
are obtained. 

Thus, in taking the square root of a^ or d^ the index f k 

divided into two equal parts, | and | ; and the root is «'* 

On the same principle, 

The cube root of a, is tr=\/eu 

The nth raot, is a'*=\/a, &c. 

And the nth root of u^s, is (o-f-x) * =:\/a4-«* 

246. In all these cases, the denominator of the fractional 
index, expresses the number of factors into which the given 
quantity is resolved. 

1 ± 1 X JL 

So that a'x» Xfl'=fl* And a"Xa"....n times =«. 

247. It fdlows from this plan of notation, that 

«lxa^=« ' • For4i*"*"«=a' ore 

a*xa*Xa*=:a*+*+*=:a», &c. 

where the multiplication is performed in the same manner 
as the multipli€ati<m of powerft^ (Art. 28S,) that is^ by aiaing 
the indices, 

248. Every root as wdl as every power of 1 is 1. (Art. 
209.) For a root is a factor, which multiplied uito itself wiH 
produce the given quantity. But no factor except I can pro- 
duce 1, by being multiplied into itself 

So that 1", 1, V*J V*> *^<^- ^"^ ^ equal 

249. J^egatwe indices are used in the notation of rooli^ Mi 
well as of powers. See Art. 207, 

1 . I . 1 



Thus -j=«^ -TsKO-J- 

10 



a' 
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POWERS OP ROOTa 



250. It has been sho^vn in what manner any power or 
root may be expressed by means of an index. Tlie index 
of a power is a whole nuinlier. Thai of a root is a fraction 
whose numerator is 1. There is also another class of quan» 
tities which may be considered, either as powers of roots^ 
or roots of powers. 

Suppose a^ is multiplied into itself, so as to be repeated 
three times as a factor. "* 

Tlie product a^+^+i or a* (Art. 247,) is evidendy the 

cube of a^, that is, the cube of the square root of a. This 
fractional index denotes, iherefore, a power of a root. The 
denominator expresses the root, and the numerator the power. 
The denominator shows into how many equal factors or roots 
the given quantity is resolved ; and the numerator shows how 
many of these roots are to be multiplied together. 

Thus or is the 4th power of the cube root of a. 

The denominator shows that a is resolved into the three 

factors or roots a', and a , and a . And the numerator shows 
that four of these are to be multiplied together ; which will 

produce the fourth power of a' ; that is, 

fl Xa Xo Xa =o • 



251. As a is a power of a root, so it is a root of a power. 
Let a be raised to the third power o^ The square root of 

this is a . For the root of a' is a quantity which multiplied 
into itself will produce a*. 

But according to Art. 247, a*=:o*Xa'Xa ; a^^d this 
multiplied into itself, (Art. 103,) is 

a* Xa^ Xa^ Xa^ Xa^ Xa^=a\ 
Therefore a' is the square root of the cube of a. 

In the same manner, it may be shown that a" is the mth 
power of the nth root of a; or the nth root of the mth pow* 
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er : that is, a root of a potoer U equal to the same power of the 
9aine root. For instance, the fourth power of the cube root of 
a, is the same as tlie cube rout of the fourth power of a. 

252. Roots, as well as powers, of the same letter, may be 
multiplied by adding tlidr exponents. (Art. 247.) It wiii be 
easy to see, that the same principle may be extended to po\v» 
ers of roots, when the exponents have a conuuou deuouii^ 
nator. 

Thus a*^x «*=«*"'■*=«* 

For the first numerator shows how often a^ is token as afac 
tor to produce a • (Art. 250.) 

And the second numerator shows how often a^ is taken Of 

a factor to produce a \ 

The $\im of the numerators therefore, shows how often the 
root must be taken, for i\\e product (Art. 103.) 

Or thus, a*=a'xa . 

SL X ± X 

And o'=a'xa'Xa- 
Therefore a^ xa'^=a Xo X« X^ X^ =« • 

253. The value of a quantity is not altered, by applying 
to it a fractional index whose numerator and denominator 
are equal. 

Thus ar=a* =a' =:a^. For the denominator shows thai 
a is resolved into a certain number of factors ; and the nu^ 

m 

merator shows that all these factors are included in a?. 

Thus a*=a*X« X» > which is eoual to a. 

And a»=a"xa"Xo*.—» times. 

On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression may 
be rendered more simple by rejecting the index. 

Instead of a*, we may write a. 

S54. Tlie index of a power or root may be exchanged, foi 
any other index of the same value. 

Instead of a , we may put a • 
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For in the latter of these expressions,, a is supposed to be 
resolved into tvnce as many factors as in the former ; and tlie 
numerator sliows tiiat twice as many of these factors are to be 
multij^ied together. So tiiat the whole value is not altered. 

Thus ar =a?*=x*, &c. that is, the square of the cube root 
is the same, as the fourth power of the sixth root, the sixth 
power of the ninth root, &c. 

So a* =a'=a^ = a » . For the value of each of these in- 
dices is 2. (Art. 135.) 

255b From the preceding article, it will be easily seen, 
that a fractional index may be expressed in decimals, 

1. Thus aSrrtf^, or tff '* ; that is, the square root is equal to 
the 5th power of the tenth root, 

2. a*r=a^^^, or c^""; that is, the fourth root is equal to 
the 25th power of the 100th root. 

In many cases, however, the decimal can be only an aj^ 
proxmaHon to the true uidex. 

Thus <r=:cf'^ nearly. a'=rf'''''* very nearly. 

In this manner, the approximation may be cairied to any 
degree of exactness which is required. 

Thus a*=a» ••••••. «^=rf»"". 

These decimal indices form a very important class of nam- 
bers, called legarUkms. 

It is frequentljr convenient to vary tlie notation of powers 
ei roots, by makir»g use of a vinculum, or the radical sign \/. 
In doing this, we must keep in mind, that the power of a 
root is the same as the root of a power ; (Art. 251,) and also, 
that the denominator of a fractional exjponent expresses a 
rootf and the numerator a power. (Art 250.) 

Instead, therefore, of a , we may write (a*)*, or (a') , or 
\/a\ 
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The first of these three forras denotes the square of the 
cube root of a; and each of the two last, the cube root of tlio 
square of a. 

So a»=a"* =a I =.J^cr. 



And (6ar)*={6V)i=*7i;vC 
Anda+»»=S+y'|i=»^54^' 
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257. Evolution b the opposite of involution. One is find* 
ing a power of a quantity, by multiplying it into itself. The 
other is finding a root, by resolving a quantity into equal fac- 
tors. A quantity is resolved into any number of equal fac- 
tors, by dividing its index into as many eqwd parts ; (Art. 
245.) 

Evolution may be performed, then^ by the following gen- 
eral rule; 

Divide the index of the quantity bt the number 
expressing the root to be found. 

Or, place over the quantity the radical sign belonging to 
the required root. 

1. Thus the cube root of (f is c?: For a?x«*X«'=a^. 

Here 6, the index of the given quantity, is divided by 8, 
the number expressing the cube root. 

2. The cube root of a or a*, is or or \/a. 

.:. For o»Xtt*xa^ or V«xV^xV«=<»- (^^- ^43, 246.) 
S. The 5th root of a6, is {ahy or X/c^. 
4. The nth root of c^ is a " or ^/?. 



5. The 7th root of 2d- or, is {U'-xyoxl/ 2d-«. 
6 The.5ih root of a - ar|, is a-xy or '^a - ar| . 

7. The cube root of a% is a*. (Art. 163.) 

8. The 4th root of a^* is a'^- 

9. The cube root of cfl is a*. 

10. The nth root of oT, is x*. 
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258. According to the rule just given, the cube root of the 
square root is found, by dividing the index ( by S, aa in ex- 
ample 7th. But instead of dividing by 3, we may mulUpljf 
byi. ForJ^S=J-5.f=ixi. (Art.l6«.) 

So 1.-^11=2 X-L Therefore the mth root of the nth 
m m n 



That is, o'i = o" ^ * = oT . 



JLs/ JL 

root of a is equal to a* "• 

is, O^ =0^^*=:( 

Here the two fractional indices are reduced to one by mul- 
tiplication. 

It is sometimes necessary to reverse this process ; to resdve 
an index into two factors. 

Thus «»=«^^» =:ar | That is, the 8th root of a: is equal 
to the square root of the 4th root. 



X 

n 



eoa+b\ =:a-ffr| =^a+b\ 

It may be necessary to observe, that resolving the index 
fnto factors, is not the same as resolving tlie quantity into 
factors^ The latter is eflfected, by dividing the index into 
farts. 

259. The rule in Art. S57, may be applied to every case 
in evolution. But when the quantity whose root is to be 
found, is composed of several Jactorsy there will frequently 
be an advantage in taking the root of each of the factors 
separately. 

This is done upon the principle that the root of the product 
of several factorsy is equai to the product of their roots. 

Thus \/*^= V^X V^- F^r ^^^^ member of the equation 
if involved, will give the same power. 

The square of \/a6 is ab. (Art. 341.) 
ThesquareofV«XV*>»»V«X\/«X\/*XV^-(Art.l02.) 
But\/aX\A>=^ (Art. 241.) AndV*XV^=^- 
Therefore the square of V^XV*=V*XV^XV^XV* 
ssittb, which is also the square of \/a(. 

X XX 

On the same principle^ (aby =a" b\ 
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Wlien, therefoie, a quantity consists of several factors, we 
may either extract the root of the whole together ; or we may 
find the root of the factors separately, and then multiply Uiem 
into each other. 

Ex. 1. The cube root of ajy, is either (xp)^ or x^y^. 

2. The 6th root of Sy, is \/Ey or V^X Vv- 

3. The eih root of abh, is (a6A)* or ahh\ 

4. The cube root of 86, is (86)*, or 26*. 

5. The nth root of aTy^ is (a^)" or «y". 

260. The root op a fraction is equal to the root 
or the numerator diyideo bt the root op the de»%> 

MINATOR. 

1. Thus the square root of ?=f^ For _X— =i 

* 6* 6* fci * 



JL XX 



i. So the nth root of ^=—. For^ilx— ..n times =1 

* 6- 6- 6- * 

«. ^/« /ah \/nh 

8. The square root of -1, is .^. 4. V — =77=" 

261. For determining what sign to prefix to a root, it is 
important to observe, that 

An odd root op any quantity has the same sign as 

THE quantity ITSELF. 

An even root op an affirmative quantity is am-> 

BLGUOUS. 

An even ROOT OP a negative quantity is impossible. 

That the 3d, 5th, 7th, or any other odd root of a quantity 
must have the same sign as the quantity itself, is evident 
from Art. 219. 

262. But an even root of an nffinnatwe quantity may be 
either affinnative ot negative. For, the quantity may be 
produced from the one, as well as from the other. (Art. 21 9.) 

Thus the square root of c? is -^a or -a* 
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.An even root of an affirmative quantity in, therefore, said 
to be anlb^ltu>uSf and is marked with both -)- and -• 

Thus tlie square root of 3b, is Ji^Sfr* 

The 4 th root of a:,, is tx*. 

The ambiguity does not exist, however, when, from the 
nature of the case, or a previous multiplication, it b known 
whether the power has actually been produced from a posi- 
tive or from a negative quantity. See Art. 299. 

2G3. But no even root of a negative quantity can be found. 
The square root of -£^ is neither -4-^ i^^ tO* 
For 4-ax+^=+o*. And -ox -a=+«' also. 

An even root of a negative quantity is, therefore, said to be 
wipoisibk or imaginary. 

There are purposes to be answered, however, by applying 
the radical sign to negative quantities. The expression 

a/ -a is often to be foimd in algebraic processes. For, al« 
though we are unable to assign it a rank, among either posi- 
tive or negative quantities ; yet we know that when multi- 

plied into itself, its product is - a, because ^ - a is by notation 
a root of -0, that is, a quantity which multiplied into itself 
produces -a. 

This may, at first view, seem to be an exception to the 
general rule that the product of two negatives is affirm- 
ative. But it is to be considered, that ^'^ is not itself a 
negative quantity, but the root of a negative quantity. 

The mark of subtraction here, must not be confounded 
with that which is prefixed to the radical sign. The expres* 

sion ^-tt is not equivalent to -^a. The former is a root 
of -a: but the latter is a root of 4-a: 

For "y/ax -^azn^s/aa^a. 

The root of - a, however, may be ambiguous. It may be 

either + V - o, or -^ - a. 

One of the uses of imaginary expressions is to indicate 
an impossible or absurd supposition in the statement of a 
problem. Suppose it be required to divide the number 14 
mto two such parts, that their product shall be 60. If one 
of -the parts be :r, the other will be 14 -x. And by the sup* 
positioui 

«X(l4-x)=60, or 14«-a^r=6a^ 
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This reduced, by the rules in the following soction, will 

give «=7±V^n. 

As the value of x is here found to r.ontain an imaginary 
expression, we infer that there is an inconsistency in the 
statement of the problem : that the number 14 cannot be 
divided into any two parts whose product shall be 60,* 

264. The methods of extracting the roots of compound 
quantities are to be considered' in a future section. But 
there is one class of these, the squares of hmmial and re- 
sidual quantities, which it will be proper to attend to in this 
place. It has been shown (Art. 214,) that the square of a 
binomial quantity consists oi three termsy two of which are 
complete powers, and the other is a double product of the 
roots of tiiese powers. The square of a-4-b, for instance, is 

o^-f 2a64-5^ 
two terms of which, a' and b% are complete powers, and 2ab 
is twice the product of a into by that is, the root of if into the 
loot of 6^. 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial ; 
and this may be found, by taking the root of the two terms 
which are completB powers, and connecting them by the 
aign. -I*- Thi^ other term disappaara m iKa root. TKvio, tc 

find the square root of 

take the root of ar, and the root of jf , and connect them by 
the sign -}-• The binomial root will then be ar-|-y« 

In a residual quantity, the double product has the sign - 
prefixed, instead of +. The square of a -6, for instance, is 
^-2a6+6*. (Art 214.) And to obtain the root of a quantity 
of this description, we have only to take the roots of the two 
complete powers, and connect them by the sign -. Thus the 
square root of 3? -2a:y4-y* ^^ x -y. Hence, 

265. To EXTRACT A BINQMIAJL OK RESIDUAL Si^tJARE ROOT, 
TAKE THE ROOTS OF THE TWO TERMS WHICH ARE COMPLETE 
POWERS, AND CONNECT THEM BY THE SIGN WHICH IS PREFIX 
ED TO THE OTHER TERM. 

Ex. 1. To find the root of ar*4-2a:+l. 

The two terms which are complete powers are a* and 1 
The roots are x and 1. (Art. 248.) 
The binomial root is, therefore, a:+i- 
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2. The square root of o^ -Sar+l, is x -1. (Art 214.) 

3. The square root of a'-f.a-{-^» is a-f i* (ArL 224.) 

4. The square root of a^4~^^4~v> is a-ff 

5. The square 'root of o^4~^'4'4' ^ ^'"f'l* I 

2ab V b \ 

6. The square root of «'+'T'+^> is 0+*;' 

266. A ROOT WHOSE VALUE CANNOT BE EXACTLY EXPRESS- 
ED IN NUMBERS, IS CALLED A SURD. 

Thus ^2 is a surd, because the square root of 2 cannot be 
expressed in numbers, with perfect exactness. 
In decimals, it is 1.41421356 nearly. 

But though we are unable to assign the value of such a 
quantity when taken aUmey yet by multiplying it into itself, or 
by combining it with other quantities, we may produce ex- 
pressions whose value can be detennined. There is, there- 
fore, a system of rules generally appropriated to surds. But 
as all quantities whatever, when under the same radical sign, 
or having the same index, may be treated in nearly the same 
manner ; it will be most convenient to consider them toge- 
ther^ under the gpnernl nniTie of Radical Qtutntiii^a ; under- 
standing by this term, every quantity which is found under 
a radical sign, or which has a fractional index. 

267. Every quantity which is not a surd, is said to be 
rational. But for the purpose of distinguishing between ra- 
dicals and other quantities, the term rational will be applied, 
in this section, to those only which do not appear under a 
radical sign, and which have not a fractional mdex. 

REDUCTION OP RADICAL aUANTITIES. 

268. Before entering on the consideration of the rules for 
the addition, subtraction, multiplication and division of radi- 
cal quantities, it will be necessary to attend to the methods 
of reducing them from one form to another. 

First, to reduce a rational quantity to the form of a radi« 
cal; 

Raise the quantitt to a power of the same name as 
the given root, and then apply the correspondinq 
radical sign or index, 
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Ex. 1. Reduce a to the form of the nth root 

The nth power of a is a*. (Art. 2U.) 

Over this, place the radical sign, and it becomes y/iT. 

It is thus reduced to the form of a radical quantity, with* 

■ 

out any alteration of its value. For \/af'=za'^sstL 

S. Reduce 4 to the form of the cube root. 

Ans. V«4 or (64)* 
S. Reduce 3a to the form of the 4th root 

Ans. {/8\a\ 

4. Reduce iab to the form of the square root 

Ans. (ia'6«)*. 

5. Reduce Sx« - of to the for m of the cube root 

Ans. V'gTxa^^. See Art 212. 

6. Reduce a* to the form of the cube root. 
The cube of a* is a\ (Art 220.) 

And the cube root of a* is l/a* =:a*| . 

In cases of this kind, where a power is to be reduced to 
the form of the nth root, it must be raised to the nth power, 
not of the given letter^ but of the power of the letter. 

Thus in the example, a* is the cube, not of a, but of o*. 

7. Reduce a' 6* to the form of the square root 

8. Reduce o^ to the form of the nth root 

269. Secondly^ to reduce quantities which have different 
indices, to otliers of the same value having a common index ; 

1. Reduce the indices to a common denominatiur. 

2. Involve each quantity to the power expressed by the 
numerator of its reduced index. 

3. Take the root denoted by the common denominator. 

Ex. 1. Reduce a* and b* to a common index. 

1st. Tlie indices \ and i reduced to a common denomlna> 
tor, are ft and ft. (Art. 146.) 

2d. The quantities a and 6 involved to the powers express* 
ed by the two numerators, are a' and 6'. 
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Sd. The root denoted by the comin(m denominator is A* 

The answer, then, is a']'* and 6*|**. 

The two quantities are thus reduced to a common index^ 
without any alteration in their values. 

For by Art «54, a^=a^, which by Art 2S8^^a^. 

X — — X 

And universally a" sro** sra*!"**. 

2. Reduce or and 6a;' to a common index. 

The indices reduced to a common dencMninator arid | 
and t. 

The quantities then, are a* and (ix) , or o'|% and 6*a?*|* 

3. Reduce a' and 6*. Ans. a*"|" audi*. 

4. Reduce a?" and rp. Ans. x"!"*" And y"(**. 

5. Reduce 2* and 3*. Ans. 8* and 9*. 



6. Reduce (a-}-6) * and («-y)^. Ans. o-f-A | anda;-y | • 

7. Reduce a^ and 6 •. 8. Reduce ar and 5 . 

270. When it b required to reduce a quantity to a given 
index ; 

Divide the index of the quantity by the given index, place 
the quotient over the quantity, and set the given index ovet 
the whole. 

This is merely resolving the original index into twofiictors, 
according to Art. 258. 

Ex. 1. Reduce or to the index }• 

By Art. 162, i^i=i Xf =l=+. 
This is the index to be placed over a, which then becomes 

a' ; and tlie given index set over this, makes it a^| , the an 
Bwer. 

2. Reduce a* and a;* to the common index i. 

2-r.J=2xS=6, the first index ) 

I -f-i = I X 3 = 1, the second iiklex J 

Therefore (a*)* and (« ) are the quantities required. 
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S. Reduce 4' and 8^, to the common index ' 

Answer, (4^)*and (3»)* 

S71. Thirdly, to remove a part of a root from mider the 
radical sign ; 

If the quantity can be resolved into two factors, one of 
which is an exact power of the same name with tlic root ; 

FIND THE ROOT OF THIS POWER, AND PREFIX IT , TO THK 
OTHER FACTOR, WITH THE RADICAL SIGN BETWEEN THEM. 

This rule is founded on the principle, that the root of the 
product of two factors is equal to the product of their roots. 
(Art. 259.) 

It will generally be best to resolve the radical quantity into 
such factors, that one of them shall be the greatest power 
which will divide the quantity "without a remainder. If 
there is no exact power which will divide the quantity, the 
reduction cannot be made. 

Ex. 1. Remove a factor from \/8. 

The gi^atest square which will divide 8 is 4. 
We may then resolve 8 into the factors 4 and 2. For 4x^=8 

The root of this product is equal to the product of the roots 
of its factors ; that is, \/8=\/4x V^- 

But >\/4=2. Instead of \/4, therefore, we may substitute 
its equal 2. We then have 2 X V^ ^^ 2V2. 

This is commonly called reducing a radical quantity to ils 
most simple terms. But the learner may not perhaps at once 
perceive, that 2\/2 is a more simple expression than V®* 

2. Reduce a/o^x. Ans. V^*XV^=^XVa:=a\/a?. 

3. Reduce j\/TS. Ans. VS>"x2'=V9XV2=3V2- 

4. Reduce ^646^. Ans V^4^XV^=46V^. 

* /a*b a^ fh 

5. Reduce V 7k Ans. c V c5* (A^^. 260.) 

6. Reduce J^d'h, Ans. a^6, or of. 

7. Reduce (<^-.a«ft)^- Ans. a(a-i)*. 

8. Reduce <54a''6)*. Ans. 3o«(26)*". ^ 

9. Reduce \J^^x. 10. Reduce ^/o'+aV. 

11 
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27S. By a contrary process, the co-^cient of a radical 
qiiaQtity may be introduced under the radical sign. 

1. Thus, aJfyh-J^JcFb^ 

For a=: ^a" or a-. (Art 253.) And ^o" X \/i= ^/?6^ 

Here the co-efficient a is first raised to a power of the same 
name as the radical part, and is then introduced as a factor 
under the radical sign. 

8. 2a6(2ai»)*=(iert*6»)* 



4 ?f-i!i-^i / d'lr'c U 



ADDITION AND SUBTRACTION OP RADICAL 

QUANTITIES. 

273. Radical quantities niay be added like rational quan- 
tities, 6y im/tng ihem one after another with their signs. (Art. 
69.) 

Thus the sum of ^a and ^b^ is V^+V^* 

And the sum of a* - A' and x - y" , is a^ - AT-f-^ "" y* • 

But in many cases, several terms may be reduced to one, 
as in Arts. 72 and 74. 

The sum of 2\/a and 3\/a is 2\/a-\-S\/a=5\^a. 

For it is evident that twice the root of o, and three times 
the root of a, are five times the root of o. Hence, 

274. When the quantities to be added have the same radi« 
cal part, under the same radical sign or index ; add the ra* 
tionalpartSy and to the sum annex the radical parts. 

If no rational quantity is prefixed to the radical sign, 1 is 
always to be understood. (Art. 244.) 

To 2J^ay 5A/a 3(ar+A)^ 
Add J^fay -.2Va 4{x+h)^ 

Bmn S^ay 7(x+h)^ 



5bh* 
76A* 


OA/b- 


-A 




(o+y) X v*^ 


~h 
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275. If the radical parts are originally different, they may 
sometimes be made alike, by the reductions in the preceding 
articles. 

1. Add \/8 to ^50. Here the radical parts are not the 
same. But by the reduction in Art. 271, \/8=2V2, and 
\/50=6V2. The sum then is 1\/^. 

2. Add VI 66 to V^*. Ans. 4V6+2V*=6V*' 

3. Add V«'ac to\/**«- Ans. aVa?4-6V*=(^**)XV* 

4. Add (36a«y)* to (25y)* Ans. (6a+6) X»* 

5. Add\/18a to3V2a. 

276. But if the radical parts, after reduction, are different 
or have different exponefUs, they cannot be united in the 
same term; and must be added by writing them one after the 
other. 

The sum of S\/b and 2/\/a> is 3/\/i4~^V^ 

It is manifest that three times the root of 6, and twice the 

root of a, are neither five times the root of ft, nor five times 

the root of o^ unless b and a are equal. 

The sum of \/a and iyoy is \/a^\/a. 

The eqwxre root of a, and the cube root of a, are neither 
twice the square root, nor twice the cube root of a. 

277. Subiractum of radical quantities is to be performed in 
the same manner as addition, except that the signs in the sub* 
trahend are to be changed accordmg to Art. 82. 

From V«y 4V«+« Shr a{»+y) -tf"" 

Sub. 3Vay S\/a+x -Si*" b{x+y) -2ir" 



Diff. - 2VaSf S*^ «" * 



From j^50, subtract yS- Ans^ 5a^2 - 2\/2 == 3 \/2. (Art. 
276.) 

From i^6*y, subtract Hyby^. Ans. (6-y)X\/*y• 
From y/x, subtract !i/x. 

MULTIPLICATION OF RADICAL QUANTITIES. 
278. Radical quantities may be multiplied* like other 
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quantities, by writing the factors one after another, either 
with or without the sign of multiplication between them. 
(Art. 98.) 
Thus the product of \/a into V^» ^^ V^XV^- 

The product of A' into y' is i'y . 

But it is often expedient to bring the factors under the 
same radical sign. This may be done, if they are first re- 
duced to a common index. 

• 

Thus\/a:xVy~'N/^* ^^^ ^^^ ^^^^ ^^ '^® product <rf 
several factors is equal to the product of their roots. (Art. 

S59.) Hence, 

279. Quantities und&r the same radical sign or in- 
dex, MAT BE multiplied TOGETHER LIKE RATIONAL QUAN« 
TITIES, the PRODUCT BEING PLACED UNDER THE COMMON 
RADICAL SIGN OR INDEX.* 

Multiply \/x into ^, that is^ sr into y*. 

The quantities reduced to the same index, (Art. 269.) are 

(a?')% and (y*)* and their product is, {x'y*y=:!i^x*y*. 

Mult. \^a+in A/dx or (o+y)" o* 

Into j^a^m . ^hy xi (*+*)" «* 





A/dx 




v«* - »»' 


(a»x)^ 



Prod. V«*-»»* («*^)* ,a"a-)'^- 



Multiply \/8a:ft into V^a^*- Pro*- A/l^x^h^ ^Axh. 
In this manner the product of radical quantities often be- 
comes raHUmal. 

Thus the product of V^ into V16=VS6=6. 

And the product of (a't/»)*into (aV)"*^=(a*y*)*=«y. 
280. Roots of the same letter or quantity mat be 

MULTIPLIED, BT ADDING THEIR FRACTIONAL EXPONENTS. 

The exponents, like all other fractions, must be reduced 
to a common denominator, before they can be united in one 
iBrm. (Art 148.) 

* The case of an iTttaginxary root of a negative quantity may be considered 
w. exception. (ArL 263.) 
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Thus a^xa*=a*'*"'=a*^*=:a*. 

The values of the roots are not altered, by reducing their 
indices to a common denominator. (Art. 254.) 



And the second a^^a 



Therefore the first factor 



Buta*=o*Xo*xA (Art. 250.) 

^ X X 

Ando*=o'xa- 

JL J. X J. 1. a. 

The product therefore is a' x«' X^ X^* X« =« • 

And in all instances of this nature, the common denomin* 
ator of the indices denotes a certain root ; and the sum of 
the numerators, i^ows how often this is to be repeated as a 
factor to produce the required product. 



X J. i i 

Thus a"X«"=a"«Xo""=a"*. 



Mult. Sy"^ a*xa* (H-^)* (a-»)* a:^* 
Into y* (^ (a+6)* (a-y)* «"* 



Prod. 3y^ (a+6)^ «"* 



The product of y' into y"'' is y* " 'ssy . 
The product of a" mto a ", is o* "sra^srl. 

And/"*x«*"*=ip"-'^~*=«'=l. 

4- -fl- 4 X 

The product of c? into arzria^ x» =« • 

S81. From the last example it will be seen, that po\»tr$ 
and roots may be multiplied by a common rule. This is one 
of the many advantages derived from the notation by frac- 
tional indices. Any quantities whatever may be reduced to 
the form of radicals, (Art. 268,) and may then be subjected 
to the same modes of operation. 

Thudy»xy*=y*^=y^. 
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The product will become rational, whenever the numem- 
lor of the index can be exactly divided by the denominator. 

Thus tf xoXo =«=«*• 

And (a+b)*x {a+b) -♦=(a+6)*=a+6. 

A 4 4 
And a*x« =« =«• 

282. When radical quantities which are reduced to the 
same index, have rational co-efficients, the rational 

PARTS MAT BE MULTIPLIED TOGETHER, AHB THEIR PRO- 
DUCT PREFIXED TO THE PRODUCT OF THE RADICAL PARTS. 

1. Multiply a\/6 into c^d» 

The product oi the rational parts is ae. 
The product of the radical parts is ^hd. 
And the whole product is Qc\^bd. 
For aV* is <»XV^- (Art. 244.) And c\/c{is exV^- 

By Art. 1C2, aXV* ^^^ cXV<^> is aXV*X«XV^J ^ 
by changing the order of the factors, 

2. MultijJy ax^ into^d*. 

When the radical parts are reduced to a eommon index,. 

the factors become aia^y and 6((P)*. 

The product then is a6(ar*cP)*. 

But in cases of this nature we may save the trouble of re* 
ducing to a conunon index, by multiplying as in Art. 278. 

Thus ca^ into 6d* is aa^fcrf*. 
Mult. 0(64-3?)* * a\/y^ «V« o**" ariy/* 

Into y (*-»)* *v% W^ *y vK/^ 

Pi-od. ay(6*-a?)* abA^x^=abx Socy^ 

283. If the rational quantities, instead of beiikg w^^jkUntB 
to the radical quantities, are comstected with them by the 
signs + and - , each term in the multiplier must be multi- 
plied iBta each in the multiplicand^ as in Art. lOOL 
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Multiply o-f V^ 
Into c-j-V^ 

The product of o-fVlV into l+r^yis 

a+A/y+OTA^/y+ry. 

1. Multiply \/« Mito V6, Ans. J^rffc*. 

2. Multiply 5V5 into SV^- An& SOylo. 

3. Multiply ays into S V^. Ans. 6V^. 

4. Multiply V^ into ft^ab. Ans. H/oF^ 

& Multiply . /2^ into ^ /^S. Ans. ^ /3^. 

"^"sT 'v'lr ^^T' 

6. Multiply a(a - x)^ into (e - d) X («i?)^. 

Ans. {ac'^ad)x (flftt- «**)". 

DIVISION OP RADICAL QUANTITIES. 

284. The division of radioed quantities may be expresse<l, 
by writing the divisor under the dividend, in the form of a 
fraction. 

Thus the quotient of y/a divided by \/6, is Y3. 

And (o+A)* divided by (fc+x)"^ is i±t*Lj. 

{b+xy 

In these instances, the radical mgn or index is separately 
applied to the numerator and the denominator. But if the 
divisor and dividend are reduced to the same index or radical 
sign« this may be applied to the whole quotient. 

Thus V«-f-\/i=|^=r /-• Pot the root of a fiactiott 

is equal to the root of the numerator divided by the root ol 
the denominator. (Art 260.) 
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Again, >y/o5-j-^6=^a. For the product of this quotient 
*nto the divisor is equal to the dividend, that is, 

^/fl X \/6 = V^b. Hence, 
285. Quantities under the same radical sign or index 

MAY BE divided LIKE RATIONAL QUANTITIES, THE QUOTIENT 
BEING PLACED UNDER THE COMMON RADICAL SIGN OR INDEX. 

Divide (a;^*)* by y*. 

These reduced to the sanie index are (a?^*) and (y*) : 

J. a 1 
And the quotient is (a:')'=a: =a?^. 

Divide V^o^ V^^ (a'+aa?)"^ {/fh)^ (aV)* 

By v^ v^^ «* («^r («y)* 



Quot. V2«' C«'+a?)* (ay)*. 



286. A ROOT IS DIVIDED BT ANOTHER ROOT OF THE 
SAME LETTER OR QUANTITY, BT SUBTRACTING THE INDEX 
OF THE DIVISOR FROM THAT OF THE DIVIDEND. 

Thus o*-Hx*=a^'"*=a*'"*=a*=:a*. 

For a^z::z(r=za*x<*Xo^ and this divided by a* is 

o* 
In the same manner, it may be shown that a'-i-a " = a" " ". 

Divide (Sa)^ (or)* cr= (*+y)" (tY)^ 

(3a) ^ {ax)» a- (6+y)- (fV)^ 



QuoU (Sa)i a* (»y)"^ 



Pouert and roote may be brought promiscuously together, 
and divided acccnding to the same nue. See Art. 281. 



RADICAL QUANTITIES. 1»| 

Thus a''i'a^=a*-i=a*. For a* Xa* =«*=«•• 

So y*-T-y*=jr'*. 

287. When radical quantities which are reduced to th« 
Bame index Iiave rational co-efficients, the rationai 

PARTS MAV BE DIVIDED SEPARATELY, AND THEIR QU0TIEN1 
PREFIXED TO THE QUOTIENT OF THE RADICAL PARTS. 

Thus ac\/&d-f-a\/^=^V^* For ^his quotient multiplied 
into the divisor is equal to the dividend. 

Divide 24x^ay ISdh^bx 6y(a'»»)* 16VS2 bj\/xg 
By 6 V<» 2AVap y{axy 8\/4 ^/y 



4a?Vy i («**) " *V* 



Divide o6(a:*6)* by a (»)* 
These reduced to the same index are ah{x^hy and a(«*)\ 

The quotient then is A(6)^=(6*)t (Art. 272.) 

To save the trouble of reducing to a common index, the 
division may be expressed in the form of a fraction. 

The quotient will then be ?*(?!*I.. 

a(x)* 

• /6* 

1. Divide 2\/hc by Za^oc. Ans. * 'V ^' 

2. Divide 10^108 by 6\/A. Ans. 2^27=: 6. 

5. Divide 10V27 by 2V3. Ans. 15. 

4. Divide 8V108 by 2V6. Ans. 12V2. 

6. Divide (a'i*d')* by A Ans. {ah)K 

6. Divide (l6o' - 12a"x)* by 2a. Ans. (4a- Sar)* 

INVOLUTION OF RADICAL QUANTITIES. 

288. Radical quantities, like powers, are involved 
Bv multiplying the index of the root into the iNpEx or 
the required power. 
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1. The square of a*=a*^^=:a*. Fora»x« =«'. 
8. The cube of a*=a^^^=a* For a*xa*Xa*=A 

3, And universally, the nth power of a"=a*'^ =;a . 
For the nth power of (T = a"* x <^'** • • • » times, and the sum 

n 

tff the indices will then be ». 

XX A A 

4. The 5th power of a y', is a^y» Or, by reducing the 
roots to a common index, 

(aV)*^^=(«'y')*- 

AX a A • _S_ 

6. The cube of a"**, is a"x* or (a!"a^)««"». 
6. The square of o'ar , is a V. 
The cube of a'^is a*^^z:z(^z=a. 

X n 

And the nth power of a". Is anzsa. That is, 

389. A ROOT IS RAISED TO A POWER OF THE SAME NAMB| 
Br REMOVING THE INDEX OR RADICAL SIGN. 



Thus tne cube of ]^6+a:, is 64'^- 

And the nth power of (a - y) ", is (a - y.) 

290. When the radical quantities have rational co-effideiUaf 
these must also be involved. 

1. The square of (^^x^ is a*^x^. 
For aV«XaV«^=^* V*'- 

2. The nth power of a*«*, is a"* ap*. 



S. The square of a\/^-y> ^ «' X(a?~ y.) 
4. The cube of Sa^/y^ is 27a'y. 

291. But if the radical quantities are connected with 
others by the signs -|- and *• , they must be involved by a 
multiplication of the several terms, as in Art. 813. 
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Ex. 1 . Recfnired the squarea of o-f- VV <^^ ^ ~ VSf* 

a+Vy «-V» 

a+A/y « - Vy 

OA/y+y - ovy+y 

a«+2avy+y a' - ^^Vy+y 

2. Required the cube of a - ^b. 

3. Rec|uired the cube of Sct-f'V^* 



292. It is unnecessary to give a separate rule for the evo* 
lutUm of radical quantities, that is, for finding the root of a 
quantity wliich is already a root. Tlie operation is tlie same 
as in other cases of evolution. The fractional index of the 
radical quantity is to be divided, by the number expressing 
the root to be found. Or, the radical sign belonging to the 
required root, may be placed over the given quantity. (Art. 
257.) If there are rational co-efficients, the roots of tliese 
must also be extracted. 

Thus, the square root of a', is a' • =a*. 

The cube root of a(ay)', is a'^{xyy. 

The nth root of a\/byy is >/ aiyby, 

293. It may be proper to Observe, that dividing the frac- 
tional index of a root is the same in effect, as mtdtiplying the 
number which is placed over the radical sign. For this 
number corresponds with the denominator of the fractional 
index ; and a fraction is divided, by multiplying its denomi- 
nator 

Thus V«=a*. V*=a*. 

On the other hand, mtdtiplying the fractional index i% 
equivalent to dhnding the number which is placed over the 
radical sign. 

Thus the square of i^a or a*, is ^a or a' ^ =a«. 
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293. 6. In algebraic calculations, we have sometimes 
occasion to seek for a factor, which multiplied into a given 
radical quantity, will render the product ratijonal. In the 
case of a simple radical, such a factor is easily found. For 
if the nth root of any quantity, be midtipliea by the same 
root raised to a power whose index is n - 1, the product will 
be the given quantity. 

A Sri 2. 
Thus J^a:XV*^*^^* X*" =a?*=a?. 

And (x+y) X(x+y) " =zx+y. 

So \/«XV«=«« -*Jid 5^axV^=V^'=^* 

1 9 

And {/ax{/^=^(h^<^' And (a+6)^ x(fl+6)'=a+*. 
And (x+y) *x (a:+y)*=a?+y. 

293. c. A factor which will produce a rational product, 
when multiplied into a binomial surd containing only the 
square root^ may be found by applying the principle, that 
the product of the sum and difference of two quantities, is 
equid to the difference of their squares. (Art. 235.) The 
binomial itself, after the sign which connects the teims is 
changed from + to-, or fiom-to-}-» ^vill be the factor 
required. 

Thus (A/a+yb) X (V« - V*) = V«* " A/6''=a - 6, which 
is free from radicals. 

So(l+V2)x(l-V2) = l-2=-l. 
And (S - 2V2) X (S+2V2) = L 

When the compound surd consists of mare than two terms, 
It may be reduced, by successive multiplications, first to a 
binomial surd, and then to a rational quantity. 

Thus ( VI - V2 - VS) X (VI 0+ V2+V3 ) = 5 - 2 V^j 
a binomial surd. 

And (5 - 2V6) X (5+2^6) = 1 . 
Therefore (VlO-y^-VS) multiplied into (yi0+\/2-f 
V3)X(5+2V6) = 1- 

293. d. It is sometimes desirable to clear from radical sign's 
the nimierator or denominator of a fraction. This may be 
effected, without altering the value of the fraction, if the 
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tratncrator and denominator be both multiplied by a factor 
which will render either of them rational, as the case may 
require. 

1. If both parts of the fraction ^^ be multiplied by V^ 

it will become V XV<* ^_£_^ j^ ^hicij the numerator is a 

rational quantity. 

Or if both parts^f the given fraction be multiplied by \/«, 

it will become jL-ff, in which the denanmiaior is rational. 
S. The f»..H»„ ft* _ 6^X(«+a:)» . t^X(a+x) ^ 

3. Thefmction^^=&±f)!±?=-3H:!L. 



a— 1 



4. The fraction -T=-? . 

jL -i n — I 



. »-' 






6. The fraction V^ - V^X(&+^/^) _2+3V2 

a-V2 (8-V2)(3+V2) 7 * 

6. The fraction ? - S(Vd+V2) _ .^ 

V5-V2 (V5-V2)(V«+V2) 

6 _ex5*_ 6 , — 

7. The fraction "J~"|::|::|— J V™- 

8. The fraction 

8 _ 8x(V8-V2-l)(-Vg) ^ 4 _ 

^+^2+1 (V*+V2+0(V*-V2-l)(-V2) 

2V6+2V2- 

9. Reduce — to a fraction having a rational denominator, 

10. Reduce ^""^ to a fraction having a rational denom- 

a+A/b 

ij»9\c* 

293. c. The arithmetical operation of finding the proximate 
value of a fractional surd, may be shortenedj by rendering 

12 
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either the numerator or the denominator rational. The root 
of a fraction is equal to the root of the numerator divided by 
the root of the denominator. (Art. 260.) 

Thus" /f!=5Z?. But this may be reduced to__JL_— 

W b syb V*XV«"'* 

or V^XVfc'-\ (Art. 293. d.) 
b 

The square root off! is ^ or _1-, or ^. 

\/0 \/a6 b 

When the fraction is thrown into this form, the process of 
extracting the root arithmeticaUy, will be confined either to 
the numerator, or to the denominator. 

Thus the square root of |=^=>^^ X V?^^^ 

Examples for pracHce. 

1. Find the 4th root of 81a*. 
8. Find the 6th root of (a+6) "'. 

8. Find the nth root of (a?-y) . 

4. Find the cube root of - 125a a^. 

5. Find the square root of -. 

9ahf^ 

6. Find the 6th root of ??f^. 

243 

7. Find the square root of «* - 6i«4-Sft' 

8. Find the square root of (f-\-ay^^ 

9 Reduce aa? to the form of the 6th root. 

10. Reduce ~Sy to the form of the cube root 

1 1. Reduce a* and or to a common index. 
13. Reduce 4^ and 6* to a common index. 

13. Reduce a and 6* to the common index . 

14. Red ice 2* and 4* to the common index*. 
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15. Remove a factor from V294. 

16. Remove a factor from \A?^-"oV. 

17. Find the sum and difference of \/l^^and \/4?Sil 

18. Find the sum and difference of iyldt and l/Si. 

19. Multiply 7VT8 into 5^4. 
»0. Multiply 4+2 V2 into 2 - yg. 

21. Multiply a{a+A/c)i into 6(a- VO* 

22. Multiply 2(a+6)" into 8(a+i)-. 

23. Divide 6 V54 by S V2. 

24. Divide 4^7^ by 2^18. 

25. Divide v7 by V7. 

26. Divide 8^612' by 4V2- 

27. Find the cube of 17V2i. 

28. Find the square of S+^/i. 
S9. Find tha 4th power of i^8. 

SO. Find the cube of V - \/fr. 

81. Find a factor which will make Syy rational. 

32. Find a factor which will make y 5 - \/« rational. 

33 Reduce ^L^ to a fraction having a rational numerator. 

34. Reduce jy — ^ to a fraction having a rational de- 
ftcminator. 
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SECTION X. 



REDUCTION OF EQUATIONS BY INVOLUTION 

AND EVOLUTION. 

Art. 294. IN an equation, the leltor wWcli expresses the 
unknown quantity is sometimes found under a radical sign. 
We may have ^jr=a. 

To clear this of the radical sign, let each member of the 
equation be 8(|uared, that is, multiplied into itself. We shall 
then have 

y/xXV^=^' Or, (Art. 289,) ap=a'. 

The equality of the sides is not affected by this operation, 
because each is only multiplied into itself, that is, equal quan- 
tities are multiplied into equal quantities. 

The same principle is applicable to any root whatever.— « 
If \/x=:a ; then a:=tf*. For by Art. 289, a root is raised to 
a power of the same name, by removing the index or radical 
sign. Hence, 

295. When the unknoww ^uawtitt i» urroEK a kadicai. 

SIGN, THE EQUATION IS REDUCED BT INVOLVING BOTH SIDE8» 

to a power of the same name, as the root exjn'essed by the 
radical sign. ^ 

It will generally be expedient to make the necessary trans- 
positions, before involving the quantities ; so that all those 
which are not under the radical sign may stand on one 
of the equation. 

Ex. 1. Reduce the equaticm \/^+^=9 

Transposing -f-4 \/x=9 - 4=5b 

Involving both sides jr=5'=25. 

• Reduce the equation a4-\/a;-6=({ 

By transposition, Jy/x=: d-f-fr - a 

By involution, ar= (i+b - a)" 



i 
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S. Reduce the equation \/x-\-l^A 

Involving both sides, x-\- 1 = 4*= 64 

And a: =63. 



4. Reduce the equation 4-|-SV^~^=®+4 

Clearing of fractions, 8-{-6\/^-* 4=13 
And a/x - 4=t. 

Involving both sides, » - 4=tf 

And xr^H-h^ 

6. Reduce the equation ^a"+\/^= ' . 

Multiplying by \/^'+\/^> a'+V*=^+^ 

And Va?=8-fd-a* 

Involving both sides, ar= (3+rf - <»')*• 

In the first step in this example, multiplying the first mem'- 

oer into \/^4"V^> ^^^^ ^3> ^"^^ itself, is the same as squar- 
ing it, which is done by taking away its radical sign. The 
other member being a fraction, is multiplied into a quantity 
equal to its denominator, by cancelling the denominator. 
(Art. 159.) There remains a radical sign over a?, which 
must be removed by involving both sides of the equation. 

6. Reduce S+2 V« - 1 = 6. Ans. a?=:fH. 

7. Reduce 4^^f =8. Ans. ar=20. 

8. Reduce (2a:+3)*4.4=7. Ans. a?=12. 

9. Reduce v'^2+ar=24-V^» -^^^* *=4- 

■ I . 25a 

10. Reduce \^a?-a=\/a:- J V^ ^^^' *^Tft* 

-^ a 

1 1. Reduce \^5 X V^+2 = i+\/5x. Ans. x=z ^^ 

SO 

12. Reduce iZ-2f « Vf Ans. «= -JL. 

^x X ^ I - a 

1$. Reduce V^+S8^V^+«8, Ans. «=4. 

12» 
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— fin 

14 Reduce ^^4" VM'^= —-■ — • ^^* x=^^ 

ftcf 

1& Reduce «4-V^'+^=^ '"7="*^* Ans. «=:a\/i* 




16. Reduce ar4-tf=V^+^Vfr*4-j^ An8.ar=B . 

17. Reduce V2+^+\/^==^===r- Ans. ar=|. 

1& Reduce Va: - S2= 16 - V^* Ans. «s8l. 
1 9. Reduce V4«+17=: 2\/'+^ Aus. x= 1 6. 

aEDUCTION OP EQUATIONS BY EVOLUTION. 

296. In many equati(»ifly the letter which expresses the 
VMknown quantity 10 involved to some power. Thua in th« 
equation 

a»=16 

we have the value of the square of x, but not of x itself. If 
the square root of both sides be extracted we shall have 

x=z4. 

The eqiudity of the members is not afifected by this rediic- 
ticm. For if two quantities or sets of quantities axe equals 
their roots are abo equal. 

If (af+«)*=fc+*> then«4"^=V^+*- Hence, 

S97. When the expression containing the unknown 

QUANTITT IS A POWER, THE EQUATION IS REDUCED BY EX- 
TRACTING THE ROOT OF BOTH SIDES, a Foot of the samc name 
as the power. 

Ex. 1. Reduce the equation 6-j-af*-8=:7 

By transposition ar'=74-8 - 6sss9 

By evolution x=±\/9=±S. 

The fiigns 4- ^^^ - ^^^ both jdaced before \/9, because 
an even root of an afSrmative quantity is ambiguous. (Art 
861.) 
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S. Reduce the equation 5a^-S0=^4-S4 

Transposing, &c. oc'slG 

By evolution, «=sl4. 

S. Reduce the equation, o-f-f-ssA-f. 

h d 

Clearing of fraetioDB, &c. «*-*^"°^ 

By evdulion, , ,-+( b^-'^ \i 

4. Reduce the equation, a4>ibr=: io-jf 

Tranqpoemg, &c. r = ]2zSi 

d^\ 

By evolution, «= ( J^"* j " 

298. From the preceding articles, it will be easy to see in 
what manner an equation is to be reduced, when the ex- 
pression containing the unknown quantity is a power, and at 
the same time under a radical sign ; that is, when it is a root 
of a power. Both involution and evolution will be necessary 
in this case. 

Ex. 1. Reduce the equation j^«*=:4. 

By involution d^=:4'=64 

By evolution x^±^^64ss±8. 

2. Reduce the equation i^«*-a= fc - d 

By involution oT - a= A* - ihd+f 

And ar=h*'-2hd+f+a 

By evolution zzs^hf- 2Acf+(f +a» 

3. Reduce the equation («4-o)*=-?!i — 

Multiplying by («- a)* (Art 279.) (i»-a*)i=a+6 
By involution a* - a'=rf+2ai4-6* 

Trans, and uniting terms 2'=:2£^4"2a64'^* 

By evolution «= (ia^^^-2ab^V)K 
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Problems, 

Prob. 1. A gentleman being asked his age, replied, '< If 
you add to it ten years, and extract the square root of the 
sum, and from this root subtract 2, the remainder will be 6.'* 
What was his age 1 

By the conditions of the problem \/a;-f- 10 -2=6 

By transposition, \^a;+10=6-f-?=S 

By involution, »+10=8*=64. 

And 0?= 64 -10=54. 



Proof (Art. 194.) v*4+10-2=6. 

Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extracted^ and from this 163 be 
subtracted, the remainder will be 237. What is the num- 
ber] 

Let a:= the number sought. 6=163 

a=22577 c=237. 

By the conditions proposed \/ar+a-6=c 

By transposition, \/ar-4-a=c+6 

By involution, ar+^= (c+6)' 

And x^{€"\'by'-a 

Restoring the numbers, (Art. 52.)a?=(2374-163)«-22577 
That is a?= 1 60000 - 22577= 1 37423. 



Proof VI 37423+22577 - 163=237. 

299. When an equation is reduced by extracting an even 
root of a quantity, the solution does not detennine whether 
the answer is positive or negative. (Art. 297.) But what 
is thus left ambiguous by the algebraic process, is frequently 
settled by the statement of the problem. 

Prob. 3. A merchant gains in trade a sum, to which 320 
dollars bears the same proportion as five times this sum does 
to 2500. What is the amount gained ? 

Let :r=the sum required. 
a=S20. 
6=2500. 
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By the supposition aixiiSx ib 

Multiplying the extremes and means 5x^=sab 

And ^=(t)* 

Restoring the numbers, x= /^^QXg500 j J _ 400 

Here the answer is not marked as ambiguous, because by 
the statement of the problem it is ^om, and not loss. It 
must therefore be positive. This might be determined, in 
the present instance, even from the algebraic process. 
Whenever the root of x^ is ambiguous, it is because we are 
ignorant whether the power has been produced by the mul- 
tiplication of +a?, or of - Xy into itself. (Art. 262.) But 
here we have the multiplication actually performed. By 
turning back U> the two first steps of the equation, we find 
that 5x^ was produced by multiplying 5x into :r, that is -\'5x 
into 4"^- 

Prob. 4. The distance to a certain place is such, that if 
96 be subtracted from the square of the number of miles, the 
remainder will be 48. What is the distance 1 

Let ssm th» dieietnee required. 

By the supposition ap* - 96 = 48 

Therefore 9= Vl^^== 1^* 

Prob. 5. If three times the square of a certain number be 
divided by four, and if the quotient be diminished by 12, the 
remainder will be 180. What is the number 1 

By the supposition — - 12=180. 

4 

Therefore «= V2d6 =16. 

Prob. 6. What number is that, the fourth part of whose 
square being subtracted from 8, leaves a remamder equal tc 
four 1 Ans. 4. 

* Prob. 7. What two numbers are those, whose siun is to the 
greater as 10 to 7 ; and whose sum multiplied into the les^ 
produces 270 1 

Let 10a;= their sum. 

Then 7ap=the greater, and 3x=the less. 

Therefore a;=3, and the numbers required are SI and 9 
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Prob. 8. What two numbers are those, whose di£^rence » 
to the greater as 2 : 9» and the difference of whose squares 
is 1281 Ans. 18andl4. 

Prob. 9. It is required to divide the number 18 into two 
such parts, that the squares of those parts may be to each 
other as 25 to 16. 

Let 0?= the greater parU Then 18 - ivr=the less. 

By the condition proposed «" : (18 - a?)' : : 25 : 16. 

Therefore 16«*=:25 X (18 - x)\ 
By evolution 4«=5 x (18 - x.) 

And ar= 10. 

Prob. 10. It is required to divide the njumber 14 into two 
such parts, that tlie quotient of the greater divided by the 
less, may be to the quotient of the less divided by the greatecy 
as 16 : 9. Ans. The parts are 8 and 6. ' 

Prob. 11. What two numbers are as 5 to 4, the sum of 
whose cubes is 5103 1 

Let 5x and 4ap=the two numbers. 

Then a?— 3, and the ai»»ber& ar4» IS and IfL 

Prob. 12. Two travellers «5 and B set out to meet each 
dther, Jt leaving the town O, at the same time that B lefL D, 
They travelled the direct road between C and D; and on 
meeting, it appeared that .5 had travelled 18 miles more 
than B, and tnat A could have gone B*& distance in loi days, 
but B would have been 28 days in going j5Ps distance. Re- 
quired the distance between C and D. 

Let a;=:the number of miles A travelled. 
Then a?- 18= the number B travelled. 

— — =JTs daily progress. 

— = JB^s daily progress. 

Therefore «: ar- 18: : izH: ±. 

15} 28 

This reduced gives a: =72, jTs distance. 

The whole distance, therefore, from C to D=126 miles. 
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Prob. 13. Find two numbers which are to each other as 8 
to 5, and whose product is 360. Ans. 24 and 15. 

Prob. 14. A gentleman bought two pieces of silk, which 
together measured 36 yards. Each of them cost as many 
Rhillings by the yard, as there were yards in the piece, and 
their whole prices were as 4 to 1. What were the lengths 
of tlie pieces i Ans. 24 and 12 yards. 

Prob. 15. Find two numbers which are to each other as 
3 to 2 ; and the difTerence of whose fourth pjwers is to the 
jsum of their cubes, as 26 to 7. 

Ans. The numbers are 6 and 4. 

Prob. 16. Several gentlemen made an excursion, each 
taking the same sum of money. Each had as many sei'vants 
attending him as there were gentlemen ; the number of dol« 
lars which each had was double the number of all the ser- 
vants, and the whole sum of money taken out was 3456 dol- 
lars. How many gentlemen were there? Ans. 12. 

Prob, 17. A detachment of soldiers from a regiment being 
ordered to march on a particular service, each company fur« 
nished four times as many men as there were companies in 
the whole regiment ; but these being found insufficient, each 
company furnished three men more ; when their number was 
found to be increased in the ratio of 17 to 16. How many 
companies were there in the regiment? Ans. 12. 

AFFECTED QUADRATIC EQUATIONS. 

300. Equations are divided into classes, which are distin- 
guished from each other by the power of the letter that ex- 
presses the unknown quantity. Those which contain only 
the first power of the unknown quantity are called equations 
of one dimemumy or equations of the first degree. Those in 
whicli the highest power of the unknown quantity is a sqtuirey 
are called quadrcUiCi or equations of the seamd degree; 
those in which the highest power is a cti6«, eouations of the 
third degree^ &c. 

Thus x^a-^-by is an equation of the first degree. 

x^=:Cy and ar'4"^^=^> ^^® qtmdratic equations, o) 
equations of the second degree. 

a:*=A, and j?+ax^-\-bx=dy are cubic equations, oi 
uations of the third degree. 
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801. Equations are also divided into pure and ejected 
equations. A |>ure equation contains only one power of the 
unknown quantity. Tins may be tlie first, second, third, or 
any other power. An afiected equation contains different 
patoers of the unknown quantity. Tlius, 

S3^=:zd - 6, is a pure quadratic equation. 
a?-\-bx =d, an affected quadratic equation. 
x^=b - c, a pure cubic equation. 
x^-{'aa?-\-bx=hf an affected cubic equation. 

A pure equation is also called a simple equation. But this 
term iias been appUed in too vague a manner. By some 
writers, it is extended to pure equations of every degree ; by 
others, it is confined to those of the first degree. 

In a pure equation, all the terms which contain the un- 
known quantity may be united in one, (Art. 185,) and the 
equation, however complicated in other respects, may be re- 
duced by the rules which have already been given. But in 
an affected equation, as the unknown quantity is raised to de- 
ferent poieersy Uie terms containing these powers cannot be 
united. - (Art. 230.) There are particular rules for the reduc- 
tion of quadratic, cubic, and biquadratic equations. Of these, 
only the firat will be considered at present. 

302. An apfected quadratic equation is one which 

CONTAINS the UNKNOWN QUANTITY IN ONE TERM, AND TUK 
SQUARE OF THAT QUANTITY IN ANOTHER TERM. 

The unknown quantity may be originally in several terms 
of the equation. But all these may be reduced to two, one 
containing the unknown quantity, and the other Its sijuare. 

303. It has already been shown that a pure quadratic is 
solved by extracting the root of both sides of tJie equation. An 
affected quadratic may be solved in the same way, if the 
member which contains the' unknown quantity is an exact 
square. Thus the equation 

a!'+2ax+d'=zb+h. 

may be reduced by evolution. For the first member is the 
square of a binomial quantity. (Art. 264.) And its root is 
«4-a. Therefore, 

x-^a=^b'\-hf and by transposing a. 
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804. But it is not often the case, that a member of an af- 
fected quadratic ejiuation is an exact square, till an addi- 
tional term is a{q[riied, for the purpose of making the required 
reduction. In the equation 

a?-{-2ax=sb 

the side containing the unknown quantity is not a complete 
square. The two terms of which it is composed are indeed 
such as might belong to the square of a binomial quantit j. 
(Art. 214.) But one term is wanting. We have then to in- 
quire, in what way this may be supplied. From having iw9 
terms of the square of a bmomial given, how shall we &nd 
thet&tretf 

Of tlie three terms, two are complete powers, and the 
other is twice the product of the roots of these powers; (Art 
214,) or which is the same thing, the product of one of 'liaB 
roots into twice the other. In the expressiea 

the term 2ax consists of the factors 2a and z. The latter m 
the unknown quantity* The other factor 2a may be consid- 
ered the co^efficimi of the unknown quantity ; a co-efficienC 
being another name for a factor. (Art. 41.) As ar is the 
root of the first term a? ; the other factor 2a is tvnee the root 
of the third terra, which is wanted to complete the square* 
Therefore half 2a is the root of the deficient term* and o^ « 
Che term itsell The square completed is 

j:*-f-2aa:+«% 

where it will be seen that the last term tf is the square of 
half 2a» and 2a is the coefficient oi x^ the root of Ihe firgt 
term. 

In the same manner, it may be proved, that the last immk 
of the square of any binomial quantity, is equal to the square 
of half the co-efficient of the root of the first term. From 
this principle is derived the fdlowing rule : 

305. To COMPLETE THE SQUARE in an affected quadratic 
equation : take the square of half the co-EFFicnifT of 

THE FIRST POWER OF THE UNKNOWN QUANTITY^ AND ADD MT 
TO BOTH SIDES OF THE EQUATION. 

Sefore ccmipleting the square, the known and unknowH 
quantities must be bought on opposite sides of the equation 

& 
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by transpoBition ; and the highest power of the unknown 
quantity must have the affirmative sign, and be cleared of 
fractions, co-efficients, &c. See Arts. 308, 9, 10, 11, 

Afier the square is completed, the equation is reduced, by 
extracting the square root of both sides, and transposing the 
known part of the binomial root. (Art. 303.) 

The quantity which is added to one side of the equation^ 
to complete the square, must be added to the other side also^ 
to preserve the equaUty of the two members. (Ax. 1.) 

S06. It will be important for the learner to distinguish be- 
tween what is pectJiar in the reduction of quadratic equa- 
tions, and what is common to this and the other kinds which 
have already been considered. The peculiar part, in the 
resolution of affected quadratics, is the completing of the 
ifuare. The other steps are similar to those by which pure 
equations are reduced. 

For the purpose of rendering the completing of the square 
familiar, there will be an advantage in beginning with exam- 
(Aes in which the equation is already prepared for this step. 

Ex. 1. Reduce the equation s?'-\'6ax=ib 

' Completing the square, fl^-4~^^+^^^~9^'+^ 



Extracting both sides (Art. 303.) ar4-3a=±\/9fl?-f 4 

And ar= - 3a±V9a«+6. 

Here the co-efficient of ar, in the first step, is 6a ; 

The square of half this is 9a*, which being added to both 
sides completes the square. The equation is then reduced 
by extracting the root of each member, in the same manner 
as in Art. 297, excepting that the square here being that of 
a bmomdlf its root is found by the rule in Art. 265. 

2. Reduce the equation x^ -Sbx^h 

Completing the square, a;* - Qbx-^- 1 66*= 1 66'+ A 

Extracting both sides « - 46 =i\/166'+fc 

And ir=46±V166«+A. 

In this example, half the co-efficient of x is 46, the square 
of which 166' is to be added to both sides of the equation. 
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S. Reduce the equation a?'^ax=:b'\-h 

Completing the square, ^E^^-ox-f -. = ^4.&-|.& 

4 4 

By evolution «+?=+ (i*+6+A)* 

And x=.|±(|+H.&)*. 

4. Reduce the equation ai' « x= A - d 
Completing the square, gf^X'{'^ssi^h^d 

And «=i±(J+A-cO*. 

Here the co-efficient of « is 1, the square of half which ir ^ 

5. Reduce the equation ~ :^^S»szd^6 
Completing the square, «'^3x-|--f =f +<H~^ 
And «=-f±(^fctf6)*. 

6. Reduce the equation «*-a6«s=a6-ccI 

Completing the square, x'-oA^-f'— ^^—^^""^ 

4 4 

And x=p:(f^+ab ^ cAK 



ax 



7, Reduce the equation a:*-f-— =^ 

6 



oaf . a* a* 



Completing the squaie, a;^4-zi-|-_ =_-}-* 



b ' 46» AV 



And :p=-£if^+A\*, 

By Art. 158, ^=^x«. The co-efficient of a^ theiefore^ 



18 £• Half of this is SL (Art. IGS.) the square of which ii 
o So 
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& Reduce the equation sf-^z^lk. 



9 1 1 

CompletiDg the square, a* - --{—-- =-----{-Tk. 

Here the fraction -=:ix». (Art. 158.) Therefore the 

b b 

co-efficient of x is .. 

b 

307. In these and similar instances^ the root of the third 
term of the completed square is easily found, because this 
root is the same half co-efficient from wliich the term lias 
just been deriYed. (Art. 304.) Thus in tlie last example, 

half the co-efficient, of ^via _., and this, ia the, jroU:Df the 

26 

third term —. j 

308. When the first power of the unknown quantity is in 
ieveral termSf these should be united in. one, if they can be 
by the rules for reduction in addition. But if there are lUe^ 
ral oo-effieients, these may be considered as constituting, to- 
gether, a compound co-efficient or factor, into which the un- 
known quantity is multiplied. 

Thus ax+bx-\'dx:={a+b+d)xx^ (Art. 120.) The 
square of half this compound co-efficient is to be added to 
both sides of the equation. 

1. Reduce the equation :r'-{-3a7-j-2ii?-|-apr=(i 
Uniting terms ar*-|-6ap=d 

Completing the square ar*4"®*+^=^+^ 
And ar= - S+VH^. 

3^ Reduce the equation x^-^-ax-^bx^rzh 
By Art. 120. x^+{a+b) Xx=h 

Therefore x^+ (a+b) Xx+ [^) " = (^) +* 
ByevohitioB «+±ii==± //?+*]* -{-A 



And «=«^ 

2 



vm"+'- 
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> 

S. Reduce the equation ^^ax -- xs^b 
By Art 120 »«+(a-l)Xa?=ft 

Therefore x^+{a^ l)xx+ (^)*= (^) +* 

509. After becoming familiar with the method of complet- 
ing the square, in affected quadratic equations, it will bo 
proper to attend to the steps which are preparatory to this. 
Here, howeyer, little more is necessary, than an application 
of rules already given. The known and unknown quanti- 
ties must be brought on opposite sides of the equation by 
transposition. And it will generally be expedient to make 
the square of the unknown quantity the first or leading tenn, 
as in the preceding examples. This indeed is not essentiaL 
But it will show» to the best advantage, the arrangement of 
the terms in the completed square. 

1 . Reduce the equation <i^5x - Sb=zSx - x^ 
Transp. and uniting terms a;'4-^^=^^ " ^ 
Completing the square «*+ 2a?+ 1 = l+3&- a 
And x=: - l±vl +S* - a. 

X 36 

2. Reduce the equation ^ = 4 

^ 5 x+2 

Clearing of fractions, d>c. 3!^-\'lOx=:5Q 

Completing the square a^+lOx+25 =25+56 =61 

And x= - 5±y/&l =- 5+9. 

510. If the Idghest power of the unknown quantity ha9 
any co-efficienty or divisor, it must, before the square is comp 
pleted, by the rule in Art. 305, be freed from these, by mul& 
plication or diyisicxi, as in Arts. 180 and 184. 

1 . Reduce the equation x'+Ma - 6A=r 1 2« -« 6s^ 
Transp. and uniting terms^ 6a: - 12a?=6ft- 24a 
Dividing by 6, «»- 2x=fc- 4a 

Completing the square, a? - 2x+l = 14-^ - 4a 
Extracting and transp. ar= liy/l + A - 4a. 
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S. Reduce the equation A+8x=rf-_ 

a 

Clearing of fractions ba^-^-^ax^zad - ah 
Dividing by i, :r»+??f = ^^^^ 

Therefore ^.2aa:, a>^a« grf-gft 

And * x^^^+(^+etL^h\i. 

b-W^ b j 

311. If the square of the unknown quantity is in severat 
termsy the equation must be divided by M tlie co-eflacientai 
of this square, as in Art. 185. 

1. Reduce the equation bx^'{-dx* - 4x= fc - jfc 

Dividing by b+d, (Art. 121.) a? - J^ =blh. 

b-^-d b-^-d 

Therefore x=:J^+ /lIlVlE}^ 

fc+rf-V \b+d) ^b+d 

2. Redtice the equation aar'+ar=A4-3ar-a;'* 
TlBnsp. and uniting terms oai^+a?*- 2x=t 

Dividing by a+1,- x'-JfL^A, 

a-\-l a+1 

Comp. the square ar»- -^4. (J—Y=: (-1 W * 

g+l^la+l/ U+l/^g+ r 

Extracting and transp. a:= +^ //_L.V4— A-. 

*^ a+l-V U+l/^a+r 

There is another method of completing the square, which, 
m many cases, particularly those in which the higiiest power 
of the unknown quantity has a co-cfficient, is more simple 
in its application, than that given in Art. 305* 

Let aa^-^-bx^d. 
If the equation be multiplied by 4a, and if fc* be added to 
both sides, it will become 

4x^:if-\^4abx+Vz^4ad+V ; 
(he first member of which is a complete power of 2ax-4r6. 
Hence, 

311. 6. In a quadratic equation, the square may be com- 
pleted, by multiplying the equation into 4 times the co-efflU 



QUADRATIC EQUATIONS. 143 

dent of the highest power of the unknown quantity and ad- 
ding to both sides, the square of the co-efficient of the lowest 
power. 

The advantage of this method is, that it avoids the intro- 
duction of fractionsy in completing the square. 

This win be seen, by solving an equation by both methoda» 

Let aaf'\'dx^h. 

Completing the square by the rule just given ; 

Extracting the root %aX'\-d^t^/^ah-\-df 
And x= -^^t^^^ 

Completing the square of the given equation by Arts. 305 

and 810; ««+^+^=*+iC. 

a 4a a 4a* 



Extracting the root ^+-^^±a. /-+— - 

And x=.jL±^/5?... 

If a=l, the rule will be reduced to this : ^^ Multiply the 
equation by 4, and add to both sides the square of the co» 
efficient of x.** 

Lei 3^'{'dx=.h 
Completing the square 4a^'{-4dX'^JP=: 4&-4-^ 

Extracting the root Sx-fd = tV^M-' 

And ,^z*A^?. 



1. Reduce the equation Sor'-j-^^^^^ 

Coixipleting the square S6sf+60x+2&=:i529 
- Therefore «=S» 

S. Reduce the equation «■- I5a:= -64 

Completing the square 4of - G0ar4.225 = d 
Therefore «ar=: 16±S= 18 or 1^. 

312. In the square of a binomial, the first and last term* 
are always poritive* For each is the square of one of Iht 
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tenns of tlie m^t (Art. 214) But every sqivure Ls posiftm. 
(Art 218.) If then - a? occurs in an equation, it cannot, with 
this sign, form a part of the square of a binomial. But if 
all the signs in tlie equation be changed, the equality of the 
sides will be preserved, (Art. 177,) the term ~ a? wil2 become 
positive, and the square may be completed. 

1 . Reduce the equation - a?-^ 2a? = d - A 
Changing all the signs a? - 2a?= h-d 
Therefore «=1±V^+A^ 

2. Reduce the equatien 4a?-a^= - 12 

Ans. x=r2JV^6. 

313. In a quadratic equation, the first term a^ is the square 
of a single letter. But a binomial quantity may consist of 
tenns, one or both of which are already powers. 

Thus jc^-j* A is a binomial, and its square is 

where the index of x in the first term is twice as great as m 
the second. When the third term is deficient, the square 
may be completed in the same manner as that of any other 
binomial. For the middle term is twice the product of the 
roots of the two others. 

So the square of sf^-^-a^ is a?^'^2aaf-\-(:f. 

And the square of »"4-^ is ap*+^**+^'« 
Therefore, 

314. Ant equation which contains only two dif- 
ferent POWERS OR ROOT* OF THE UNKNOWN QUANTITY, 

THE INDEX OF ONE OF WHICH IS TWICE THAT OF THE 
OTHER, MAT BE RESOLVED IN THE SAME MANNER AS A QUA- 
DRATIC EQUATION, BY COMPLETING THE SQUARE. 

It must be observed, however, that in the binomial root, 
the letter expressing the unknown quantity may still have e 
fractional or integral index, so that a farther extraction, ac 
cordmg to Art. 297, may be necessary. 

1 . Reduce the equation ** — a?= 6 - a 

Completing the square x* - a?+ J = J-f ' "" ^ 

Bxtracting and transposing a^= j^t y^-f-^ ~ ^ 

Extaractlng again, (Art, 297,> a:^±ViiV(4+6 - ») 
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2. Reduce the equation a^''-46a;"=a 

Answer x=±J^26±V(46^+ o.) 

8. Reduce the equation ar4-4>^ar=fc-n 

Completing the square a:+4/^«+4 = A - fi4-4 

Extracting and transp. /y/a?= - 2±\/A- »»+4 

Involving ap= ( - 2±\^A - n4-4)*. 

X JL 

4. Reduce the equation x'*'\-Sx*^a^b 

Completing the square . ar" -f-8a^" +16= a-[-6+ 1 6 

JL - 

Extracting and transp. » " = - 4±\/a+6+ 1 6 

Involving x= ( - 4±V«+ft+16)". 

316. The solution of a quadratic equation, whether pure 
or affected, gives two results. For after the equation is re- 
duced, it ccmtAins an ambiguous root. In a pure quadratic, 
this root is the UDhole value of the unknown quantity. (Art. 
897.) 

Thus the equation a:'=64 

Becomes, when reduced a=:±\/64. 

That is, the value of x is either +8 or - 8, for each of 
these is a root of 64. Here both the values of x are the 
same, except that they have contrary signs. This will be 
the case in every pure quadratic equation, because the whole 
of the second member is under the radical sign. The two 
values of the unknown quantity will be aUke, except that 
one will be positive, and the other negative. 

316. But in affected quadratics, a part only of one side of 
tlie reduced equation is under the raoical sign. When this 
part is added to, or subtracted from, that which is without 
the radical sign ; tJie two results will differ in quantity, and 
will have their signs in some cases alike, and in others un« 
like. 

1 . The equation af^-\'8x = 20 

Becomes when reduced, x= - 4±\/16+20. 
That is «= - 4±6. 

Here the first value of x is, - 4+6 =+2 > one positive, and 
And the second is -4-6=-10j the other negative. 
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2. The equation a? - 8x==_-J6 

Becomes when reduced, a?=:4±\/16 - 15 
That is a?=4±l 

Here the first value of a? is 4+1 =+5 ) , v ^^uw^ 
And the second is 4 - 1 =+3 5 ^^^ posiUve. 

That these two values of x are correctly found, may be 
proved, by substituting first one and then the other, for x it* 
self, in the original equation. (Art. 194.) 

Thus 5'- 8x5=25-40= -15 

And3'-8x3=9-24=-15. 

317. In the reduction of an affected quadratic equation^ 
the value of tlie unknown quantity is frequently found to be 
imaginary. 

Thus the equation ar* - 8af = - 20 

Becomes, when reduced, a:=4±\/16-20 

That is, ar=4±V-4. 

Here the root of the negative quantity - 4 can not be as- 
signed, (Art. 263,) and therefore the value of x can not be 
found. There will be the same impossibility, in every in- 
stance in which the negative part of the quantities under the 
radical sign is greater than the positive part.^ 

318. Whenever one of the values of the unknown quan* 
tity, in a quadratic equation, is imaginary, the other is so 
also. For both are equally affected by the imaginary root. 

Thus in the example above 

The first value of a: is • 4-f \/ - 4, 

And the second is 4 - \/ - 4 ; each of which 
contains the imaginary quantity V" "*• 

31 d. An equation which when reduced contains an ima- 
ginary vobt, is often of use, to enable us to determine whether 
a proposcvi question admits of an answer, or involves an ab- 
surdity. 

Suppose it is required to divide 8 into two such parts, that 
the product will be 20. 



♦ See Note G. 
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If X is one of the parts, the other will be 8 -d?. (Art. 195.) 
By the conditions proposed (8 - «) x a?= 20 

This becomes, when reduced, a:=:4i>\/-4. 

Here the imaginary expression \^-^4 shows that an an- 
swer is impossible ; and tnat there is an absurdity in suppo- 
sing that 8 may be divided into two such parts, that their 
product shall be 20. 

320. Although a quadratic equation has two solutions, yet 
both these may not always be applicable to the subject pro- 
posed. The quantity under the radical sign may be produced 
either from a positive or a negative root. But both these roots 
may not, in every instance, belong to the problem to be sol- 
ved. See Art. 299. 

Divide the number 30 into two such parts, that their pro- 
duct may be equal to 8 times their difference. 

If x=z the lesser part, then 30 - x=z the greater. 

By the supposition, a? X (SO - ar) = 8 X (30 - 2x) 

This reduced, gives a:=2S±17=40 or 6= the lesser part. 

But as 40 cannot be a part of 30, the problem can have 
but one real solution, making the lesser part 6, and the greater 
part 24. 

Examples of Quadratic EqtuUums. 

1. Reduce 3a:^ - 9a: - 4=80. Ans. ap=s 7, or - 4. 

2. Reduce 4a? - ^Llf =46. Ans. ar= 12, or - j 

X 

3. Reduce 4ap- liz£=14. Ans. aFs=4, or -f. 

a:+l 

4. Reduce 6«-?^=:2a?+*f^ Ans. a:=4, or - 1. 

a?— 3 



5. Reduce l£-12?rif=S. Am. x=4, or ii,. 

it ir 

6. Reduce ^^4-\ = 10 - ~. Ana «= 12, or 6. 

x-i » 

7. Reduce fii-—=lf±I-l. Ana. «=21, or ft. 

S «-3 9 
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8. Reduf?e , ^^"^j, =a?-8. Ana. a?=l, or- 28. 

«*- 6ar+9 

9. Reduce JL.+?=S. Ans. ar=2, 

10. Reduce Jl--?nl=«-9. Ans. x=10. 

a:4-2 6 



a; . a 



11. Reduce i+-=f . Ans. «= l+Vl - c^ 

a a; a 



12. Reduce ar*4.iw;'=*. Ans. «= (^^±^b+^\^ 

13. Reduce ?!-^=-JL Ans. «=i/i- 

2 4 82 ^^ 

14. Reduce 2ar+8a?*= 2. Ans. a?=i. 

15. Reduce iar-i\^:r=:22i. Ans. ar=49. 

1 6. Reduce 2x* - a;'4-96 i= 99. Ans. «= i V^ ' 

17. Reduce (10+a:)i-(10+«)i=2. Ans. a:=:6. 

18. Reduce 3«*'-2a;^=8. Ans. a:=^2. 

1 9. Reduce 2(l+a; - a^) - \/T+x^=: - i. 

Ans. ar=i-fiV41 

20. Reduce J^/** -•*=*-*• •^^^*^- '^six/"?*!"* 

21. Raduce V^+^^lzVl Ans. ,=4. 

22. Reduce «*+a?*=756. Ans. «=:243. 



21 



28. Reduce \/2a?+14-2V«=-.=r-i Ans. «=4. 

24. Reduce 2V«--«+SV^=^^^^- Ans. ar=9a. 

25. Reduce ar+16-7Vap+18==10-4V^+16. Ans.ar=9 

86. Reduce V*'+V*'= 6 V*- 

Dividing by \/*> a!*4"*==^* Ans. «=2. 



(lUADRATIG JESqUATIONS. 149 

87. Reduce 4^.|fzI=?H::?l Ans. x:^ft. 

X Sx+7 18a? 

Sa Reduce — ^ i_=:ll. Ans. ar=3. 

6a:- «* «*+2ar 5a: • 

29. Reduce (x^-d) -3(a:-5)*=40. Ans. «=9. 
SO. Reduce «+ \/« -{-6=8+3 V«+^- Ans. ar=10. 

PROBLEMS PRODUCING ttUADRATIC EttUATIONS. 

Prob. 1. A merchant has a piece of cotton cloth, and a 
piece of silk. The number of yards in both is 110 : and if 
the square of the number of yards of silk be subtracted from 80 
times the number of yards of cotton, th« difference will be 
400. How many 3rard3 are there in each piece % 

Let «= the yards of silk. 

Then 110-ar=: the yards of cotton« 

By supposition 400c=80x(UO-a:) -a* 
Therefore x= - 40JVioooo= - 40+100, 

The first value of ar, is - 40+100=60, the 5^ards of silk; 

And 110-a:=110-60=50, the yards of cotton. 

The second value of ap, is - 40 - 100= - 140 ; but as this 
is a negative quantity, it is not applicable to goods which a 
man has in his possession. 

Prob. 8. The ages of two brothers are such, that their sum 
is 46 years, and their product 500. What is the age of each t 

Ans. 85 and 80 years. 

Prob. S. To find two numbers such, that their difference 
shall be 4, and their product 117. 

Let ajsss one number, and a;+4= the other. 

By the conditions («+4) X «= 1 1 7. 

This reduced, gives » « - 8±\/i5i « - 2il 1 . 

One of the numbers therefore is 9, and the other IS. 

Prob. 4. A merchant having sold a jnece of cloth which 
cost hhn 30 dollars, found that if the price for which he m»f 
it were multiplied by his ffam, the product would be equai w 
the cube of his gain. What was his gain t 
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Let atb the gain. 
Then 30-{>a;= the price for which the cloth was sold 
By the statement x^^ (SO+x) x« 

Therefore a?« J±vFp0-JiV 

The first value of ar is J+V -+6. ) 
The second value is J--y--»-5. J 

As the last answer is negatke^ it is to he rejected as inc<m- 
ristent with the nature of the problem, (Art. S20.) for. gam 
must be considered positive. 

Prob. 6. To find two numbers whose difference shall be 8, 
and the difference of their cubes 117. 

Let a; as the less number. 
Then x-^S « the greater. 

By supposition (^+^)' - ^^ 1 ^"^ 

lipanding {x+Sy (Art. 217.) 9ar«+27a?«m- 27-90 

And a?« - ftV^*- -ti*- 

The two numbers, therefore, aie 2 and 5. 

Prob. 6. To find two numbers whose difference shall be 
12, and the sum of their squares 1424. 

Ans. The numbers are 20 and 32. 

Prob. 7. Two persons draw prizes in a lottery, the differ- 
ence of which is 120 dollars, and the greater is to the less, 
as the less to 10. What are the prizes 1 

Ans. 40 and 160. 

Prob. 8. What two numbers are those whose sum is 6, and 
the sum of their cubes 72 1 Ans. 2 and 4. 

Prob. 9. Divide the number 56 into two such parts, that 
their product shall be 640. 

Putting X for one of the parts, we have, a?»2d±12=s40 or 
16. 

In this case, the two values of the unknown quantity are 
the two parts into which the given number was required to 
be divided. 

Prob. 10. A gentleman bought a number of pieces of cloth 
for 675 dollars, which he sold again at 48 dollars by the piece, 
and gained by the bargain as much as one piece cost him. 
What was the number of pieces 1 Ans. 15, 
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Prob. l\, A and B started together, for a place 150 mile« 
distant, .^s hourly progress was 3 miles more than jB's, and 
he arrived at his journey's end 8 hours and 20 minutes before 
B. What was the hourly progress of each I 

Ans. 9 and 6 miles. 

Prob. 12. The difference of two numbers is 6 ; and if 49 
be added to twice the square of the less, it will be equcd to 
the square of the greater. What are the numbers 1 

Ans. 17 and 11. 

Prob. 13. .id and B distributed 1200 dollars each, among 
a certain number of persons. A relieved 40 persons more 
than By and B gave to each individual 5 dollars more than 
Jt. How many were relieved by »S and B ? 

Ans. 120 by .4, and 80 by B. 

Prob. 14. Find two numbers whose sum is 10, and the sum 
of their squares 58. Ans. 7 and 3. 

Prob. 15. Several gentlemen made a purchase in company 
for 175 dollars. Two of them having withdrawn, the bill 
was paid by the others, each furnishing 10 dollars niore than 
would have been his equal share if the bill had been paid by 
the whole company. What was the number in the company 
at first 1 Ans. 7. 

Prob. 16. A merchant bought several yards of linen for 
60 dollars, out of which he reserved 15 yards, and sold the 
remainder for 54 dollars, gaining 10 cents a yard. How 
many yards did he buy, and at what price 1 

Ans. 75 yards, at 80 cents a yard. 

Prob. 17. ^ and B set out from two towns, which were 
247 miles distant, and travelled the direct road till they met, 
j3 went 9 miles a day ; and the number of days which they 
travelled before meeting, was greater by 3, than the niunber 
of miles which B went in a day. How many miles did each 
travel ? Ans. A went 117, and J? 130 miles. 

Prob. 18. A gentleman bought two pieces of cloth, the 
finer of which cost 4 shillings a yard more than the other. 
The finer piece cost iSl8 ; but the coarser one, which was 2 
yards longer than the finer, cost only £16. How many 
yards were there in each piece, and what was the price of a 
yard of each ? 

Ans. There were 18 yards of the finer piece, and 20 of the 
coarser ; and the prices were 20 and 1 6 snillings* 



\ 
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But cases frequently occur, in which several miknown 
Quantities are introduced into the same calculation. And if 
the problem is of such a nature as to admit of a determinate 
answer, there will arise from the conditions, as many equa« 
tions independent of each other, as there are unknown quan- 
tities. 

Equations are said to be independent^ when they express 
different conditions ; and dependent^ when they express the 
same conditions under different forms. The former are not 
convertible into each other. But the latter may be changed 
from one form to the other, by the methods of reduction 
which have been considered. Thus 6 -a:=y, and 6=i/4-a?, 
are dependent equations, because one is formed from the 
9ther by merely transposing x, 

323. In solving a problem, it ib necessary first to find the 
value of one of the unknown quantities, and then of the 
others in succession. To do this^ we must derive from the 
equations which are given, a new equation, from which all 
the unknown quantities except one shall be excluded. 

Suppose the following equations are given, 

1. a?4-y=14 

2. a:-i/=2. 
IF y be transposed in each, they will become 

1. a:=:14-y 

2. ar=2+y. 

Here the first member of each of the equations is ar, and 
the second member of each is t^^jkci to x. But accor^g to 
axiom 11th, quantities which are respectively equal to any 
other quantity are equal to each other ; therefore, 

2+y=14-y. 

Here we have a new equation, which contains only the 
unknown quantity y. Hence, 

S24. Rule I. To exterminate one of two unknown quan- 
tities, and deduce one equation from two ; Find the value 

OF ONE OF THE UNKNOWN QUANTITIES IN EACH OF THE EQUA- 
TIONS, AND FORM A NEW EQUATION BT MAKING ONE OF THBSE 
VALUES EQUAL TO THE OTHER. 

That quantity which is the least involved should be (1m 
(me which is chosen to be exterminated. 
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For the convenience of referring to diflferent parts of a so- 
lution, the several steps will, in future he numbered. When 
an equation is formed from one immediatety preceding, it will 
be unnecessary to specify it. In other cases, the number of 
the equation or equations from which a new one is derived, 
will be referred to. 

Prob. 1. To find two numbers such, that 
Their sum shall be 24 ; and 
The greater shall be equal to five times the less. 

Let 0?= the greater; And yr= the less. 

1. By the first condition, ar-|-y=24 > 

2. By the second, x=:5y 5 

3. Transp. y in the first equation, x=24 -y 

4. Making the 2d and 3d equal, 5^=24 -y 

5. And y=4, the less number 

Prob. 2. To find one of two quantities. 
Whose sum is equal to h; and 
The difference of whose squares is equal to d. 

Let a;= the greater quantity ; And y= the less. 

1. By the first condition, x-^-y^k > 

2. By the second,^ «*-y*=d j 

3. Transp. y*in the 2d equation, «*=i4-y* 



4. By evolution, (Art. 297.) x^A^d^y* 

5. Trans, y in the first equation, xsizh-y 

6. Making the 4th and 5th equal, ^yd^y^^k^y 

7. Therefore y=:—^. 

Prob. 3. Given ax+by:=h > ^^ ^^ ^ y^ti^. 
And x+y=d J ^ ^ b-a 

325 The rule given above may be generally applied, for 
the extermination of unknown quantities. But tnere are 
cases in which other methods will be found more expeditious. 

Suppose x=ihy ) 
Andf aX'\'bx^y* J 
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As in the first of these equations x is equal to Ay, we may 
in the second equation subsiUute this value of x instead of 
X itself. The second equation will then be converted into 

ahy+bhy=yK 

The equality of the two sides is not affected by this alter- 
ation, because we only change one quantity x for another 
wliich is equal to it. By this means we obtain an equation 
which contains only one unknown quantity. Hence, 

326. Ride II. To exterminate an unknown quantity, find 

THE VALUE OF ONE OF THE UNKNOWN QUANTITIES, IN ONE OF 

THE EQUATIONS ; and then in the other equation SUBSTI- 
TUTE THIS VALUE FOR THE UNKNOWN QUANTITY ITSELF. 

Problem 4. A privateer in chase of a ship 20 miles distant, 
sails 8 miles, while the ship sails 7. How far must the pri- 
vateer sail before she overtakes the ship 7 

It is evident that the whole distance which the privateer 
sails during the chase, must be to the distance which the 
ship sails in the same time, as 8 to 7. 

Let xss the distance which the privateer sails : 
And y=^ the distance wliich the ship sails. 

1. By the supposition, x=:y4-2^ ? 

2. And also, a?:y::8:7 5 

3. Art 188, y=|ar 

4. Substituting t ^or y? in the 1st equation, a;=far-|- 20 

5. Therefore, x=rl60. 

Prob. 5. The ages of two persons, Jl and J?, are such that 
seven years ago, A was three times as old as B; and seven 
years hence, A will be twice as old as B. What is the age 
of^f 

Let x=z the age of Jl; And y=:the age of B. 

Then a: - 7 was the age of Ay 7 years ago ; 
Aind y - 7 was the age of B, 7 years ago ; 
Also x-^-l will be the age of •#, 7 years hence ; 
And jf-j-7 will be the age of Jff, 7 years hence. 

1 . By the first condition, a? - 7=3 X (y - 7) =3y - 21 > 

2. By the second, ar+7= 2 x (»+7) = 2y-f 1 4 J 

3. Transp. 7 in the 1st equa. ar=3y - 14 

4. Subst. Sy - 14 for ar, in the 2d, 3y - 14+7=:2y+14 
& Therefore, y=:21, the age of J3L 
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Prob. 6. There are two numbers, of which, 

The greater is to the less as 3 to 2 ; and 
Their sum is the 6th part of their product. 

What is the less number 1 Ans. 10. 

327. There is a third method of exterminating an unknown 
quantity from an equation, which in many cases, is preferable 
to either of the preceding. 

Suppose that ar-j-3y=a 7 
And x-Sy=bl 

If we add together the first members of these two equa- 
tionsy and also the second members, we shall have 

2xz=a+bt 

an equation which contains only the wiknown quantity x. 
The other, having equal co-efficients with contrary signs, has 
disappeared. (Art. 77.) The equality of the sides is preserved 
because we have only added equal quantities to equal quan- 
tities. 



Again, suppose 3x4-y=& 
And tx- 



+y=zd 5 



If we subtract the last equation from the first, we shall have 

x=h-d 

where y is exterminated, without affecting the equality of 
the sides. 

Again, suppose x-2y=a > 

And x+4y=b J 

Multiplying the 1st by 2, 2x - 4y =:2a 

Then adding the 2d and 3d, 3x=:6-4-2a. Hence, 

328. Rule III. To exterminate an unknown quantity, 

MULTIPLY OR DIVIDE the equations, if necessary, 

IN SUCH A MANNER THAT THE TERM WHICH CONTAINS ONE 
OP THE UNKNOWN QUANTITIES SHALL BE THE SAME IN BOTH, 

Then SUBTRACT one equation from the other, 

IF THE SIGNS OF THIS UNKNOWN QUANTITY ARE ALIKE, 
OR ADD THEM TOGETHER, IF THE SIGNS ARE UNLIKE. 

It must be kept in mind that both members of an equa* 
tion are always to be increased or diminished, multiplied or 
divided alike. (Art, 170,) 
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Prob, 7. The numbers in two opposing armies are such, 
that. 

The sum of both is 21 1 10 ; and 

Twice the number in the greater army, added to three 
times the number in the less, is 52219. 

What is the number in the greater army 1 

Let xz=z the greater. And y=: the less. 

1. By the first condition, «+y=21110 ) 

2. By the second, • 2ar+3y=-52219 J 
S. Multiplying the Ist by 3, 8a:+Si/= 63330 
4. Subtracting the 2d from the 3d, x= 11111. 

Prob. 8. Given 2j:+y=16, and Sar-3y=6, to find the 
value of X. 

1. By supposition, 2a;-|-y=16 > 

2. And 8a? -.3^=6 5 

3. Multiplying the 1st by 8, 6x4-3y=48 

4. Adding the 2d and 3d, 9a; =54 

5. Dividing by 9, x=:6. 

Prob. 9. Givenar+y=*4, and ar-y=2, to find the value 
of y, Ans. 6. 

In the succeeding problems, either of the three rules 
for exterminating unknown quantities will be made use of, as 
will in each case be most convenient^ 

329. When one of the unknown quantities is determined, the 
other may be easily obtained, by going back to an equation 
which containd both, and substituting instead of that which 
is already found, its numerical value. 

Prob. 10. The mast of a ship consists of two parts : 

One third of the lower part added to one sixth of the 
upper part, is equal to 28 ; and. 

Five times the lower part, diminished by six times the 
apper part, is equal to 12. 

What is the height of the most t 
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Lei xzfz the lower part ; And y= the upper part. 

1. By the first condition, i^-|-jy=28 > 

S. By the second, 5ar-6y=12) 

5, Multiplying the Ist by 6, 2a?+j/=168 
4. Dividing the 2d by 6, <ir-y=2 

6. Adding the 3d dnd 4th, 2x+{x=zno 

6. Multiplying by 6, 1 2x+5x = 1 020 

7. Uniting terms and dividing by 17, a: =60, the lower part. 

Then by the 3d step, 2a;4.y= 168 " 

That is, substituting 60 for x^ 120+y = 168 [per part. 

Transposing 120, y=168 - 120=48, the up- 

Prob. 11. To find a fraction such that, 

If a unit be added to the numerator, the fraction will be 
equal to i ; but 

If a unit be added to the denominator, the fraction will be 
equal to |. 

Let x=i the numerator, Andy= the denominator. 
I. By the first condition, ?lt-=:^ 

y 

By the second. — f- =i 

3. Therefore x=4, the numerator. 

4. And y=15, the denominator. 

Prob. 12. What two numbers are those. 

Whose difference is to their sum, as 2 to 3 ; and 
Whose sum is to their product, as 3 to 5 1 

Ans. 10 and 2. 

Prob. 13. To find two numbers such, that 

The product of their sum and difference shall be 5, and 
The product of the sum of their squqires and the differ 
ence of their squares shall be 65. 

Lei x=z the greater number ; And y= the less. 
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1. By tke first condition, 

2. By the second^ 
$. Mult, the factors in the Ist, (Art. 235,) a;* -y'=5 

4. Dividing the 2d by the 3d, (Art. 1 18,) a*+y'= 13 

5. Adding the 3d and 4tb, 2a;»= 18 

6. Therefore «=3, the greater number, 

7. And y=2, the less. 

In the 4th step^ the first member of the second equation is 
divided by «* - y% and the second member by 5, which is 
equal to a? - y*. 

Prob. 14. To find two numbers whose difference is 8, and 
product 240. 

Prok 15. To find two numbers, 

Whose difference shall be 12, and 
The sum of their squares 1424. 

Let a:= the greater ; And y= the less. 

1. By the first condition, « - y = 12 > 

2. By the second, a^-fy*=1424 3 

3. Transposing y in the first, a:=y-{-12 

4. Squaring both sides, a;*=y*-f24y4-144 

5. Transposingy* in the second, a:*=1424-y* 

6. Making the 4th and 5th equal, y'4.24y-f 144= 1424 - y' 

7. Therefore y = - 6t^{e7e) = - 6±26 

8. And a:=y+12=20+12=32. 

EaUATIONS WHICH CONTAIN THREE OR MORE 

UNKNOWN QUANTITIES. 

330. In the examples hitherto given, each has contamed 
no more than two unknown quantities. And two indepen- 
dent equations have been sufficient to express-the conditions 
of the question. But problems may involve three or more 
unknown quantitws ; and may require for their solution as 
many independent equations. 



Suppose X- 
And x- 
And X' 



.y+ar=12 

-2y - 2z=: 10 \ are given to find, x, y, and z^ 

y-«as4 
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From these three equations, two others may be derived 
which shall contain only tt»o unknown quantities. One of 
the three in the original equations may be exterminated, im 
the same manner as when there are, at first, only two» by the. 
rules in Arta 324, 6, 8. 

in the equations giyen above^ if we tiaiupose y and z, wm 
shall have, 

Intfaefirst, x=zi2^y~z ^ 
In the second, j?=10-2y+2«S 
In the third, «=4-y-j~^ j 

From these we may deduce two new equations^ from whidi 
w shall be excluded* 

By making the 1st and 2d equal, 1 2 - y - z=z 10 - ^y-^tz I 
By making the 2d and Sd equal, 10 - 2y4-27=4 - %'\-t % 

Reducing the first of these two, y =S;s - 2 > 
Reducing the second, 3^=2:4.6 ) 

From these two equations one may be derived Gonlakiidf 
only one unknown quantity 

Making one equal to the othei^ Sr- 2=^4-6 
And ar=4. Hence, 

dSl. To solve a problem containmg thru unknown quaii^ 
titles, and producing three independent equations, 

First, from the three equations imbouce two cow- 
taming only two unknown quantities. 

Then, from these two deduce one, containing only 

ONE unknown quantity. 

For making these reductions, the rules already gtvea ave 
sufficient. (Art. 324, 6, 8.) 

Prob. 16. Let there be giv^n, 

1. The equation «4-5y+6ar=6S \ 

2. And a?4.Sy+3^=S0 \ To find or, y, and «. 
S. And x^y+zz=n ) 

From these three equations to derive two, containing only 
two unknown quantities, 

4. Subtract the 2d from tlie lst» 2y+3z=:2d \ 

5. SiAtract the 3d from the 2d, 2y+2z= 18 J 

From these two, to derive one, 
€. Subtract the 5th from the AXh^ z=&. 



162 AI.6EERA* 

Ta find x and y, we have only to take their values from 
the third and fifth equations. (Art. 329.) 

7. Reducing the fifth, y =9 - z=9 - 6=4 

8. Transposingin the third, x=12-z-y=12-5-4=S 

Prob. 17. To find a, y, and z, from 

I. The equation i-f-y4-z=12 
«. And «+2y+3«=20 
8. And iic+iy+z=ze 

4. Multiplying the Ist by 3, 3a:4.3y+32:=36 

6. Subtracting the 2d from the 4th, 2a?+y= 16 

6. Subtracting the Sd from the 1st, x - ix+y - iy=6 

7. Clearing the 6th of fractions, 4a:+3y=S6 ) 

8. Multiplymg the 5th by 3, 6ic-|-3y=r48 J 

9. Subtracting the 7th firom the 8th, 2ar=12. And x=6. 

10. Reducing the 7th, y=Hzi?=??Z^=4. 

3 3 

II. Reducing the 1st, r=12-ar-y=12- 6-4=2. 

In this example all the reductions have been made accor- 
ding to the thkd rule for exterminating unknown quantities.— > 
(Art 328.) But either of the three may be used at pleasure. 

33B. A calculation may often be very much abridged, by 
the exercise of judgment in stating the question, in selecting 
the equations from which others are to be deduced, in simpli- 
fying fractional expressions, in avoiding radical quantities, 
&c. The skill whifch is necessary for this purpose, however, 
is to be acquired, not firom a^ system of rules, but from prac- 
tice, and a habit of attention to the peculiarities in tbe con- 
ditions of different problems, the variety of ways in which 
the same quantity may be expressed, the numerous forms 
which equations may assume, &c. In many of the examples 
in this and the preceding sections, the processes might have 
been shortened. But the object has been to illustrate gen- 
eral principles rather than to furnish specimens of expeditious 
solutions. The learner will do well, as he passes along, to 
exercise his skill in abridging the calculations which are 
here given, or substituting others in their stead. 
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C 1. a:-[-i/=a J 
Prob. 18. Given < 2. x+z=zb \ To find x, y and z. 

( 3. y-\-zz=€ J 

AnB. «= 2 — Anay= s — Andz= — 



Prob. 19. Three persons w8, By and C, purchase a horse 
for 100 dollars^ but neither is aible to pay for the whole. 
The pa3n[nent would require, 

The whole of JTs money, together with half of J^s ; or 

The whole of JS^s, with one third of C*s ; or 

The whole of Cs, with one fourth of •fl's. 

How much money had each 1 



Let x=:JF& 




«=(?s 


y=-B*s 




0=100 


By the first condition. 




x+iy:sza 


By the second. 




y+ir=a 


By the third. 




z4-i^=tt 


Therefore a;=64. 


y= 


r72. g^94. 



333. The learner must exercise his own judgment, as to 
the choice of the quantity to be first exterminated. It will 
generally be best to begin with that which is most free from 
co*efilcients, fractions, radical signs, &c. 

Prob. 20. The sum of the distances which three persons^ 
Ay By and C, have travelled, is 62 miles ; 

•^s distance is equal to 4 times Cs, added to twice ^s ; and 
Twice ^3 added to 3 times j?'s, is equal to 17 times Cs. 

What are the respective distances 1 

Ans. j3's, 46 miles ; Bsy 9; Cs 7. 

Prob. 21. To find ar, y, and Zy from 

The equation ■ix-{-iy-{'{z=62 

And ix+iy+iz=47 

And ix+iy+iz=:SS 

Ans. 9=24. y=60. 2r=120. 

ra;y=::600^ 
Prob. 22. Given < xzz=-300 > To find x, y, and *• 

( yz=200 ) 

Ans. i?=S0, y=:20, ir=10. 



^ 
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S34. The same method which is craployed for the reduc- 
tion of three equations^ may be extended to 4, d^ or any num* 
ber of equaticnasy containing as many unknown quantities 

The unknown quantities may be ext^nninated, one after 
anotlier, and the number of eqitations may be reduced by 
BuccesEdve steps from five to four, from four to three, from 
three to two, 8ic. 

Prob. 23. To find tf, ar, y, and r, from 
I. The equation ijy-j-2r-f.iir=8 

4. And s-^vf-^-ssslO 

5. Clear, the 1st of fmc. y-{-2z'\'iMs^l6 

6. Subtract. 2d from 3d, z-w=zS } Three equations. 

7. Subtract. 4th from Sd, y - u^=2 

10. Adding 8th and 9th, 42r=20. Or z=z5 \ 

11. Transp. in the 8th, y=19-32:=4 f Quantities 

1 2. Transp. in the Sd, arsr 12-y-r=:3 i required. 

13. Transp. in the 2d, w=9-af-y=2 3 

Stf-j-50=af ^ 
Jllm=2? [Tofindtr,ir,y,andz. 
z+l9&=zSw} 

Answer. w=100 y=90 

ap=150 ^=105. 

' Prob. 25. Therie is a certain number consisting of two 
digits. The left-har>d digit is equal to 3 times the right- 
hand digit; and if twelve be subtracted from the number 
itself, the remainder will be equal to the square of the left- 
hand digit. What is the number 1 

Let ap= the left-hand digit, and y=: the right hand digit. 

As the local value of figures increases in a ten-fold ratio 
from right to left ; the number required = lOx+y 

By the conditions of the problem ar=3v > 

And 10;r+y-12=/j 

The required number is, therefore, 93. 
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Prob. 26. If a certain number be divided by the product 
of its two digits, the quotient will be 2 ; and if 27 be added 
to the number, the digits will be inverted. What is the 
number 1 Ans. 36. 

Prob. 27. There are two numbers, such, that if the less be 
taken from three times the greater, the remainder will be 35 ; 
and if 4 times the greater be divided by 3 times the less 4-^» 
the quotient will be equal to the less. What are the numbers t 

Ajis. 13 and 4. 

Prob. 28. There is a certain fraction, such, that if .3 be 
added to the numerator, the value of the fraction will be i ; 
but if 1 be subtracted from the denominator, the value will 
be i. What is the fraction 1 * 4^ 

IT 

Prob. 29. A gentleman has two horses, and a saddle which 
is worth ten guineas. If the saddle be put on the first horse, 
the value of both will be double that of the second horse ; but 
if the saddle be put on the second horse, the value of both 
will be less than that of the first hors*e by 13 guineas. What 
18^ the value of each horse ? 

Ans. 56 and 33 guineas. 

Prob. 30. Divide the number 90 into 4 such parts, that the 
first increased by 2, the second diminished by 2, the third mul- 
tiplied by 2, and the fourth divided by 2, shall all be equal. 

If X, y, and ;r, be three of the parts, the fourth will be 
90 - « ^ y - r. Aind by the conditions, 

x4-2=:y-2 

x+2=2z 

2z=22zfz»:z£. 

2 

The parts required are 18, 22, 10, and 40. 

Prob. 31. Find three numbers, such that the first with } 
the sum of the second and third shall be 120 ; the second with 
I the difference of the third and first shall be 70 ; and ) th6 
sum of the three numbers shall be 95. 

Prob. 32. What two numbers are those, whose difference^ 
sum and product, are as the numbers 2, 3, and 5 ? 

jg« Ana. 10 and t. 



{^ ALGEBRA. 

Prob S3. A vintner sold at one time, 20 dozen of port 
ivine, and 30 dozen of sherry ; and for the whole received 
ISO guineas. At another time, he sold 30 dozen of port and 
25 dozen of sherry, at the same prices as before ; and for the 
whole received 140 guineas. IVhat was the price of a dozea 
of each sort of wine ? 

Ans. The port was 3 guineas, and the sherry 2 guineas a 
dozen. 

Prob. 34. A merchant having mixed a certain number of 
gallons of brandy and water, found that, if he had mixed tf 
gall<ms more of each, he would have put into the mixture 7 
gallons of brandy for every 6 of water. But if he had mixed 
6 less of each, he would have put in 6 gallons of brandy for 
every 6 of water. How many gallons of each did he mix 1 

Ans. 78 gallons of brandy and 66 of water. , 

Prob. 35. What fraction is that, whose numerator being 
doubled, and the denominator increased by 7, the value be- 
comes f ; but the denominator being doubled, and the nume- 
rator increased by 2, the value becomes i1 Ans. f. 

Prob. 36. A person expends 30 cents in apples and pears^ 
giving a cent for 4 aj^les and a cent for 5 pears. He after^ 
wards parts with half his apples arid one third of his pears, 
tibe cost of which was 13 cents. How many did he buy of 
0ach 1 Ans. 72: apples and 60 pears.^ 



$35. If in the algebraic statement of the conditions of a 
problem, the original equations are more numerous than the 
unknown quantities ; these equations will either be contra^ 
dktoryy or one or more of them will be superfluous. 

c ^'j*— fin ^ 
Thus the equations < j^ ~20 \ ^^^ contradictory. 

For by the first af=20, while by the second, a?=40. 
But if the latter be altered, so as to give to x the same value 
a3 the former^ it will be useless, in the statement of a 



♦ For more examples of the solutioir of problems by e(][uations, sec Euler»8 
Algebra, Part I, Sec 4 ; Simpson's Al^bra, Sec II ; Sunpson's Exerciaes ; 
Maclaurin^s Algebra, Part I, Chap. 2 and 1? ; Emerson's Algebra, Book 11, 
SscI ; Saunderson's Algebra, Book 11 and III; Dodsoa's- MathiBinaticid B«« 
{pMitorjit Mid jffland'a Algebraical ProblezBa.. 
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problem. For nothing can be detennined from the one, 
which cannot be from the otiier. 

Thus of the equations < x^Z i n ( ^^^ ^ superfluous. 

For either of them is suf&cient to determine the value of x. 
They are not independent equations. (Art. 322.) One is 
convertible into the other. For if we divide the 1st by 6, it 
will become the same as the second. 

Or if we multiply the second by 6, it will become the same 
as the first. 

336. But if the number of independent equations produc- 
ed from the conditions of a problem, is less than the number 
of unknown quantities, the subject is not sufficiently limited 
to admit of a definite answer. For each equation can limit 
but one quantity. And to enable us to find this quantity, all 
the others connected with it, must either be previously known, 
or be determined from other equations. If this is not the 
case, there will be a variety of answers which will equally 
satisfy the conditions of the question. If, for instance, in 
the equation 

x+y=100, 

X and y are required, there may be fifty diflerent answers. 
The values of x and y may be either 99 and 1, or 98 and 2, 
or 97 and 3, &c. For the sum of each of these pairs of 
numbers is equal to 100. But if there is a second equation 
which determines one of these quantities, the other may then 
be found from the equation already given. As a:+y=100, 
if a: =46, y must be such a number as added to 46 will make 
100, that is, it must be 54. No other number will answer 
this condition. 

837. For the sake of abridging the solution of a problem, 
however, the number of independent equations actually put 
upon paper is frequently less, than the number of unknown 
quantities. Suppose we are required to divide 100 into two 
such parts, that the gieater shall be equal to three times the 
less. If we put x for the greater, the less will be 100 -ar. 
(Art. 195.) 

Then by the supposition, a? =300 - 8ar. 

Transposing and dividing, ar=75, the greater. 

And 100 - 75=^5» the leam 
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Here, two unknown qaantities are found, although there 
appears to be but one independent equation. The reason of 
this is, that a part of the solution has been omitted, because 
it is so simple, as to be easily supplied by the mind. To 
have a view of the whole, without abridging, let x= the 
greater number, and y= the less. 

1. Then by the supposition, a?+y=100) 

2. And 3y=a? > 

3. Transposing x in the Ist, y = 100 - x 

4. Dividing the 2d by 3, J/=ia; 

5. Making the 3d and 4th equal, ^x= 100 - a; 

6. Multiplying by 3, a?r=300-3a: 

7. Transposing and dividing, a; =75, the greater. 

8. By the 3d step, y = 1 00 - a? = 25, the less. 

By comparing these two solutions with each other, it will 
be seen that the first begins at the 6th step of the latter, all 
the preceding parts being omitted, because they are too sim- 
ple to require the formality of writing down. 

Prob. To find two numbers whose sum is 30, and the dif- 
ference of their squares 120. ' 

Le(.a=30 6=120 

x= the less number required. 
Then a-a:= the gieater. (Art. 195.) 
And a*- 2aar4-«'= the square of the greater. (Art. 214.) 
From this subtract a;", the square of the less, and we shall 
have a* - 2aa;= the difference of their squares. 

Therefore, ,=^=«L^0=13. 

338. In most cases also, the solution of a problem which 
contains many unknown quantities, maybe abridged, by par- 
ticular artifices in substituting a single letter for severaL 
(Art. 321.) 

* Suppose four numbers, UyX^y and r, are required, of which 

The sum of the three first is 13 

The siun of the two first and last 17 

The sum of the first and two last 18 

The sum of the three last 21 



* LudUm'fl Algebra, Art* 161. & 
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Then 1. fi-far-4-y=rlS 

Let <S be substituted for the sum of the four numbers, that 

ie, for u4-x+y4'^- I^ ^^U ^ ^^^^^ ^^^^ of these four equa- 
tions, 

The first contains all the letters except z, that is, S- z=s IS 
The second contains all except j/, that is, j9*y=17 

The third contains all except or, that is, iS^- jr=18 

The fourth contains all except u, that is iS- tt=21. 

Adding all these equations together, we have 

4S-z-y-a-ttr=69 
Or 4iS- (z+y+ar+ii)=69 (Art. 88. c.) 
But iSf= (z-f-y+^-f"^) by substitution. 
Therefore, 45-5=69, that is, 35=69, and 5=23. 

Then putting 23 for 5, in the four equations in which it 
is first introduced, we have 

23-^=131 rr=23 -13=10 - 

23-y=17 I Therefore J y=23-^17=6 
23-.a:=18 f ^*^^^®'^'®) a:=23-18=5 
23-ti=21J Lti=23-21=2. 

Contrivances of this sort for facilitating the solution of 
particular problems, must be left to be furnished for the occa- 
sion, by the ingenuity of the learner. They are of a nature 
not to be taught by a system of rules. 

339. In the resolution of equations containing several un- 
known quantities, there will often be an advantage in adopt- 
ing the following method of notation. 

The co-efficients of one of the unknown quantities are 
represented, 

In the first equation, by a single letter, as a. 

In the secandf by the same letter marked with an accent, as o'. 

In the thirds by the same letter with a double accent, as a'',&c. 

The cd*efficient8 of the other unknown quantities, are re- 
presented by other letters marked in a similar manner ; as are 
also the terms which consist of known quantities only. 
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Two equations containing the two unknown quantities x 
and y may be written thus, 

ITiree equations containing a?, y, and z, thu% 

aa:4-6y+cr=rf 

a'x+b'y+</z=d' 

a''x+b''y+c''z=:zd''. 

Four equations containing x, y> z^ and ti^ thus^ 

aX'\-by'\'Cz-\'du=i t 
a'ar+ 6'y +c^2r+(f 'tt = c^ 
a''X'4^V'y+cf'i+d''uz:ze'^ 
af''x+b'''y+i/''z+d'''uz=ze''\ 

The same letter is made the co-efficient of the same un- 
known quantity, in different equations, that the co-efficiente 
of the several unknown quantities may be distinguished, in 
any part of the calculation. But the letter is marked with 
different accetUSf because it actually stands for different quan« 
tities. 

Thus we may put a=4, o'=:6, o''=10, a'''=20, &c. 

To find the value of x and y. 

1. In the equation, ax-^-by^c > 

%. And a'x+b'y=z</S 

8, Multiplying the 1st by i',(Art. S2S.) ab'x+bb'y=zcy 

4. Multiplying the 2d by 6, bafx+bb'y=b(/ 

5. Subtracting the 4th from the 3d, ab^x - ba^x=cb^ - bcf 

6. Dividing by ab' - ba\ (Art. 121.) ar=^*lz*!^ 

oJ''- b(a^ 

By a simflar process. y^ ^ " ^«' ' 

ab^^ba\ 

The symmetry of these expressions is well calculated to fix 
them in the memory. The denominators are the same in 
both ; and the numerators are like the denominators, except 
a cliange of one of the letters in each term. But the par- 
ticular advantage of this method is, that the expressions here 
obtained may be considered af3 gerteral solutions^ which give 
the values of the unknown quantities, in other equations, of 
a similar nature. 
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Thus if 10a?+6y=100 > 
And 40ar-f 4y=200 ) 
Then putting a= 10 6=6 c=100 

a'=40 i'=4 c'=200 

We have x==f^= ^QQX^-^X^Q^ =4 

ay-6a' 10x4-6x40 

And y=ggJigr= ^QXg00^100x40^ ^^Q 

^ a6'-6a' 10x4-6x40 

The equations to be resolved may, originally, consist of 
mOTe than three terms. But if they are of the first degree, 
and have only two unknown quantities, each may be reduced 
to three terms by substitution. 

Thus the equation dx - ix-^hy - 6y =m4-8 

Is the same, by Art. 120, as (i- 4)a?4-(fc - 6)y=m+8. 
And putting a=:(2- 4, b=h - 6, c=m4-8 

It becomes iM;-f-6j/=c.* 

DEMONSTRATION OF THEOREMS. 

S40. Equations have been applied, in this and the preced- 
ing sections, to the solution of problems. They may be em- 
ployed with equal advantage, in the demonstration of theo^ 
rems. The principal difference, in the two cases, is in the 
order in whicn the steps are arranged. The operations them- 
selves are substantially the same. It is essential to a demon- 
stration, that complete certainty be carried through every 
part of the process. (Art. 11.) This is effected, in the re 
duction of equations, by adhering to the general rule, to make 
no alteration which shall affect the value of one of the mem- 
bers, without equally increasing or diminishing the other. 
In applying this principle, we are guided by the axioms laid 
down in Art. 63. These axioms are as applicable to the de- 
monstration of theorems, as to the solution of problems. 

But the order of the steps will generally be different. In 
solving a problem, the object is to find the value of the un- 
known quantity, by disengaging it from all other quantities. 
But, in conducting a demonstration, it is necessary to bring 

* For the application of this plan of notation to the solution of equations 
-wrhidi contain more than two unknown quantities, see LaCroix*s Algebra, Art. 
85 ; Maclaurin's Algebra, Part. I. Chap, la j Fenn*s Algebra, p. 57 ; and a 
|)apcr of Laplace, in the Memoirs of the Academy of Sciences for 1772. 
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the equatiDQ to that particular form which will express, in 
algebraic terms, the proposition to be proved. 

Ex. 1. Theorem. Four times the product of any two 
numbers, is equal to the square of their sum, diminished by 
the square of their difference. 

Let «= the greater number, «= their sum, 

jf = the ks% cr= their difference. 

JDemonsfroitofi. 

1. By the notation a:-]-y=9 ) 

t. And X''ys=d J 

3. Adding the two, (Ax. 1.) 2x=8-\-d 

4. Subtracting the 2a from the 1st, 2y =« - d 

5. Mult. Sd and 4th, (Ax. S.) 4a!y== («+d)-X (»-^ 

6. That is, (Art. 235.) 4ay=«*-(P 

The last equation expressed in words is the proposition 
which was to be demonstrated. It will be easily seen that 
it is equally af^licable to any two numbers whatever. Fat 
the particular values of x and y will make no difference in 
the nature of the proo£ 

Thus 4x8x6=:(8+6)«- (8-6)*=192. 
And 4xlOx6=(10+6)»- (10-6)»=240. 
And4xl2xl0=(12+10)»-(12-10)«=480. 

Theorem 2. The sum of the squares of any two ninnbers is 
equal to the square of their difference, added to twice their 
product. 

Let :r= the greater, d= their difference. 

y=s the less, p=z their product. 

Demon8trati(m. 

1. By the notation x-y^d) 

2. And ^=P J 

3. Squaring the &st «'-2iry+y'^<'* 

4. Multiplying the second by 2 2xy z=:2p 

5. Adding the third and fourth a:^4-j/®=(P+2^. 

Thus 10»+8«=(10-8)«+2xlOx8=164. 

341. General propositions are also discovered^ in an expedi« 
tious mannef, by means of equations. The relations of 
quantities may be presented to our view, in a great variety 
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«f ways by the 8e?enil changes faiough which a given equa* 
tion may be made to pass. Each step in die process will 
contain a distinct proportion. 

Let 8 and d be the sum and difference of two quantities m 
and y, as before. 

!. Then $=:x+y} 

2. And rfs=«-y{ 

5. Dividing the first by S, it=}ap4-|y 

4. Dividing the M by 2, H=i^-iy 

5. Adding the Sd and 4th9 |9^|({=|a;-f |a?=7C 

6. Bub« the 4th from the 3d, i«-i<i=ity+jy»y« 
That is. 

Half the difference of two quamUtes^ added to haJfthdr sum, i$ 
equal to the greater; and 

Half their difference subtractedjirom half their sum, is equal to 
theless. 



SECTION XII 



RATIO AND PROPORTION.* 



Art. 342. THE design of mathematical investigations, is 
to arrive at the knowledge of jjarticular quantities, by com- 
paring them with other quantities, either equal to, or ^eater 
or less tian those which are the objects of inquiry. The end 



♦ Euclid's Etem«it«, Book 6, 7, 8. Euler»« Algebra, Part J. Sec 3. Egwwoj 
on Proportion. Camus' Geometry, Book III. Ludlam's Mathematics. Wallii^ 
AlgebraTchap. 19, 20. Saunderson's Algebra, Book 7. Barrojjfs Maihwwj 
ticfrLe^tufei^Aialysl for March, 1814. Port Royal Art of Thinking, PaiPl 

IV, Ch. iF. 16 
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is most commonly attained by means of a series of equatUm$ 
and proporti&ns. When we make use of equations, we deter- 
mine the quantity sought, by discovering its equdlUy with 
some other quantity or quantities ah'eady known. 

We have frequent occasion, however, to compare the un- 
known quantity with others which are not equal to it, but 
either greater or less. Here a different mode of proceeding 
becomes necessary. We may inquire, either hem much one 
of the quantities is greater than the other ; or how many times 
the one contains the other. In finding the answer to either 
of these inquiries, we discover what is termed a ratio of the 
two quantities. One is called arithmetical and the other geo- 
metrical ratio. It should be observed, however, that both 
these terms have been adopted arbitrarily, merely for dis- 
tinction's sake. Arithmetical ratio, and geometrical ratio are 
both of them applicable to arithmetic, and both to geometry. 

As the whole of the extensive and important subject of pro- 
portion depends upon ratios, it is necessary that these should 
be clearly and fully understood. 

S43. Arithmetical ratio is the difference between two 
ftumtities or sets of quantities. The quantities themselves are 
called the terms of the ratio, that is, the terms between which 
the ratio exists. Thus 2 is the arithmetical ratio of 5 to 3. 
This is sometimes expressed, by placing two points between 
the quantities thus, 5. . 3, which is the same as 5 -3. Indeed 
the term arithmetical ratio, and its notation by points, are 
almost needless. For the one is only a substitute for the word 
difference, and the other for the sign -. 

344. If both the terms of an arithmetical ratio be multiplied 
or dimded by the same quantity, the ratio will, in effect, be 
multiplied or divided by that quantity. 

Thus if . a'-b=ir 

Then mult, both ades by A, (Ax. 3.) ha-hb^hr 

And dividing by A, (Ax. 4.) r - r=^T 

346. If the terms of one arithmetical ratio be added to, or 
subtracted from, the corresponding terms of another, the ratio 
of their sum or difference will be equal to the sum or differ* 
ence of the two ratios. 



\ 
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And 3- A I ^""^ ^^^ ^"^^ ^^^*^» 
Then (a+d) -(fc+A) = (a-6)4.(d- A). Foreach =a4-rf-6-A. 
And (a-d)-(6-A):=(a-fc)-(d-A). For each =a^i^b+k. 
Thus the arith. ratio of 11 . .4 is 7 / 
And the arith. ratio of 5 . . 2 is 3 ) 
The ratio of the sum of the terms 16. .6 is 10, the sum of 

the ratios. 
The ratio of the dilSerence of the terms 6. .2 is 4, the differ* 
ence of the ratios. 

346. GEOMETRICAL RATIO is that relation be- 

TWEEN QUANTITIES WHICH IS EXPRESSED BT THE QUO« 
TIENT OP THE ONE DIVIDED BY THE OTHER.* 

Thus the ratio of 8 to 4, is f or 2. For tliis is the quotient 
of 8 divided by 4. In other words, it shows how often 4 is 
contained in 8. 

In the same manner, the ratio of any quantity to another 
may be expressed by dividing the former by the latter, or, 
which is the same thing, making the former the nimierator 
of a fraction, and the latter the denominator. 

a 
Thus the ratio of a to & is r* 

d+h 
The ratio of rf+A to 6+^> is TjTJ' 

347. €re<mietrical ratio is also expressed by placing two 
points, one over the other, between the quantities compared. 

Thus a : h expresses the ratio of a to 6 ; and 12:4 the ratio 
of 12 to 4. The two quantities together are called a couplet, 
of which the first term is the antecederUf and the last, tlie 
ctmsequeat. 

348. This notation by points, and the other in the form of 
a fraction, may be exchanged the one for the other, as con- 
venience may require ; ob8er\ang to make the antecedent of 
the couplet, the numerator of the fraction, and the consequent 
the denominator. 

b 

Thus 10 : 5 is the same as V ^^nd 6 : dy the same as 2* 

349. Of these three, the antecedent, the ccmsequent^ and 
llie ratio, any two being given, the other may be found. 
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Let ar= the antecedent, c=z the consequent, r= the ralio. 

a 
By de^tion rsr- ; that is, the ratio is equal to the antece* 

dent divided by the consequent. 

Multiplying by c, a=:cry that is, the antecedent is equal to 

the consequent multiplied into the ratio. 

a 
Dividing by r, c=-% that is, the consequent is equal to the 

antecedent divided by the ratio. 

Cor. I. If two couplets have theiif antecedents equal, and 
dteir consequents equal, their ratios must be equal .^ 

Cor« 8. If, in ttro couplets, the ratios are equal, and the 
antecedents equat, the consequents are equal ; and if the 
ratios are equal and the consequents equal, the antecedents 
are equal^f 

350. If the two quantities compared are e^ualy the ratio is 
a unit, OT a ratio of equality. The ratio of 3x6 : 19 fe a 
unit, for the quotient of any quantity divided by itself is 1 . 

If the antecedent of a coiqilet is greater than the conse- 
quent, the ratio is greater than a unit. For if a dividend is 
greater than its divisor, the quotient is greater than a unit. 
Thus the ratio of 18 : 6 is 3. (Art. 128. cor.) This is called 
a ratio of greater inequalUy. 

On the other hand, if the antecedent is less than the con^ 
sequent, the ratio is less than a unit, and is called a ratio of 
kse meqtuilUy. Thus the ratio of 2 : 3, is less tlian a unit, 
because the dividend is less than the divisor. 

351. INVERSE or RECIPROCAL ratio is the ratio 
OF THE reciprocals OP TWO QUANTITIES. See Art. 49. 

Thus the reciprocal ratio of 6 to 3, is i to i, that is i-f-i. 

a 
The direct ratio of a to 5 is T,that is, the antecedent divided 

by the ccmsequent. 

r.^^ . ..1111166 

The reciprocal ratio is - 1 r or --i-T==-XT ="*• 

tliat is the consequent 6 divided by the antecedent it. 
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♦ Euclid 7. 5. t fi«c. 9. 6. 
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Hence a reciprocal ratio is expressed by inverting the Jrae* 
Hon which expresses the direct ratio ; or when the notation 
is by points, by inverting the order of the terms. 

Thus a is to 6, inversely, as 6 to a. ' 

352. COMPOUND RATIO itf the -ratio op the PRO- 
DUCTS, OP THE CORRESPONPING. TERMS OP TWO OR MORS 
SIMPLE RATIOS.* 

Thus the ratio of 6 : 3, is 2 

And the ratio of 12 : 4, is 3 



The ratio compounded of these is 72 : 12=6. 

Here the compound ratio is obtained by multiplying 
together the two antecedents, and also the two eonsequentSp 
of the simple ratios. 

So the ratio compounded. 

Of the ratio of a: b 

And the ratio of c : d 

And the ratio of h: y 

Is the ratio of ach : bdy=z^zI!L 

^ bdy 

Compound ratio is not different in its nature from any other 
ratio. The term is used, to denote the origin of the ratio, in 
particular cases. 

Cor. The compound ratio is equal to the product of tlie 
iimple ratios. 

The ratio of a : ft, is f 

The ratio of e: dfial 

d 

The ratio of & : t/, is - 

And the ratio compounded of these is — , which is tlie 

bdy 

product of the fractions expressing the simple ratios* (An. 
165.) 

853. If, in a series of ratios, the consequent of each pre- 
ceding couplet, is the antecedent of the following one, the 
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* See Note L 
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ratio of the first antecedent to the last consequent^ is equal to ihai 
uhkh is compounded of all the intervening ratios,* 

Thus, iu the series of ratios a : b 

b : c 
c : d 
d:h 

the ratio of a : A is equal to that which is compounded of the 
ratios of a : 6, of 6 : c, of c : <i, of d : A. For the compound 

ratio by the last article is fLl =!? or a : h. (Art. 145.) 

bcdh h 

In the same manner, all the quantities which are both 
antecedents and consequents will disappear when the frac- 
iional product is reduced to its lowest terms, and will leav^e 
the compound ratio to be expressed by the first antecedent 
and the last consequent. 

354. A particular class of compound ratios is produced, by 
multiplying a simple ratio into itself or into another equutl 
ratio. These are termed duplicate^ triplicatey qv^zdrupliccUe^ 
&c. according to the number of multiplications. 

A ratio compounded of two equal ratios, that is, the square 
of the simple ratio, is called a duplicate ratio. 

One compounded of three^ that is, the cvhe of the simple 
jatio, is called triplicate^ &c. 

In a similar manner, the ratio of the square roots of two 
quantities, is called a subdupUcate ratio ; that of the cu6e 
roots a subtripUcate ratio, &c. 

Thus the simple ratio of a to 6, is a : i 

The duplicate ratio of a to 6, is a* : 6* 

The triplicate ratio of a to 6, is a* : V 

The subduplioate ratio of a to 6, is j\/a : V* 

The subtripUcate of a to &, is Jy/a : ^/b, &c, 

The terms duplicate^ triplicate^ &c. ought not to be coa- 
founded wilh double^ triple^ &c.*|: 

The ratio of 6 to 2 is 6 : 2=S 

Double this ratio, that is, furice the ratio, is 12 : 2=6 > 
Triple the ratio, i. e. thf-ee times the ratio, is 18 : 2=9 > 



* This is the particular case of compound ratio which is treated of in tht 
6Ui book of Euclid. See the edltioju of Simaon and Playfaic 

tSeeNoteK. 
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But tbe duplicate Taiio^edhe square of the ratio^is 6^ : 2^=9 > 
And the triplicate ratio,i.e.the cube of the ratio, is 6' : 2^=27 ) 

355. That quantities may have a ratio to each other, it is 
necessary that they should be so far of the same nature, as 
that one can properly be said to be either equal to, or greater, 
or less than the other. A foot has a ratio to an inch, for one 
is twelve times as great as the other. But it cannot be said 
that an hour is either shorter or longer than a rod ; or that 
an acre is greater or less than a degree. Still if these quan- 
tities are expressed by numbers^ there may be a ratio between 
the numbers. There is a ratio between the number of min- 
utes in an hour, and the number of rods in a mile. 

356. Having attended to the nature of ratios, we have next 
to consider in what manner they will be affected, by varying 
one or both of the terms between which the comparison is 
made. It must be kept in mind that, when a direct ratio is 
expressed by a fraction, the antecedent of the couplet is alw^ays 
the numeratory and the consequent the denominator. It will 
be easy, then, to derive fiom the properties of fractions, the 
changes produced in ratios by variations in the quantities 
compared. For the ratio of the two quantities is the same as 
the value of the fractions, each being the quotient of the 
numerator divided by tlte denominator. (Arts 135, 346.) 
Now it has been shown, (Art. 137,) that multiplying the 
nmnerator of a fraction by any quantity, is multiplying the 
value by that quantity ; and that dividing the numerator is 
dividing the value. Hence, 

357. Multiplying the antecedent of a couplet by any quantity^ 
U multiplying the ratio by that quantity ; and dividing the antC" 
cedent is dividing the ratio. 

Thus the ratio of 6 : 2 is S 
And the ratio of 24 : 2 is 12. 

Here the antecedent and the ratio, in the last couplet, are 
each four times as great as in the first. 

The ratio of a : ft is » 



And the ratio of na : 6 is !^ 
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Cor. With a given consequent, the greater the antecedent^ 
the greater the ratio ; and onlhe other hand, the greater the 
ratio, the g-reater the antecedent.* See Ait. 137. cor. 

358. Midtiplying the cmsequent of a couplet by any quantity 
u, in effecty dividing the ratio by that quantity ; and ditiding the 
consequent is multiplying the ratio. For multiplying the denom- 
inator of a fraction, is dividing the value ; and dividing the 
denominator is multiplying the value. (Art. 138.) 

Thus the ratio of 12 : 2, is 6 
And the ratio of 12 : 4, is 3. 

Here the consequent in the second couplet, is twice as great, 

and the ratio only haif as great, as in the first. 

j^ 

The ratio of a : 6 is ^ 

b 

And the ratio of a : n6, is -—. 

nb 

Cor. With a given antecedent, the greater the consequent, 
the less the ratio ; and the gieater the ratio, the less the con- 
sequent, f See Art. 138. cor. 

359. From the two last articles, it is evident that multiply^ 
ing the antecedent of a couplet, by any quantity, will have the 
same effect on the ratio, as dividing the consequent by that 
quantity; and dividing the antecedent^ will have the same 
effect as multiplying the consequent. See Art. 139. 

Thus the ratio of 8 : 4, is 2 

Mult, the antecedent by 2, the ratio of 16 : 4, is 4 
Divid. the consequent by 2, the ratio of 8 : 2, is 4. 

Cor. Any factor or divisor may be transferred, from the 
antecedent of a couplet to the consequent, or from the conse- 
quent to the anteceaent, without altering the ratio. 

It must be observed that, when a factor is thus transferred 
ficm one term to the other, it becomes a divisor ; and when 
& divisor is transferred, it becomes a factor. 

Thus the ratio of 3x6 : 9=2 > ,| ,. 

Transferring the factor 3, 6 : f =2 J "^^ ^^'^^ ^^"^ 



* Euclid 8 and 10. 5. The first part of the prdpositions, 
t fiuclid 8 and 10. 5. The last part of the propoaitioBt. 
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_, . ^ ma ^ ma ^ ma 

The ratio of — : 6= — -i-fc=-i" 

_, - . , , ma 

Transfemng y ma : 6y =ma-r-6i/= T-- > 

rp ^ • *y fcy ma 

TransfeiTinff m. a: — = a-^-^ = t" 

° ^ m * m Oy 

360. It is farther evident, from Arts. 357 and 358, that ir 

THE ANTECEDENT AND CONSEQUENT BE BOTH MULTKILIED, 
OR BOTH DIVIDED, BY THE SAME QUANTITY, THE RATIO WIU 
KOT BE ALTERED.* ScC Art. 140. 

Thus the> ratio of 8 : 4= 2 > 

Mult, both terms by 2, 16 : 8=2 > the same ratio, 

Divid. both terms by 2, 4 : 2=2 ) 

The ratio of a : 6=r 

Multiplying both terms by m, ma : mb=^—t=zT > 

a b an a 
Dividing both terms by n, - : -z=:-jr=zT 

Cor. 1. The ratio of two Jractiona which have a commmi 
denominator, is the same as the ratio of their numerators. 

^ a b 

^Thus the ratio of - : -, is the same as that of a : 6. 

Cor. 2. The direct ratio of two fractions which have a 
common numerator, is the same as the reciprocal ratio of 
their denominators. 

Thus the ratio of -- • -, is the same as ~ J ::, (Mr n : m. 

361. From the last article, it will be easy to determine the 

ratio of any two fractions. If each term be multiplied by 

the two denominators, the ratio will be assigned in integial 

expressions. Thus multiplying the terms of the couplet 

a c abd bed 

r J T by id, we have -t- • -r, which becomes ad : 6c, by can 

celling equal quantities from the numerators and denomi 
nators. 



♦ Euclid, 15. 5. 
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S61. 6. A ratio of greater tf^^^uality, comjiouiided with 
another ratio, increcuei it. 

Let the ratio of greater inequality be that of l-^n : 1 

And any given ratio, that of . a : 6 

The ratio compounded of these, (Art. 353,) is a^na : b 
Which is greater than that of a ; t (Art. S56. cor.) 
But a ratio of lesser inequnlUyi compounded with another 
ratio, dinimishes it. 

Let the ratio of lesser inequahty be that of 1 -n : 1 

And any given ratio, that of a:b 

The ratio compounded of these is a-naib 

Which is less than that of a : b. 

362. If to or from tlie terms of any couplet^ there be added or 
SUBTRACTED two Other qtumtities having the same ratio^ tlie sums 
or remainders vnll also have the same ratio,''^ 

Let the ratio of a:b ) 

Be the same as that of cidy 

Then the ratio of the svm of the antecedents, to the sum 
of the consequents, viz. of a^c to b-^-d^ is also the same. 

a-|-c c a 



That is 



b+d-'d'^b 

Demonstration^ 



a e 

1. By supposition, h^d 

2. Multiplying by b and d, ad=:be 

3. Adding cd to both sides, ad'\-cd=bc+cd 

bc~^cd 

4. Dividing by rf, a+c=z — j- 

a*{-c e a 

5. Dividing by b+d, g-p=3= j- 

The ratio of the difference of the antecedents, to the differ- 
ence of the consequents, is also the same. 

That is ?^-4-l 



H» 



* Euclid, 5 and 6« 5. 
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DemonstreUtinu 

1. By supposition, as before, .=. 

b d ^ 

2. Multiplying by 6 and d^ ad=zbc 

3. Subtracting ed from both sides, ad - cd=z hc-cd 

4. Dividing by d,^ fy-f— ^""^" 

5. Dividing by 6 - d ^Llf =£=5. 

Thus the ratio of 15 : 5 is 3 > 

And the ratio of 9 : 3 is 3 ) 

Then adding and subtracting the terms of the two couplets, 

The ratio of 15+9 : 5+3 is 3 > 

And the ratio of 15-9 : 5-3 is 3 ) 

Here the terms of only two couplets have been added to- 
gether. But the proof may be extended to any nwmber o\ 
couplets where the ratios are equal. For, by the addition of 
the two first, a new couplet is formed, to which, upon the 
same principle, a third may be added, a fourth, &c. Hence, 

363. If, in several couplets, the ratios are equal, the sum 

OF ALL THE ANTECEDENTS HAS THE SAME RATIO TO THE 
SUM OF ALL THE CONSEQUENTS, WHICH ANT ONE OF THE 
ANTECEDENTS HAS TO ITS CONSEQUENT.* 

{12:6=2 
*8 • 4^2 
6 : 3=2 

Therefore the ratio of (12+10+8+6) : (6+5+4+3) =2. 

363. b, A ratio of greater meqxwlUy is dmbUsked, by adding 
the same qtumiity to both the terms. 

Let the given ratio be that of a+fc : a or ^!i- 

a 

Adding x to both terms, it becomes o+fc+a? : a+« or ^"^ T . ^ 

«+« 



* fiuclid, 1 and IS, 5. 
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Reducing them to a commoa denominated^ 
The first becomes a^+ab+ax+b x 

And the latter tt±±^. 

a{a'{'x) 

As the latter numerator is manifestly less than the other, 
the ratio must be leas. (Art. 356. cor.) 

But a ratio of lesser meqwdity is increased^ by adding the 
same quantity to both term& 

Let the given ratio be that of a- 6 : a, or f_ 

a 

Adding X to both terms, it becomes a - 6*|-« : o-f-xorfi— ICf 

a-{-x 

Reducing them to a common denominator. 

The first becomes ^--ab+ax'-bx 

a{a+x) 
And the latter, d'^ab+ax 

As the latter numerator is greater than the other, the ratio 
is greater. 

If the same quantity, instead of being added, is svbtraeted 
from both terms, it is evident the e£kct upon the ratio must 
be reversed. 

Examples. 

1 . Which is the greatest, the ratio of 11 : 9, or that of 
44:35? 

S. Which is the greatest, the ratio of o+S : M or that of 
2a+7 : -Ja 1 

3. If the antecedent of a couplet be 65, and the ratio IS, 
what is the consequent ? 

4. If the consequent of a couplet be 7, and the ratio 18, 
what is the antecedent. 

5. What is the ratio compounded of the ratios of 3 : 7, and 
2a : 5fr,and 7a;+l : 3y-21 

6. What is the ratio compounded of x4-y : 5, and 
»-y : a+6> and a-fb: At Ans.«^-^:&A. 
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7. If the ratios of 5x4*7 : 2x - S, and'«-fS : i«+^ ^ <^ooi- 
pounded, will they produce a ratio of greater inequality, or of 
lesser inequality % Ana. A ratio of greater inequality. 

8. What is the ratio compounded o! x-^y : a, and x - y : ft, 

and 6 : — - — f Ans. A ratio of equality. 

9. What is the ratio compounded of 7 : 5, and the dupli- 
cate ratio of 4 : 9, and the triplicate ratio of S:21 

Ans. 14 : 15. 

10. What is the ratio compounded of 3 : 7, and the tripli- 
cate ratio of xiy^ and the subdupUcate ratio of 49 : 9 1 

Ans. a:' :y*. 

PROPORTION, 

563. An accurate and familiar acquaintance with the doc- 
trine of ratios, is necessary to a ready understanding of the 
principles of proportion^ one of the most important of all the 
branches of the mathematics. In considering ratios, we 
compare two quantities^ for the purpose of finding either tlieir 
difference, or the quotient of the one divided by the other. 
But in proportion, the comparison is between two rt^tios, 
And this comparison is limited to such ratios as are equoL 
We do not inquire how much one ratio is greater or lees than 
another, but whether they are the same. Thus the numbers 
13, 6, 8, 4, are said to be proportional, because the ratio of 
12 : 6 is the same as that of 8 : 4. 

564. Proportion, then^ is an eqwdity of ratios. It is ei- 
ther arithmetical or geometricaL Arithmetical proportion is 
an equality of arithmetical ratios, and geometrical proportion 
is an equality of geometrical ratios.* Thus the numbers 6, 
4, 10, 8, are in arithmetical proportion, because the difference 
between 6 and 4 is the same as the difference between 10 and 
8. And the numbers 6, 2, 12, 4, are in geoinetrical propor- 
tion, because the quotient of 6 divided by 2, is the same at 
the quotient of 12 divided by 4, 

565. Care must be taken not to confound proportion with 
ratio. This caution is the more necessary, as in connnoii 
discourse, the two terms are used indiscriminately, or rathef» 

* See Note L. 
17 
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popotlion is used for both. The expenses of one man ar6 
eaid to bear a greater proportion to his income, than those of 
another. But according to the definition which has just been 

flven, one proportion is neither gieater nor lees than another, 
or equaUiy does not admit of degrees. One ratio may be 
greater or less than another. The ratio of 12 : 2 is greater 
than that of 6 : 2, and less than that of 20 : 2. But these dif- 
ferences are not applicable to proportion, when the term is 
used in its technical sense. The loose signification which is 
so frequently attached to this word, may be proper enough in 
familiar language : for it is sanctioned by a general usage. 
But for scientific purposes, the distinction between proportion 
and ratio should be clearly drawn, and cautiously observed. 

366. The equality between two ratios, as has been stated, 
is called proportion. The word is sometimes applied also to 
fhe series of terms among which this equality of ratios exists. 
Thus the two couplets 15:5 and 6 : 2 are, when taken to- 
gether, called a proportion. 

367. Proportion may be expressed, either by the common 
«gn of equality, or by four points between the two couplets. 

Th J ^ " ^~^ •• 2, or 8 •• 6 : : 4 •• 2 ) are arithmetical 

^^ I a " b=^c •• d, or a •• 6 : : c •• d ) proportions. 
. , ( 12 : 6=8 : 4, or 12 : 6 : : 8 : 4 ) are geometrical 
I a:b=:d:hy or a: b::d: hi proportions. 

The latter is read, * the ratio of a to 6 equals the ratio of d 
to A;' or more concisely, * a is to 6, as d to A.' 

368. The first and last terms are called the extremes, and 
the other two the means. Homologous terms are either the 
two antecedents or the two consequents. Analogous terms 
are the antecedent and consequent of the same couplet. 

369. A 8 the ratios are equal, it is manifestly immaterial 
which of the two couplets is placed first. 

If o • 6 : : c : H, then cidw a:h. For if -=f then ^= ?• 

h d do 

370. The number of terms must be, at least, four. For 
tlie equality is between the ratios of two couplets ; and each 
couplet must have an antecedent and a consequent. There 
may be a proportion, however, among three quantities. For 



*»* 
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one of the quantities may be repeated^ so as to form two 
t^rms. In this case the quantity repeated is called the mid* 
die term^ or a miean proportional between the two other quan* 
titiesy especially if the proportion is geometrical. 

Thus the numbers 8, 4, 2, are proportional. That is, 8 : 
4 : : 4 : 2. Here 4 is both the consequent in the first couplet, 
and the antecedent in the last. It is therefore a mean pro- 
portional between 8 and 2. 

The Imt term is called a third proporHoncU to the two other 
quantities. Thus 2 is a third proportional to 8 and 4. 

371. Inverse or reciprocal proportion is an equality between 
a direct ratio, and a reciprocal ratio. 

Thus 4 : 2 : : i : i ; that is, 4 is to 2, reciprocally^ as S to 6. 
Sometimes also, the order of the terms in one of the couplet^ 
is inverted, without writing them in the form of a fraction. 
—(Art. 351.) 

Thus 4 : 2 : : 3 : 6 inversely. In this case, the first term 
is to the second^ as the fowrth to the third ; that is, the first 
divided by the second, is equal to the fourth divided by the 
third. 

372. When there is a series of quantities, such that the 
ratios of the first to the second, of the second to the third, of 
the third to the fourth, &c. are aU equal; the quantities are 
said to be in c<miinued proportl<m. The consequent of each 
preceding ratio is, then, the antecedent of the following 
one. — Continued proportion is also called progression^ as wiU 
be seen in a following section. 

Thus the numbers 10, 8, 6, 4, 2, are in continued a»itkme^ 
tkal proportion. For 10 - 8=8 - 6=6 - 4=4 - 2. 

The numbers 64, 32, 16, 8, 4, are iiv continued geometrical 
proportion. For 64 : 32 : : 32 : 16 : : 16 : 8 : : 8 : 4. 

If a, 6, c, rf, hy &c. are in continued geometrical propor* 
tion ; then a:b\ ib\c\:c\d:',dih, &;c. 

One case of continued proportion is that of three propor- 
tional quantities. (Art. 370.) 

373. As an arithmetical proportion is, generally, nothing 
more than a very simple equation, it is scarcely necessary to 
give the subject a separate consideration. 

The proportion a..ft::c..d . 

Is the same as the equation a-6:=?c-d 
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It will be proper, however, to observe that, if fomr quantt* 
ties are in aritmnetical proportion, the sum of ths extremes %$ 
§qttat to the sum of the means. 

Thus if a . • 6 : : A. . m, then 04-^=^+^ 

For by supposition, a^b=zh~m 

And transposing - b and - m, a^m=6-f A 

80 in thei»rqportion, 12 . . 10 : : 1 1 . . 9, we have IB-f 9= 10-|-1 1. 

•Again if three quantities are in arithmetical proportion, th$ 
sum of the extremes is equal to d&ubk the mean. 

If a • . ft : : ft . . e, then, a -- hs=ib ^ e 

And transposing - b and - (r, a-|-c= 2b. 

GEOMETRICAL PROPORTION, 

374, But if four quantities are in geometrical proportion, 
the PRODUCT of the extremes is equal to the product of the 
means. 

Uaihiieidf ad^be 



For by supposition, (Arts. 346, 364.) 

b d 



b d 

Multiplying by M, (Ax. 3.) ?*^=:i*^ 

b d * 

Reducing the fractions, ad'z=zbe 

Thus 12:8:: 15: 10, therefore 12x10=8x15. 

Cor. Any factor may be transferred from one mean to the 
other, or from one extreme to the other, without affecting the 
proportion. If a : mi : : x : y, then a :b::mx:y. For the 
product of the means is, in both cases the same. And if 
na:b ::x:yy then a:b::x:ny. 

375. On the other hand, if the product of two quantities 
is equal to the product of two others, the four quantities will 
fonn a proportion, when they are so arranged^ that those on 
one side of the equation shall constitute the means, and those 
on the other side, the extremes. 

m_A 

n y 

For by dividing myzzznh by ny, we have ^=:_ 



If myzzznh, then m : n : : A : y, that is. 



And reducing the fractions. 



ny ny 
m^h 

»""y 
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Cor. The same must lie true of anyjactors which fonnth^ 
two sides of an equation. 

If (a-4-6)xc=(<^-«i)Xy> theno-ft : d-m: :y :c. 

876. If three quantities are prc^rtional, the product of the 
extremes is equal to the square of the mean. For this mean 
proportional is, at the same time, the consequent of the first 
couplet, and the antecedent of the last. (Art. 370.) It is 
therefore to be multiplied vfiJto itself^ that is, it is to foe squared. 

U a : b::b : c, then mult, extremes and means, ac=b\ 

Hence, a mean proportional between two quantities may be 
found, by extracting the square root cf their product. 

If a : xi: x: Cy then a^:=zac^ and xz=^ac, (Art 297.) 

377. It follows, from Art. 374, that in a proportion, eithei 
extreme is equal to the product of the means, divided by tha 
other extreme ; and either of the means is equal to the pro^ 
duct of the extremes, divided by the other mean. 



1. If a : 6 : :c : d^then 


ad=be 


2. Dividing by d, 




3. Dividing the first by c. 


6^^ 
c 


4. Dividing it bv b. 


' h 


5. Dividing it by a. 


d-^ i that ia^ Um 
a 



fourth term is equal to the product of the second and tkhrd 
dhrided by the first. 

On this principle is founded the rule of simple proportion 
in arithmetic, commonly called the Rule of Three. Three 
numbers are given to find a fourth, which is obtained by 
multiplying together the second and third, and dividing by 
the first. 

378. The propositions reacting the products of the 
means, and of the extremes, furnish a very simple aad con* 
▼enient criterion for detennining whether any four quantities 
are proportional. We have only to multiply the means 
together, and also the extremes. If the products are equal, 
the quantities are proportional. If the products are not equals 
the quantities are not proportional, j^n 
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S79 In mathematical investigations, Vhen the reIatioii9 
of sev4^ral quantities are given, they are frequently stated in 
the form of a proportion. But it is commonly necessary that 
ihis first proportion should pass through a number of trans- 
formations before it brings out distinctly the unknown quan- 
tity, or the proposition which we wish to demonstrate. It 
may undergo any change wliich will not affect the equality 
of the ratios ; ot* which will leave the product of the means 
equal to the product of the extremes. 

It is evident, in the first place, that any alteration in the 
arrangement^ which will not affect the equality of these two 
products, will not destroy the proportion. Thus, if a : 6 : : c : d, 
the order of these four quantities may be varied, in any way 
which will leave ad=zbc. Hence, 

380. If four quantities are proportional, the order of 

THE MEANS, OR OF THE EXTREMES, OR OF THE TERMS OF 
BOTH COUPLETS, MAY BE INVERTED WITHOUT DESTROYING 
THE PROPORTION. 

If a : b::c : d) ^ 

And 12:8::6:45^^®°^ 

!• Inverting the means,* 

a: c::b : d} .^^ . . ( The first is to the third, 
12 : e: : 8 : 4 K^^^ ^®* ^ As the second to the fowiH 

In other words, the ratio of the antecedents is equal to the 
patio of the consequents. 

This inversion of the means is frequently referred to by 
geometers, under the name of •iSllemolum.f 

2. Inverting the extremes,. 

d:b::c : a > , . ( The fourth is to the second^ 
4 : 8 : : 6 : 12 r ^ ( As the third to the first. 

S. Inoertmg the terms^ of each couplet, 

ft:a::d:c)., .. ( The second is to the first, 
8 : 12 : :4 : 6 5 ^^' ^ As the fourth to the third. 

This is technically called Inversion. 
Each of these may also be varied, by changing the ordef 
of the two couplets. (Art. S69.) 

Cor. The order of the whole proportion may be inverted. ' 

If a: b::c:d, then d:c:ih: a. 



^SmKoUM^. t£ucl»^lft-^ 
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In each of these cases, it will be at once seen that, by 
taking the products of the means, and of the extremes, W6 
have ad=zbcy and 12x4=8x6. 

If the terms of only one of the couplets are inverted, the 
proportion becomes reciprocal. (Art 371 . ) 

If a: b::c : dj then a is to 6, reciprocally, as d to c. 

381. A difference of arrangement is not the only alteration 
which we have occasion to produce, in the terms of a pro- 
portion. It is frequently necessary to multiply, divide, involve, 
&c. In all cases, the art of conducting the investigation 
consists in so ordering the several changes, as to maintain a 
constant equality, between the ratio of the two first teroiE, 
and that of the two last. As in resolving an equation, we 
must see that the sides remain equal ; so m varying a pro- 
portion, the equality of the ratios must be preserved. And 
this is effected either by keeping the ratios the samcy while 
the terms are altered ; or by increasing or diminishing one of 
the ratios as much as the other. Most of the succeeding proofir 
are intended to bring this principle distinctly into view, and 
to make it famiUar. Some of the propositions might be de- 
monstrated, in a more simple manner, perhaps, by multipljrrng 
the extremes and means. But this would not give so clear 
a view of the nature of the several changes in the proportions. 

It has been shown that, if both the terms of a couplet be 
multiplied or divided by the same quantity, the ratio will re- 
main the same ; (Art. 360.) that multiplying the antecedent 
is, in effect, multiplying the ratio, and dividing the antece- 
dent, is dividing the ratio ; (Art. 357.) and farther, that mul- 
tiplying the consequent^ is, in effect, dividing the ratio, and 
dividing the consequent is multiplying the ratio. (Art. 358.) 
As the ratios in a proportion are equal, if they are both 
multiplied, or both divided, by the same quantity, they will 
still be equal. (Ax. 3.) One will be increased or diminished 
as much as the other. Hence, 

382. If four quantities are proportional, two analogous 
OR two homologous terms mat be multiplied or dn 
video bt the same quantitt, without destroting thje 
proportion. 

If analogous terms be multiplied or divided, the ratios will 
not be altered. (Art. 360. ) If homologous tenns be multi- 

Shed or divided, both ratios will be equally increased or 
iminished. (Arts. 357^ 8. ) 
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If a : b:: c : df then, 

1. Multiplying the two first terms, ma i mb: :ci d 

2. Multipl3ring the two last terms, a itiitnc imd 

3. Multiplying the two antecedents,* fna: b::me : d 

4. Multiplying the two consequents, a:mb::c :md 

it h 

5. Dividing the two first terms, — : — : : c : <i 



m m 

6. Dividing the two last terms, a: hi 



c d 
m ' m 



7. Dividing the two antecedents, -^ : 6 : : — : rf 

m m 

8. Dividing the two consequents, « : — ; : c : -L. 

m m 

Cor. 1. .flU the terms may be multiplied or divided by the 
same quantity.! 

t J Q b c d 

ma: mo::mc : ma, —:_::_: — 

m m m m 

Cor. 2. In any of the cases in this article, multiplication 
of the consequent may be substituted for division of the ante- 
cedent in the same couplet, and division of the consequent, 
for multiplication of the antecedent. (Art. 359, cor.) 

{ma:b::mc:d^ i {a: —::mc:d^ fma:b::c : £ 
^ : b : : ^ : d [ ^\ a : mb : : ^ : d \ \^:b::c:md 
m m J ^ L m J Lm 

383. It is often necessary not only to alter the terms of a 
proportion, and to vary the arrangement, but to compare one 
proportion vnth another^ From this comparison will fi'equently 
arise a new proportion, which may be requisite in solving a 
problem, or in carr3ring forward a demonstration. One of 
the most important cases is that in which two of the terms 
in one of the proportions compared, are the same with two in 
the other. The similar terms may be made to disappear, 
and a new proportion may be formed of the four remaining 
terms. For, 
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384. If two ratios are REsPECTivELr equal to a third, 

THET ARE EQUAL tO EACH OTHER.* 

This is nothing more than the lltb axiom applied to ratios, 

1. If a : 6 : :m: n ? t^ena : 6 : : c : d,t)ra: c : : 6 : A (Ai*t.880.) 
And c:a::m:n) ' ^ * 

2. If ^--^^iiw^^hhenaifrrrctrf^oraccrrftrd. 
And tn : n : : c : a 5 

Cor. If o : 6 : : m : n > ^ ^ ^ j^^ ^^ 

For if the ratio of m : n is greater than that of c : (i, it 10 
manifest that the ratio of a : 6, which is efjfkol to that of m : ii, 
is also greater than that of c : d. 

885. In these instances, the terms which are alike in the 
two proportions are the two jirsl and the two last. But this 
arrangement is not essential. The order of the terms may 
be changed, in various ways, without affecting the equality 
of the ratios. 

1. The similar terms may be the two atdtctienl^M^ or th9 
two c(mstq\kffi^^ in each proportion. Thus, 

If m : a : : n : 6 > .1 C By alternation, m\n\\a\h 
Andm:c::n:d5 ^ And m\n\\c\ i 

Therefore a : 6 : : c : d, or a re : : fr : (f, by the last article. 

2. The antecedents in one of the proportions, may be the 
same as the consequents in the other. 

If m : a : : n : 6 > . , C By inver. and altem. a:b::m:n 
And c:m::d:n} ^ By alternation, c:d::m:n 

Therefore a : 6, &c. as before. 

3. Two homologous tenns, in one of the proportions, may 
be the same, as two analogous terms in the other. 

If a:m::b:n} , C By alternation, a:b::mtn 
And c:d::m:ny ( And c:d::m:n 

Therefore, a: by &c. 

All these are instances of an equality ^ between the ratios in 
one proportion^ and those in another. In geometry, the 
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proposition to wliich they belong is usually cited by the 
words **cx aequoy^ or "ca? (uqualV^* The second case in 
this article is that which in its form, most obviously answers 
to the explanation in Euclid. But they are all upon the 
same principle, and are frequently referred to, without dis- 
crimination. 

S86. Any number of proportions may be compared, in the 
same manner, if the two first or the two last terms in each 
preceding proportion, are the same with the two first or the 
two last in the following one.* 

Thus if a: 6: : c: cJI 

And c : d : : A : Z I ^v » 

And A:Z::m:nr*^«°'' = * = = *'y- 

And mxniixiy] 
That is, the two first terms of the first proportion have the 
same ratio, as the two last terms of the last proportion. For 
it is manifest that the ratio of all the couplets is the same. 

And if the terms do not stand in the same order as here, 
yet if they can be reduced to this form, the same principle is 
applicable. 

Thus \ia:c:\h:d 

A J f * * ' I * \ then bv alternation 
And h:m::l:n ^ * ^^ «* ^u 

And m;ar::n:y 

Therefore a : 6 : : a; : y, as before. 

In all the examples in this, and the preceding articles, the 
two terms in one proportion which have equals in another, 
are neither the two means^ nor the two extremes^ but one of 
the means, and one of the extremes ; and the resulting pro- 
portion is uniformly direct 

387. . But if the two means, or the two extremes, in one 
proportion, be the same with the means, or the extremes, in 
another, the four remaining terms will be reciprocally propoT" 
tional. 

If aim: :n:b} .^ ^ 11 •, 

And cd^mn \ i-^^' ^74.) Therefore ab=:cdy and a:c::d,b. 

■Ill ^' " ■ I.I— ■■! I, .1—1 m "■ imm^^m^mmmmmm 

4^ Euclid 22, 5. 
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In this example, the two means in one proportion, are like 
those in tlie other. But the principle will be the same, if the 
extremes are alike, or if the extremes in one proportion are 
like the means in the other. 

^1 A "^ '•"'': aIH then«:c::d:6. 
And m:c:: amy 

Orifa:m::n:6>^^^ ^ J 

And m: c : : din} 

The proposition in geometry which applies to this case, ia 
usually cited by the words " ex aequo pertwrbate,^^*^ 

388. Another way in which the terms of a proportion may 
be varied, is by addUian or subtraction. 

If to or from two analogous or two homologous 

TERMS of a proportion, TWO OTHER QUANTITIES HAVING 
THE SAME RATIO BE ADDED OR SUBTRACTED, THE PROPORTIOJI 
WILL BE PRESERVED.f 

For a ratio is not altered, by adding to it, or subtracting 
from it, the terms of another equal ratio. (Art. 362.) 

If a:b:: c :d) 
And aibiimm] 

Then by adding to, or subtracting from a and A, the tenm 
of the equal ratio m : n, we have, 

a+mib-^-n: : c: ^, and a^^mib-niicid. 

And by adding and subtracting m and n, to and from c and 
d we have, 

a: bi: c-^-m : d+n, and a:6::c-m:(i-n. 

Here the addition and subtraction are to and from analO' 
gous terms. But by alternation, (Art. 380,) these terms will 
become homologous^ and we shall have, 

d-j-m : c : : 5-f-n : rf, and a-wi:c::6— n:d. 

Cor. 1. This addition may, evidently, be extended to amy 
number oi equal ratios.:}: 

fed 

A- I 
Thusifa:6: 



Then a : 6 : : c-^h+m-^-x : d+Z+n+y. 



«£uclid23, 6. t£ucHd2,5. }£iic]ld8,6. Cor. 
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Cor. 2. If a : 6 : : e : d > . , . . , . , . , ^ 

And m:6: :n: dr^®° «+»•• ft: • «+«:<*•• 

For by alternation a:c::b:d} there- C a-j-m : c-j-n ::b:d 
And m:n::b:dy fore (or a-\-m:b::C'\-n:d. 

389. From the last article it is evident that if, in any pro- 
portion, the terms be added to, or subtracted from each other, 
that is. 

If two analogous or homoloootts terms be added to, 
OR subtracted from the two others, the proportion 

WILL BE preserved. 

Thus, if a: b::c:d, and 12 :4: : 6 : 2, then, 

1. Adding the two last terms, to the two first. 

a-f c : 6+d : : a : 6 12+6 : 4+2 : : 12 : 4 

and a4-c:64-d: :c:d 12+6: 4 + 2:: 6:2 



4-6:l2::4 



2:4 



or a^c : a : : 6+rf : 6 
and o+c : c : : 6+d! : d 12+6 : 6 : : 4+ 2 : 2. 

2. Adding the two antecedent, to the two con^e^tiento. 

a+6:6::c+d:d 12+4: 4:: 6+2: 2 

a+6 : tf : : c+d : c, &c. 12+4 : 12 : : 6+2 : 6, &c 
Tliis is called Compo^ion,^ 

S. SuhU'acting the two /rsl terms, from the two last, 

c^a: ai\d-^b\b 
c-^ai c : :d-b : d, &c. 

4 Subtracting the two lo^f terms from the two first. 

a-^c: b-d: :a: 6| 
a-c:6-rf::c:d, &c. 

5. Subtracting the comeqtient5 firom the antecedents. 

a-b : b: :c-d: d 

a : a-b : : c : c-d, &c. 

The alteration expressed by the last of these forms is called 
Conversion. 

6. Subtracting the antecedents from the consequents. 

b-a : aiid'-c: c 
b : b-a:: d : d-^Cf &c« 



• Eodid34»^ 
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9. Adding and subtracting, 

a+b : a-i: ic-^ : c-cL 

That is, the sum of the two first terms, is to their differ* 
ence, as the sum of the two last, to their difference. 

Cor. If any compound quantities, arranged as in the prec^ 
ding examples, are proportional, the simple quantities of which 
they are compounded are proportional also. 

Thus, if a-\-b : b:: c-^d : d, then a: b::c : JL 

This is called Divimn.* 

390. If thk corresponding terms or two on hokb 

EANKS of proportional QUANTITIES BE MULTIPLIED 
TOOilTHER, THE PRODUCT WILL BE PROPORTIONAL. 

This is compounding ratios, (Art. 362,) or compounding 
proportions. It should be distinguished from what is called 
vomposUiony which is an €i4dUion of the teims of a ratia (Art. 

SS9. 2.) 

If a:b::c:dl 12:4::6:2> 

And h:l;:m:ni^ 10:5::8:4i 



Then ah:bl::cm:dn 120 : 20 : : 48 : 8. 

For from the nature of proportion, the two ratios in tlie 

first rank are equal, and also the ratios in the second rank. 

And multiplying the corresponding terms is multipljring the 

ratios, (Art. 367. cor.) that is, multiplying eauals by equals ; 

J Ax. 3.) so that the ratios will still be equal, and therefoM 
lie four products must be proportionaK 
The same proof is apjdicablc to any number of prc^rtionk 



If 




b:\cid 
l::m\n 
q::x:y 
Then ahp : blq : : ams : dwg^ 

From this it is evident, that if the terms of a proportion be 
multipUed, each into Uselfy that is, if they be raised to oiy 
pottcr, they will still be proportionaL 

l{a:b::c:d 2:4::6:12 

a: b::e:d 2:4::6:12 



Then a^ : fr» : :c* : d* 4 : 16 : : 36 : 144 



18 
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Proportionals will also be obtained, by revenbig this pro- 
ces£f, that is, by extracting the roots of the terms. 

U a: b::e : df then ^a : \^b : : j^c : \/d[. 

For taking the product of extr. and means, ad=-be 

And extracting both sides, ^ad=:\^bc 

That is, (Arts. 259, 375.) A/a : A/b ::^c: yd 

Henc^^ 

891. If several quantities are proportional, their like 

?OWC«8 OR UKE ROOTS ARE PROPORTIONAL.* 

IS a: b::c: d 
Then rf* : i" : : if : rf% and V« • V* • • V^ • v'^ 

■» at » ai 

And V<^ : ^f: : ^/c" : :;/dr, that is, a" : j^ : : <F : rf-. 

392. If the terms in one rank of proportionals be divided 
by the corresponding terms in another rank, the quotients 
will be proportional. 

This is sometimes called the rtsolution of ratios. 

If a:b::e:d} 12:6::18:9> 

And h:l::m:n] 6:2:: 9:3) 

Then?:f::l:^ l?:?::!!:^ 

h I m n 6 2 9 3 

This is merely rcwrnng the process in Art. 390, and may 
be demonstrated in a similar manner. 

This should be distinguished from wliat geometers call 
dmtkm, which is a aubiractum of the terms of a ratio. (Art. 
589. cor.) 

When proportions are compounded by multiplication, it 
will often be the case, that the same factor will be found in 
two analogous or two homologous terms. 

Thus if a:b::e: d 



And m : a : : » 



ii\ 



am : ab::cn : cd. 

Here a is in the two first terms, and c in the two last Dl 
viding by these, (Art. 382,) the proportion becomes 

m: b::n:d. Hence, 



♦ It must not be inferred from this, that quantities have the same roHo as 
UiQir like powen or like roots. Se« Aru 354. 
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99S. Ill compounding proportions, equal facton or dtoi^orf 
in two analogous or homologous tenns, may be rqected. 

a:b::c: d 12 : 4::9 :3 

If H:h::d:l 4: 8:: 3:6 

h:m::l:n 8: 20::6 :15 



Then atm::e:n 12 : 20 : : 9 : 15 

This rule may be applied to the cases, to which the terms 
** ex aequo^^ and " ex aequo perturbate^ refer. See Arts. 385 and 
387. One of Hhe methods may serve to verify the other. 

394. The changes which may be made in proportions^ 
without disturbing the equality of the ratios, are so nume- 
rous, that they would become burdensome to the memory, if 
they were not reducible to a few general principles. They 
are mostly produced, 

I. By inverting the order of the terms. Art. 380. 

S. By mtdtiplying or dwiding by the same qtumiUyf Art. 882* 

3. By comparing proportions which have like termSf Art. 384» 

5, 6, 7. 

4. By adding or subtracting the terms of equal ratios, Art. 

388, 9. 

5. By multiplying or dm^mg one proportion by another, Art. 

390, 2, 3. 

r 

6. By involving or extracting tlie roots of the terms, Art. 391. 

395. When four quantities are proportional, if the first be 
greater than the second^ tlie third will be greater than the 
fourth ; if equal, equal : if less, less. 

For, the ratios of the two couplets beir»g the same, if one is 
a ratio of equality^ the other is also, and therefore the ante- 
cedent in each is equal to its cojisequent ; (Art. 350,) if one 
IS a ratio of greater inequalityy the other is also, and therefore 
the antecedent in each is greater than its consequent ; and 
if one is a ratio of lesser inequality^ the other is also, and 
therefore the antecedent in each is less than its consequent. 

Let a\hx\cx d\ then if \ a^b^ c^d 

a<^bf c<^d. 
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Cor. I. If the fnt be greater than the ihirA^ the $te!md 
will be greater than the fowrth ; if equal, equal ; if less, less.* 

For by alternation, aibiic : d becomes a: eixb \ d^ with- 
out any alteration of the quantities. Thecefore^ if a=&y 
tz=:dy &c. as before. 

Cor. 2. If aimiic :n} ., ^_ . - . j p j. 
and m : 6 : : n : d r'^*'' '^ «=^ <'='^ ^''•t 

For, by equality of ratios, (Art. 3&5. 2.) or compounding 
ratios, (Arts. 390, 393.) 

a : 6 : : e : i2. Therefore, if a=6, c^d^ &c. as before. 

Cor. S. If «: "»::•»:<' I then if a=&,e=rf,&c.t 
and in:6::c:n5 

For, by compounding ratios, (Arts. 390, 393,) 
a : i : : c : d. Therefore, if a=ft, c=rf, &c. 

395. 6. If four quantities are proportional, their reciprocab 
are proportional ; and v. r. 

If a : i : : c : d, then 1 : 1 : : 1 : 1. 

a o c a 

For in each of these proportions, we have, by reduction^ 
odzzzhc 

CONTINUED PROPORTION. 

396. When quantities are in continued proportion, aU the 
latios are eqwd. (Art. 372.) If 

a : 6 : : 6 : € : : c : d : : d : e, 

the ratio of a : b is the same, as that of fr : c, of c : d, or of 
d : e. The ratio of tlie first of these quantities to the Uisty is 
equal to the product of all the intervening ratios ; (Art. 353,) 
diat is, the ratio of a : e is equal to 

a h c d 

e a e 

But as the intervening ratios are ail equate instead of multi- 
plying them into each other, we may multiply any one of 
them into itseZf ; observing to make the number of factora 

mmmmmmt ■ ■ i i ^ i i . . ■ ^ ' i ■ ■ — ^^,»^ — »»^^ 

« Euclid 14. 5. t Euclid 20. 5. I EucUd 2t. fi. 
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equal to the number of intervening ratios. Thus the ratio 
of a : e,'in the example just given, is equal to 

When several quantities are in continued proportion, the 
number of couplets, and of couree the number of ratios, is 
one less than the number of quantities. Thus the five pro- 
portional quantities a, 6, c, d, c, form four couplets containing 
four ratios ; and the ratio of a : c is equal to the ratio of 
cr* : 6*, that is, the ratio of the fourth power of the first quan- 
tity, to the fourth power of the second. Hence, 

397. If three quantities are proportional, the first is to the 
third, as the square of the first, to the square of the second ; or 
as the square of the second, to the square of the third. In 
other words, the first has to the third, a duplicate ratio of the 
first to the second. And conversely, if the first of the three 
quantities is to the third, as the square of the first to the 
square of the second, the three quantities are proportional. 

If a : 6 : : 6 : c, then a\ cwa^ \h^. Universally, 

398. If several quantities are in continued proportion, the 
ratio of the first to the last is equal to one of the mtervening 
ratios raised to a power whose index is one less than the num- 
ber of quantities. 

If there are fowr proportionals a, 6, c, rf, then a : rf : : a' : 6' 
If there are five a, 6, c, d, ^i o : « : : a* : b\ &c. 

399. If several quantities are in continued proportion, they 
will be proportional when the ordQX of the whole is inverted. 
This has already been proved with respect to four proportional 
quantities. (Art. 380. cor.) It may be extended to any num- 
ber of quantities. 

• Between the imfJibers, 64, 32, 16, 8, 4, 
The ratios are 2,2,2,2, 

Between the same inverted 4, 8, 16, 32, 64, 
The ratios are ^, J, i, i. 

So if the order of any proportional quantities be invertecL 
the ratios in one series will be the reciprocals of those in the 
other. For by the inversion, each antecedent becomes a con- 
sequent, and V. V. and the ratio of a consequent to its antece* 
dent is the reciprocal of the ratio of the antecedent to ths 

X8» 



/ 



1^02 ALG£BRA. 

C(Hisequent. (Art. 351.) That the reciprocals of equal quao- 
tities are themselves equal, is evident from Ax. 4. t 

400. Harmonical or Musical Proportion may be con- 
ttdered as a species of geometrical proportion. It consists in 
an equality of geometrical ratios ; but one or inore of the 
terms is the difference between two quantities. 

Three arfawr quantities are said to be in AormomcoZ proper" 
Hofiy when the first is to the tastf as the difference between 
the two firsty to the difference between the two kui. 

If the three quantities o^ b, and c, are in harmonical pro* 
portion, then a : c : : a - 6 : 6 -c. 

If the four quantities a, 6, c, and d^ are in harmonical pro- 
portion, then a:d::a-fr:e-J. 

Thus the three numbers 12, 8, 6, are in harmonical pro* 
portion. 

And the four numbers 20« 16, 12, 10, are in harmonical 
proportion. 

401. If, of four quantities in harmonical proportion, any 
three be given, the other may be found. For from the pro- 
portion, 

aid:: a-6 : e-il, 

by taking the product of the extremes and the means, we 
liave oc — 0(2 = ad - M. 

And this equation may be reduced, so as to give the value 
of either of the foas letters. 

Thus by transposing - ckI. and dividing by o^ 

_2ad--M 
a 

Examples^ in which the jorindples of proportion are applied to the 

eolution of prohUm^ 

1. Divide the number 49 into two such parts, that the 
greater increased by 6, may be to the less diminished by 1 1 ; 
as 9 to 2. 

Let a;=r the greater, and 49 -«= the less. 
By the conditions proposed, x^Q : S8 - a? : : 9 : 2 

Adding terms, (Art. 389, 2.) «-f 6 : 44 : : 9 : II 

Dividing the consequents, (Art. 382, 8.) a:+6 : 4 : : 9 : 1 
Multiplying the extremes and meana|,«4-S=s 86. And «=:;SQ» 
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8. What number is that, to which if 1, 5, and IS, be seve- 
rally added, the first sum shall be to the second, as the sec- 
ond to the third "^ 

Let x:= th« mmiber required. 

By the conditions, x-^-l : a:+^ • • ^+^ • *+18 

Subtracting term^ (Art. 389, 6.) x-^l : 4 : : x+6 : 8 
Therefore 8ap+8=4ar+20. And «=3. 

3. Find two numbers, the greater of which shall be tc the 
less, as their sum to 42 ; and as their di£krence to 6 

Let X and y = the numbers. 

w 

By the conditions, a? : y : : x+y : 49 

And ar : y : : ar - y : 6 

By equality of ratios, aj+V : 42 : : a: -y : 6 

Inverting the means, a?4-y : ^-y : •'42 : 6 

Adding and subtracting terms, (Art. 389, 7,) 2x : 2y : : 48 : 36 
Dividing terms, (Art. 382,) a^ : y : : 4 : 3 

Therefore 3ap=4y. And a?=2( 

3 

From the second proportion, 6x=y X (^ - y) 

Substituting -^ forar, y-=24. And ar= 



4. Divide the number 18 into two euch parts, tliat the 
squares of those parts may be in the ratio of 25 to 16. 

Let a;= the greater part, and 18 - ar= the less. 

By the conditions, sf : (18- «)• : : 25 : 16 

Extracting, (Art. 391,) » : 18-» : : 5 : 4 

Adding terms, « : 18 : : 5 : 9 

Dividing terms, x: 2 : : 5 : 1 

Therefore, a:=10. 

5. Divide the number 14 into two such parts, that the quo- 
Uent oi the greater divided by the less, shall be to the quotient 
of the less divided by the greater, as 16 to 9. 

Let ar= the greater part, and 14-aps the less. 
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By the conditions, — ? :li-£::16:9 

Multiplying terms, «^ : (14 - «)» : : 16 : 9 

Extracting, x : 14-a? : : 4 : S 

Adding terms, :r : 14 : : 4 : 7 

Dividing terms, x : 2 : : 4 : 1 
Therefore, ar=:8. 

6. If the number 20 be divided into two parts, which 
are to each other in the dupUccUe ratio of 3 to 1, what nimi- 
ber is a mean proportional between those paxts 1 

Let xi=z the greater part, and 20- x=: the less. 

By the conditions, a: : 20- ar : : S* : 1* : : 9 : 6 

Adding terms, a; : 20 : : 9 : 10 

Therefore, a?= 1 8. And 20 - « = 2 

A mean propor. between 18 and 2 (Art. S76.) =^2 x 18=6. 

7. There are two numbers whose product is 24, and the 
differehce of their cubes, is to the cube of their difference, as 
19 to 1. What are the numbers 1 

Let X and y be equal to the two numbers. 

1. By supposition, , a:y=:24 > 

2. And a;^-y» : (x-y)«: : 19 : 1 J 

3. Or, (Art. 217.) ar'-y" : ai'-Sai^+Sa^^-/: : 19 : 1 

4. Therefore, (Art. 389, 5,) Ss^^Sxf : (x^yYiilS : I 

5. Dividing by a?-y (Art. 382, 6,) Sajy : (a?-y)»: : 18 : 1 

6. Or, as 3a;y=:3x24=72, 72 : (ar-y)« : : 18 : 1 

7. Multiplying extremes and means, (ar-y)*=:4 

8. Extracting, :t-y= 2> 

9. By the first condition, we have ^^=24) 

Reducing these two equations, we have a:=6, and y=54 

8. It is required to prove that a: x:: ^2a-y : ^y 
on supposition that («+*)* • (« - J?)" : : x+y : a: - y.* 
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1 . Expanding, a*-f-2aa?4-ir* : o* - 2ax-4-«* • I «+y • * - Jf 

2. Adding and subtracting terms, Sa^+^a:* : 4ax : : 2:r : 2y 

3. Dividing terms, a^^ai^ :2ax::x:y 

4. Transf. the factor x, (Art. 374. cor.) o'^+x" :2a::s^ :y 

5. Inverting the means, a^-^-x^ : ^ : : 2a : y 

6. Subtracting terms, a' : «• : : 2a - y : j/ 

7. Extracting, a:x:: ^2a^y : ^y 

9. It is required to prove that f2ic=cy, if a? is to y in the 
'xiplicate ratio of a : 6, and a:b:: \/c^x : : V*^+y. 

1. Involving terms, a' : i* : : c+x : rf-j-y 

2. By the first supposition, al^:V::x:y 

3. By equaHty of ratios, c-f-* : d'{-y : : x:y 

4. Invertmg the means, c-f-« : a: : : rf-[-y : y 

5. Subtracting terms, c : x ; ; i{ : y 

6. Therefore, dx=cy. 

10. There are two numbers whose product is 135, and the 
difference of their squares, is to the square of their difference, 
as 4 to 1. What are the numbers ? Ans. 15 and 9. 

11. What two numbers are those, whose difference, sum, 
and product, are as the nimibers 2, 3, and 5, respectively ? 

Ans. 10 and 2. 

12. Divide the number 24 into two such parts, that their 
product shall be to the sum of their squares, as 3 to 10. 

Ans. 18 and 6. 

13. In a mixture of rum and orandy, the difference be- 
tween the quantities of each, is to the quantity of brandy, as 
100 is to the number of gallons of rum ; and the same dif 
ference is to the quantity of rum, as 4 to the number of 
gallons of brandy. How many gallons are there of each 1 

Ans. 25 of rum, and 6 of brandy. 

14. Tlierc are two numbers which are to each other as 3 
to 2. If 6 be added to the greater and subtracted from the 
less, the sum and remainder will be to each other, as 3 to 1. 
What are the numbers? Ans. 24 and 18. 

15. There are two numbers whose product is 320 ; and the 
difference of their cubes, is to the cube of their difference, as 
61. to 1. What are the numbers? Ans. 20 and 16. 



e06 ALGEBRA. 

16. There are two numbers, which are to each other, in 
the duplicate ratio of 4 to 3 ; and 24 is a mean proportional 
between them. What are the nuinbers 1 Ans. 82 and 18. 

402. A list of the articles in this section which contain the 
propositions in the 5th book of Euclid.* 



prop. I. 


Art. 363. 




xin. 


384> cor. 


II. 


388. 




XIV. 


395, cor. 1 


III. 


382. 




XV. 


360. 


IV. 


382, cor. 1. 




XVI. 


380. 


V. 


362. 




XVII. 


389, cor. 


VI. 


362. 




XVIIL 


>89, 2. 


VII. 


849, cor. 1. 




XIX. 


389, 4. 


VIII. 


357, cor. 358, 


cor. 


XX. 


896, cor. 2. 


IX. 


849, cor. 2. 




XXI. 


895, cor. 8, 


X. 


857, cor. 358, 


cor. 


XXIL 


386. 


XL 


384. 




XXIII. 


387. 


XII 


363. 




XXIV. 


388. cor. 2. 



SECTION XIII. 

/ 

VARIATION OR GENERAL PROPORTION.! 

Art. 403. THE quantities which constitute the terms of 
a proportion are, frequently, so related to each other, that, if 
one of them be either increased or diminished, another de- 
pending on it will also be increased or diminished, in such a 
manner, that the proportion will still be preserved. If the 
value of 50 yards of cloth is 100 dollars, and the quantity 
be reduced to 40 yards ; the value will, of course, be reduced 
to 80 dollars ; if the quantity be reduced to 30 yards, tiie 
value will be reduced to 60 dollars, &c. 



♦ See note O. 

t Newton's Princip. Book I. Sec. I. Lemma 10, schol. Emerson on Pro- 
portion, Wood's Algebra, Ludlam's Matlr . Saunderson's Algebra, ArL 29!^ 
Parkinson's Mechanics, p. 24. 



VARIATION. 201 

ffa. yd, doL doL 
That is, 50 : 40 : : 100 : 80 
60: 30:: 100: 60 
50 : 20 : : 100 : 40, &c. 

As the consequent of the first couplet is varied, the conse- 
quent of the second is varied, in such a manner, that the pro- 
portion is constantly preserved. 

If the two antecedents are A and B ; and if a represents a 
quantity of the same kind with .fl, but either greater or less ; 
and 6, a quantity of the same kind with By but as many times 
greater or less, as a is greater or less than A ; then 

A: a:: B :b; 

that is, if A by varying becomes a, then B becomes b. This 
is expressed more concisely, by saying that A varies as i?, or 
A is as B. Thus the wages of a laboring man vary as the 
time of his service. We say that the interest of moiiey wliich 
is loaned for a given time, is proportwrnd to the principal. 
But a propc^tion contains fowr terms. Here are only two, 
the interest and the principaL This then is an abridged 
statement, in which two terms are mentioned instead of four. 
The proportion in form would be : 

As any given principal, is to any other principal ; 

So is the interest of the former, to the interest of the latter. 

404. In many mathematical and philosophical investiga- 
tions, we have occa^on to determine the general relaticms 
of certain classes of quantities to each other, without limiting 
the inquiry to any particular values of those quantities. In 
such cases, it is frequently sufficient to mention only two of 
the terms of a proportion. It must be kept in mind, how- 
ever, that four are always implied. When it it said, for in- 
stance, that the weight of water is proportioned to its bulk, 
we are to understand, 

That one gallon, is to any number of gallons ; 

As the weight of one gallon, is to the weight of the given 
number of gsulons. 

405. The character c/5 is used to express the proportion of 
variable quantities. 

Thus A cji B signifies that A varies as JS, that is, that 

A:a:: B :b. 

Tl*i.' exiwression A a^B may be called a general proportion. 
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406. One quantity is said to vary directly as another, when 
the one increases as the other increases, or is diminished as 
tlie other is diminished, so that 

A(/>By that isy A:a:: B :b. 

The interest on a loan is increased or diminished, in pro- 
portion to the principal. If the principal is doubled, the in- 
terest is doubled ; if the principal is trebled, the interest is 
trebled, &c. 

407. One quantity is said to vary inversely or redprocally 
as another, wnen the one is proportioned to the reciprocsd 
of the other ; that is, when the one is diminished, as the other 
is increased, so that 

•fl O) — that is, <^ : a : : — : ^or A: a: :b:B, 
B B V 

In this case, if Jl is greater than Oy Bis less than h, (Art. 
S&d.) The time required for a man to raise a given sum, by 
his labor, is inversely as his wages. The higher his wages, 
the less the time. 

408. One quantity is said to vary as two others jmntly^ when 
the one is increased or diminished, as the product of the other 
two, so that 

A ciD BC, that 18 A: a:: BC : be. 

The interest of money varies as the product of the princi- 
pal and time. If the time be doubled, and the pnncipal 
doubled, the interest will be four times as great. 

409. One quantity is said to vary directly as a second^ and 
inversely as a Ihirdy when the first is always proportioned to 
the second divided by the third, so that 

7? Ti h 

A c/i — , that is .fl : a : : -—. : -. 
C C c 

410. To understand the methods by which the statements 
of the relations of variable quantities are changed from one 
form to another, little more is necessary, than to make an 
application of the principles of common proportion ; bearing 
constantly in mind, that a general proportion is only an 
abridged expression, in which two terms are mentioned in- 
stead of four. When the deficient' tenns are supplied, the 
reason of the several operations will, in most cases, be appa- 
rent 
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411. It is evident, in the first place, that the order of the 
terms in a general proportion may be inverted. (Art d€9.) 

If Jt : a:: B : by thai is, if JLcxiB ; 
Then JS : 6 : : wf : <i, that is, BcnJl. 

412. If one or both of the terms in a geaeral proportion^ 
oe multiplied ot divided by a constant quantity, the proportion 
will be preserved. 

For muUipl3ring or dividing one or both of the terms is <he 
same, as multiplying or dividing arudogous terms in the pr»> 
portion expressed at length. (Art 382. and cor. 1.) 

If A:a::B:by that is, if Ao) B, 

Then mA : ma::B : by that is, iru/9 o) B. 
And mA : ma:: mB : mb^ that is, nuA (n mB, &c. 

413. If both the terms be multiplied or divided even <by 
a variable quantity^ the prraortion will be preserved. Foi 
this is equivalent to multiplying the two antecederUs by one 
quantity, and the two consequents by another. (Art. 382.) 

If A: a:: B :by that is/if AtjiB; 

Then MA :ma:: MB : m6, that is MA cr MB^ &c. 

Cor. 1. If one quantity varies as another, the qtu)ticnt ot 
the one divided by the other is comtant. In other words, it 
the numerator of a fraction varies as the denominator, the 
value remains the same. 

If A : a:: B:by that is, ]{ A{jiBj 

Then ,^:f^::5:*::l : 1. (Art. 128.) 
B b B o ^ ' 

Here the third and fourth terms are equal, because each is 
equal to 1. Of course the two first terms are equal ; ^Art. 
395.) so that if A be increased or diminished as many times 
as By the quot/unt will be invariably the same. 

€or. 2. If the pr-yduct of two quantities is constant^ one 
varies redprocaUy as the other. 

If,flJB:ai::l:l,then!^:^::i :l,orjJ:a: ^ *. 

Cor. 3. Anv factor in one term of a general proportion 
may be transjerredy so as to become a divisor in the other j 
and V. V. 

If •5«)jBC, then dividing by S, 4 c/)C. (Art. U8) 

19 
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SA cr JL, then mult, by C, .50 o) -L (Art. 159.) 
CD ^ ' D ^ ' 

414. If two qaantities vary respectively as a third, then 
oae of the two varies as the other. (Art. 384.) 

If A\a\\B\h\,. ,, .. i^c/iB 
And C;c::£:6r ^^' <CcnS; 
Then A: a: : C : Cy that is A(j> C. 

415. If two qusintities vary respectively as a third, their 
Uon or difference will vary in the same manner. (Art. 388.) 

And C:c::^:6r^^^^«'^MCc/^B; 
Then Ji+C : a+c ::B :by tliat is, A+C c/? B^ 
And •fl-C: o-c : :^ : 6, thatis, .3- C(/) jB. 

Cor. The addition here may be extended to my number of 
quantities all varying alike. (Art. 888. cor. 1.) 

If A (j^ By and C(J> By and jD en jB, and JS co J5, then 

(^+C+JD+£l)c/)J?. 

415. 6. If the square of the sum of two quantities, varies 
as the square of their difference ; then the sum of their squares 
varies as their product. 

If {A+By c/>(w8 - By; then J'+B' <j> JiB. 
For by the supposition, 

{A+By i{A-By:\ (a+t)» : (a-6)«. 

Expanding, adding, and subtracting terms. (Arts. 217, 
and 389, 7.) 

2.fl»+2jB» : 4AB : : 2c?^W : 4a6. 
Or, (Art. 382.) 
.fl»4-J5» : j2j6 : : €?4.6" : oi, that is, .fl'+B" u^AB. 

416. The terms of one general proportion may be multi- 
plied or divided by the corresponding terms of another. — 
(Art. 390.) 

If wJ : a : : JS : 6 ) ., , . .^ iA^B 
And C : c : : Z> : d 5 ^^ "^^^ [Cu^Dy 

Then ACiac:: BD : bd that is, ACc/^ BD. 

Cor. If two quantities vary respectively as a third, the pro 
duet of the two will vary as the square of the other. 



/ 
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417. If anyquanlity vary as another, any power or roof of 
the former will vary, as a like power or root of the latter. 
(Art. 391.) 

If A:a::B:by that is, if •« co J?, 

Then w3" : aTiiB'ib^ that is, ^ cc jB», 

And wS*: 0* : : ^ : b% that is, jj* co JB". 

418. In compounding general proportions, eqnslf acton or 
divisorsy in the two terms, may be rejected. (Art. 393.) 

If A:a::B:b^ CAc/^B 

' And jB : 6 : : C : c > that is, if < JB co C 

And C:c: : D-.d) (CcjiD 



Then A:a::D:d, that is, Ao>D. 

Cor. If one quantity varies as a second, the second, as a 
third, the third, as a fouith, &c. then the firtt varies aa the 
last. 

If «i9oc> J? od (7ci> D, then ^o> D. 

If A coB CD i , then Acf>~: that is, if the first varies <Ii- 
C C 

reetlu as the second, and the second varies rec^prociUly as the 
third ; the first varies rccipim^y as the third. 

• • • 

419. If any quantity vary as the product of two others^ 
and if ono of th« latter be considered constofU^ the first will 
vary as the other. 

If FTo) LBy and if B bo constant, then W cm^ L. 

Here it must be observed that there are two conditions ; 
First, that J^ varies as the product of the two other (luantitie^; 
Secondly, that one of these quantities B is constaiU. 

Then, by the conditions, Wits: : LB :IB; B being the 
same in both terms. 

Divid. by the constant quantity JB, JF: w : : L : Z, that iaWcrfL. 
And if L be considered constant, W<i>B. 

Thus the weight of a board, of uniform thickness and den- 
sity, varies as its length and breadth. If the lensih is given, 
the weight varies as the breadth. And if the brecmh is given, 
the weight varies as the length. 
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Cor. The same principle may be extended to any nmrdoer 
ef quantities. The weight of a stick of timber, of giren 
density, depends on the length, breadth, and thickness* If 
the length is given, the weight varies as the breadth and 
thickness. If the length and breadth are given» the weight 
raiies as the thickness, &c. 

If FTcD LBT; 

Then making L constant, FFco BT; 

And making L and B constant, JV(j>T; 

420. On the other hand, if one quantity depends on two 
others ; so that when the second is given, the first varie.s as 
the third, and when the third is given, the first varies as the 
second ; then the first varies as the product of the other two. 

If the weight of a.board varies as the length, when the 
breadth is given, and as the breadth when the length is giv- 
en : then if the length and breadth both vary, the weight va* 
lies as their product. 

If WcfiLy when B is constant, ) ., »«. nr 
And FTcp j», when L is constuit, 5 ^^^ ^ ^ ^^ 

In demonstrating this, we have to consider, two variable va-' 
lues of W; one, when L ordy varies, and the other, when L 
ftnd B both vary. 

Let w'= the first of these variable vahies. 

And w = the other ; 

So that iV will be changed to vi\ by the varying of L, 

And u/ will be farther changed to w, by the vaiying of B, 

Then by the supposition, W:t/ :: L:l^ when B is constant. 
And fjD^ :w:: B:by when B varies. 



Mult, correspond, terms, Wv>* : wtp' : : BL : bl. (Art. 390.) 
Divid. by w' (Art. 382.) W:w: : BL:bl,Le. Wui BL. 

The proof may be extended to any number of quantitiea 

The weight of a piece of timber, depends on its length, 
breadth, thickness and density. If any thiee of these are 
given, the weight varies as the other. 

This case must not be confounded with that in Art. 416, 
cor. In that, B is supposed to vary as mS and as C, at the 
same lime. In this, B varies as .tf, only when C is constant, 
and as C, only when Jl is constant. It cannot therefore varv 
as A and as C separately, at the same time. 
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Art. 420. 6. If one quantity varies as another, the former is 
equal to the product of the latter into some constant quantity. 

If,S:B::a:b; then, whatever be the value of a, its ratio 
to 6 must be constant, viz. that of Jl: B. Let this ratio be 
that of m: 1. 

Then ^: B: : a: b : :m: 1. TherefoTeJlzzmB; And a=m6 

Hence, if the ratio between the two quantities be found 
for any given value, it will be known for any other period of 
their increase or decrease. If the interest of 100 dollars be 
to the principal as 1 : ^ ; the interest of 1000 or 10^000 will 
have the same ratio to the principal. 

421. Many writers, in expressing a general proportion, do 
not use the term rorjj, or the character which has here been 
put for it. Instead of A ci^B^ they say simply that A is as B. 
See Enfield's Philosophy. It may be proper to observe, al- 
so, that the word given is frequently used to distinguish con- 
stani quantities, from those which are variable ; as well as 
to distinguish knoum quantities from those which are uik* 
known. (Art. 17.) 



SECTION XIV. 

ARITHMETICAL AND GEOMETRICAL PROGRESSICN. 

Art. 422. QUANTITIES which decrease by a common 
difference, as the numbers 10, 8, 6, 4, 2, are in contmued 
arithmetical proportion. ^Art. 872.) Such a series is also 
called a progression^, which is only another name for continued 
proportion. 

It is evident that the proportion will not be destroyed, if 

the order of the quantities be inoeried. ^ Thus the numbea 

2, 4, 6y 8^ lOy are m arithmetical proportion. 

19* 
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Q^a$ltU^e89 then, are m arithmetical progression, when thejf 
increase or decrease by a common difference. 

When they increase, they form what is called an ascending 
series, as 3, 5, 7, 9, 1 1, &c. 

When they decrease^ they form a descending series, as 11^ 
8, 7, 5, &c. 

The natural numbers, I, 2, 3, 4, 5« 6, &c. are in arithmet- 
ical progression ascending. 

423. From the definition it is evident that, in an ascending 
fieries, each succeeding term is founds by adding the common 
difference to the preceding term. 

If the first term is 3, and the common difierence 2 ; 

The series is 3, 5, 7, 9, IT, 13, &c. 

If the first term is a, and the common difference d ; 

Then a^d is the second term, a4-2(2-|-c^=a-f-3d, the fourth, 
a'\-d-{-d^ar\-%d the 3d, a+3d+d=a+4d the 5th, &c. 

13 8 4 5 

And the series is a, a4-<2> a^%d, Or^-M, a-|-4(l, %c. 

If the first term and the common difierence are the samtj^ 
the series becomes more simple. Thus if a is the first term, 
and the common diflference, and n the number of terms. 

Then a-f-a^Sais the second term, 
3a4-a=:3a the third, &c. 

And the series is a, 2a, 3a, 4a, na. 

424. In a descending series, each succeeding term is found, 
by subtracting the common difference from the preceding tenn. 

«f If a is the first term, and d the common difference, the 

* 12 8 4 5 

series is a, a - c{, a - 2(1, a - 3d, a - 4(f, &c. 

Or the common difference in this case may be considered 
as-d, a negative quantity, by the addition of which to any 
preceding term, we obtain the following term. 

In this manner, we may obtain any term, by continued 
addition or subtraction. But in a long series, this process 
would become tedious. There is a method much more ex- 
peditious. By attending to the series 

i' a a 4 5 

a, a-f-d, a+2d, o-f 3d, a+4d, &c. 
it will be seen, that the number of times d is added to a is <mit 
less than the nimiber of the term. 
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The second tenn is a+d^ i. e. a added to anu d; 
The third is a-f2c{, a added to twice d; 

The fourth is a+Sd, a added to tlirice d^ &c. 

So if the series be continued, 

The 50th term will be a+49d 

The 100th term 0+99(2 

If the series be descending^ the 100th term will be a — 993» 



In the hxst term, the number of times d is added to o^ .'s 
one less than the number of all tlie terms. If then 

a=the first term, z=the last, n=:the number of terms, we 
shall have, in all cases, z=a4-(n-l) x^; that is, 

425. In an arithmetical {urogression, the last term is equal 
to theJ!rst^-{^ the product of the common difference into the number 
of terms less one. 

Any other term riiay bo found in the same way. For the 
series ma^ be made to stop at any term, and that may be 
considered, for the time, as the last. 

Thus the with term=a+(m-l) x^'v 

* 

If the first term and the common difference are the sami^ 

«r=a-|-(ti-l)a=a-|-na-a, that is, z=na. 

In an ascending series^ the first term is, evidently, the least, 
and the last, the greatest. But in a descending series, the 
first tenn is the greatest, and the last, the least. 

426. The equation zr=aJ^ (n - 1 )d not only shows the value 
of the last term, but, by a few simple reductions, will enable 
us to find other parts of the series. It contains four different 
quantities, 

a, the j!rs< term, n, the number of terms, and 

r, the last term, d, the common difference. 

If any three of these be given, the other may be found. 

Tl. By the equation already found, 

z=:a-f (n-l)({=</i6 last term. 

2. Transposing (n-l)rf, (Art. 173.) 

z^{n-\)d=a:=the first term. 
S. Transposing a in the 1st, and dividin^{>y n-l» 

— |-=(I=tte common difference. 
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4. Transp, a in the 1st, dividing by rf, and transp. -I, 

---j-+l=n=t&e number of terms. 

By the third equation, may be found any number of arith^ 
metkal meansy between two given numbers. For the whole 
number of terms consists of the two extremes^ and ail the 
iniermediate terms. If then mz= the number of means, m^ 
2=n, the whole number of terms. Substituting m+2 for n, 
in the third equation, we have 

z—a 

^ , t =(f, the common difference, 
tn-j-l ' 

Prob. 1. If the first term of an increasing progression is 7, 
the common difference 3, and the number of terms 9, what is 
the last tenni Ans. z=a+(n-l)il=7+(9-l)x3=3K 

And the series is 7, 10, 13, 16, 19, 22, 25, 28, 31. 

Prob. 2. If the last term of an increasing progression is 60^ 
the number of terms 12, and the common difference 5, what 
is the first term t Ans. a=:«-(n-l)d=60-(12-l)x5=5. 

Prob. 3. Find 6 arithmetical means, between 1 and 43. 

Ans. The common difference is 6. 

AJid the series, 1, 7, 13, 19, 25, 31, 37, 43. 

427. There is one other inquiry to be made concerning a 
series in arithmetical progression. It i& often necessary to 
find the sum of all the terms. This is called. the summiUkm of 
the series. The most obvious mode of obtaining the amount 
of the terms, is to add them together. But the nature of 
progression will furnish us with a method more expeditious. 

It is manifest that the sum of the terms will be the same, 
in whatever order they are written. The sum of the ascend- 
ing series, 3, 5, 7, 9, 11, is the same, as that of the descend- 
ing series, 11, 9, 7, 5, 3. The sum of both the series is» 
therefore, twice as great, as the sum of the terms in one of 
them. There is an easy method of finding this double sum^^ 
and of course, the sum itself which is the object of inquiry. 
Let a given series be written, both in the direct, and in the in* 
verted order^ and then add the corresponding terms together. 
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Take, for instance, the series 8, 5, 7, 9, 11 

And the same inverted 11, 9, 7, 5, 3. 



The suras of the terms will be 14, 14, 14, 14, 14. 

Take also the series a, a^i-dy ci'-f-2d, a^-3d, a4-4(?. 

And the same inver. a-^-idy {^-Sdy a-f-2(2, a-{-dy a. 

The sums will be 2a+4dy2a+4dy2a+4dy2a+4dy2a+4d 
Here we discover the impcHftant property, that, 

428. In an arithmetical progression, the sum of the ex- 
tremes IS EQUAL TO THE SUM OF ANT OTHER TWO TERMS 

EQUALLY DISTANT FROM THE EXTREMES. 

In the series of numbers above, the sum of the first and 
the last term, of the first but one and the last but one, &c. is 
14. And in the other series, the sum of each pair of corres- 
ponding terras is 2a-{-4d, 

To find the sum of M the terms in the double series, we 
have only to observe, that it is equal to the sum of the ex- 
tremes repeated as many times as there are terms. 

The sum of 14, 14, 14, 14, 14=14x3. 

ft 

And the sum of the terms in the other double series is 
{2a+4d)x5. 

fiixt iKia io itmicA iKo oum <k£ iKa t^rrma in f Ke. single nftri^A. 

If then we put 

a=the first term, n=the number of terms, 

2:= the last, «=sthe sum of*the terms, 

we shall have this equation, 

5=-2"Xn. That is, 

429. In an arithmetical progression, the sum of all the 

TERMS IS equal TO HALF THE SUM OF THE EXTREMES MUL- 
TIPLIED INTO THE NUMBER OF TERMS. 

Prob. What is the sum of the natural series of numbers 
1, 2, 3, 4, 5, &c. up to 1000? 

a-i-Z 1 + 1000 ^^^^ ^r^^^r^r. 

Ans. «=-^ X»= -^ X 1000=500500. 

If in the preceding equation, we substitute for ar, its value 
as given in Art. 426, we have 

2a +(n-l)a 
1. s= — --IB ^X«- 
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In this, there are four different quantities, the first term of 
the series, the common difference^ the number of terms, and 
the sum of the terms ; any three of which being given, the 
fourth may be found. For, by jreducing the equation, we 
have, 

2. 0= 5 ' the first term. 

8. d= — i ' the common difference. 



2d 

Ex. 1. If the fii'st term of an increasing arithmetical series 
is 3, the conunon difference 2, and the number of terms 20 ; 
what is the sum of the series 1 Ans. 440. 

2. If 100 stones be placed in a straight line, at the dis- 
tance of a yard from each other; how far must a person tra- 
vel, to bring them one by one to a box placed at the distance 
of a yard from the first stone 1 Ans. 5 miles and 1300 yards. 

3. Wliat is the simi of 150 terms of the series 

- 1 2 4 5 7 
g» 3^ 1, 3» 3» 2, ^ &C.1 Ans. 3775. 

4. If the sum of an arithmetical series is 1455, tlie least 
term 5, and the number of teiins 30 ; what is the common 
difference] • Ans. 3. 

5. If the sum of an arithmetical series is 667, the first 
term 7, and the common difference 2 ; what is the number 
of tennsi Ans. 21. 

6. What is the sum of 32 terms of the series 

1, li> 2, 2J, 3, SlcA Ans. 280. 

7. A gentleman bought 47 books, and gave 10 cents for 
the first, 30 cents for the second, 50 cents for the third, &c. 
What did he give for the whole? Ans. 220 dollars, 90 cents 

* 

8. A person put mto a charity box, a cent the first day of 
the year, two cents the second day, three cents the third day, 
&c. to the end of the year, T^Tiat was the whole sum for 
865 days ? Ans. 667 dollars, 95 cents. 



♦ \ 
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430^ In the series of odd numbers 1, 3, 5) 7, 9, &c« con- 
tinued to any given extent, the last tenn is always one less 
than twice the number of terms. 

For z=a-\-{n-\)d. (Art 425.) But in the pioposed 
series a=::l, and cJ=2. 

The equation, then, becomes xr=:l-|-(n-l) x2=2n - 1. 

431. In the series of odd numbers, 1, 3, 5, 7, 9, &.c. fht 
sum of the terms is altoays equal to the square of the number^ of 
tenuis. 

For s=\ (a+2r)n. (Art 429.) 

But here a=l, and by the last article, z==8n-l. 
The equation, then, becomes «=i (l+2n-l)n=:n'. 



Thus 1- 
1-4.3 



3=4 ^ 

6=9 > the square of the number of terms, 
14.3+5+7=16) 

432. If there be two ranks ^of quantities in arithmetical 
progres^on, the syms or differences will also be in aritlunetical 
progression. 

Few by the addition or subtraction of the corresponding 
terms, the ratAos are added or subtracted. (Art. 345.) And 
by the nature of progression, all the ratios in the series are 
equal. Therefore equal ratios being added to, or subtracted 
from, equal ratios, the new ratios thence arising will also be 
equal. 

To and from 3, 6, 9, 12, 15, 18, 21 ^ ^3 

Add and sub. 



O, O, », 1;^, iO, 10, Ail \ 

). 2, 4, 6, 8, 10, 12, 14 I 

5, 10, 15, 20, 25, 30, 35 ( 
1, 2, 3, 4, 5, 6, 7 > 



Sums 5, 10, 15, 20, 25, 30, 35 i ^^^^ ^^^^ ^M 5 

DiiE 1, 2, 3, 4, 5, 6, 7 > v 1 

433. If all the terms of an arithmetical progression be mtd 
Itplied or dwided by the same quantity, the products or quo 
dents will be in arithmetical progression. 

For by the multiplication or division of the terms, the roHoi 
are multiplied or divided; (Art. 344,) that is, equal quantitiei 
are multiplied or divided by the given quantity. They wiH 
therefore remain equal. 

If the series 3, 5, 7, 9, 11, &c. be multiplied by 4; 

The prods, will be 12, 20, 28, 36, 44, &c, and if this be div. by 2, 
The quots. will be 6, 10, 14, 18, 22, &c. 
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Problems of various kinds, in arithmetical progression, may 
be solved, by stating the conditions algebraically, and then 
reducing the equations. 

Prob. 1. Find fotir numbers in arithmetical progression, 
whose sum shall be 56, and the sum of their squares 864. 

If x=the second of the four numbers, 
And y= their common difference: 
The series will be « -y, a:, x+y^ a?+2y. 

By the conditions, (af-y)+*+(*+y)+(*+2y)=56 ) 

And {x - yy+a^+ (x+yy+ (x+2y)«=864 5 

That is 4a?+2y=56 > 

And 4aj*4-4«y-f 6y«= 864 J 

Reducing these equations, we have x=l2y and y=4. 

The numbers required, therefore, are 8, 12, 16, and 20. 

Prob. 2. The sum of three numbers in arithmetical pro- 
gression is 9, and the sum of their cubes is 153. What are 
the numbers 1 , Ans. 1, 3, and 5. 

Prob. 3. The sum of three numbers in arithmetical pro- 
gression is 15; and the sum of the squares of the two ex- 
tremes is 58. What are the nmnbers? 

Prob. 4. There are four numbers in arithmetical progres- 
sion : the sum of the squares of the two first is 34 ; and the 
simi of the squares of the two last is 130. What are the 
numbers] Ans. 3, 5, 7, and 9. 

Prob. 5. A certain number consists of three digits, which 
are in arithmetical progression ; and the number divided by 
the sum of its digits is equal to 26; but if 198 be added to 
it, the digits will be inverted, YHiat is the number? 

Liet the digits be equal to «-y, Xy and a;-|-y, respectively. 
Then the nmnber =100(a?-y)+10ar4-(af+y) = lllx-99y. 

lllar-99v 
By the conditions, ^ ^- =26 

And lllar-99y+198=100(a?+y)+10a:+(ar-y) 
Therefore a:=3, y = 1, and the number is 234. 

Prob. 6. The simi of the squares of the extremes of four 
numbers in arithmetical progression is 200 ; and the sum of 
the squares of the means is 136. What are the numbers 1 
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Prob. 7. There are four numbers in arithmetical progtea. 
eion, whose sum is 28, and their continual product 585. 
What are the numbers f 
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434. As arithmetical proportion continued is arithmetical 
progression, so geometrical proportion continued is geometri- 
cal progression. 

The numbers 64, 32, 16, 8, 4, are in continued georaetii- 
cal proportion. (Art. 372.) ^ 

In this scries, if each preceding term be dmded by the 
common ratio, the quotient will be the following term, 

V=32, and V=16, and ^=8, and f=4. 

If the order of the scries be inverted^ the proportion will 
still be preserved ; (Art. 399,) and the common divisor will 
become a multiplier* In the series 

4,8,16,32,64, &c.4x2=8,and8x2=16,andl6x2=32,&c. 

435. Quantities then are in geometrical progression, 

PfUEff THET INCREASE BT A COMMON MULTIPLIER, OR Dfi«. 
CREASE BY A COMMON DIVISOR. 

The common multiplier or diviscnr is called the ratio. For 
most purposes, however, it will be m(N:e simple to considei 
Ihe ratio as always a mfdtipliery either integral or fractional. 

In the series 64, 32, 16, 8, 4, the ratio is either 2 a divisor, 
or i a multiplier. 

To investigate the properties of geometrical progression, 
we may take nearly the same course, as in arithmetical pro. 
gression, observing to substitute continual fnultiplication and 
dwisian^ instead of addition and subtraction. It is evident^ 
in the first place, that, 

436. In an ascending geometrical series, each succeeding 
term is found, by multiplying the ratio into the preceding terra* 

If the first term is a, and the ratio r. 

Then ax»*=«"» the second tenn, ar*X»'=«»^» the fourth, 
arxr=ar*9 the third, ar*xr=ar\ the fifth, &c 

And the series is a, or, or", ar^^ ar*^ ai^^ &c. 

437. If the first term and thcTatio are the iwne, the pro. 
gression is simply a series of powers^ 
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If the first term ond the ratio are each equal to f, 
Then rxr=^f*9 the second teim, r*x»*=^> the fourth, 
r*xr=f^i the third, r«xr=f*, the fifth. 

And the series is r, r*, r*, f*, r*, r*, &c. 

438. In a de9cending series, each succeeding term is found 
by dividing the preceding term by the ratio, or multiplying 
by the fractional ratio. 

If the first term is ait*^ and the ratio r, 

ar* 
the second term is — , or or'xfi 

And the series is ar^j a/^y ar\ ar^^ atn^^ ar^ a, &c 

If the first term is a, and the ratio r, 

a a a 
The series is a,3"5»"j> &c. or a, at~^^ ar"^, &c. 

I 8 S 4 8 6 

By attending to the series a, ar^ ai*y ar^^ ar*, air*, &c. it will 
be seen that, in each term, the exponent of the power of the 
ratio, is one less, than the number of the term. 

If then a=rthe first tenn, r=rthe ratio^ 

z=the last, n=the number of terms , 

we have the equation z=af*^y that is, 

439. In geometrical progression, the last term is equal to the 
prodtu:t of the firet, kUo that power of the raUo tohose index is one 
less tham the number of terms. 

When the lieast tenn and the ratio are the same^ the equa* 
tion becomes z=rr'^=r^. See Art. 437. 

440. Of the four quantities a, z^ r, and i^ any three being 
given, the other may be found.* 

1. By the last article, 

;r=:ar^'==the last term. 

£. Dividing by r^', 

z 
p;;:4=a=the first term, 

8. Dividing the 1st by o^ and extracting the root, 

"-» =er= the roHo. 



^r- 



« See Note P. 
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By the last equation may be found any number of gewM' 
iriadnieans^ between two given numbers. If m= the num- 
ber of means, inJ^2z=:ny the tohole number of terms. Substi- 
tuting m-f-S for n» in the equation, we have ^ 



(t)- - 



the ratio. 



When the ratio is found, the means are obtained by con 
Unued multiplication. 

Prob. 1. Find two geometrical means between 4 and 256 
Ans. The ratio is 4» and the*series is 4, 16, 64, 256. 

Prob. 2. Find three geometrical means between i and 9 

Ans. 7, 1, and 3. 

' 441. The next thing to be attended to^ is the rule for find 
ing the sum of M the terms. 

If any. term, in a gdomatrical series, be multiplied by the 
ratio, the product will be the succeeding term. (Art. 4S6.) 
Of course, if each of the terms be multiplied by the ratio, a 
new series will be produced, in which all the terms except 
the last will be the same, as all except the first in the other 
series. To make tliis plain, let the new series be written 
under the other, in such a manner, that each term shall be 
removed one step to the right of that firom which it is pro* 
duced in the line above. 

Take, for instance, the series 2, 4, 8, 16, 32 

Multiplying each term by the ratio, we have 4, 8, 16, 32, 64 

Here it will be seen at once, that the four last terms in the 
upper line are the same, as the four first in the lower line. 
The only terms which are not in bothy are the first of the one 
series, and the last of the other. So that when we subtract 
the one series, from the other, all tfie terms except these two 
will disappear, by balancing each other. 

If the given series is a, or, ar\ ar^y ai^'~K 

Then mult, by r, we have or, ar^y ar^y ar^'^ or". 

Now let «= the sum of the terms. 

Then 5=a-|-ar-f-at^+ar*, . . • •+fl^~S 
And mult, by r, r$=: ar-^-ar'^-^ar^ 4-^^"'+^* 

Subt'gthe first equation from the second, r^- 5= ar"-o 
And dividing by (r^l,) (Art. 121,) *=^^~r' 
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In this equation^ or^ is the last term in the nevr sene?, and 
is thorefora the product of the ratio into the tast tenn in the 
ghen series. 

Therefore s=^^Z3, that is. 

r-l 

442. The sum of a series in geometrical progre«;sion is 
foiuid, by multiplying the last term into the ratiot subtract- 
ing the first term, at>d dividing the remainder by the ratio 
less one. 

Prob. 1. If in a series of numbers in geometrical pro- 
^ession^ Ihe first term is 6, the last term l45Sy and the ratio 
S, what is the sum of all the terras T 

r-l S-l 

Prob. 2. If the first tenn of a decreasing geometrical se« 
ries is i, the ratio j, and the number of terms 5 ; what is the 
sum of the series ? 

The last term*=ar"-*=4XG)*=iJi- 

And the sum of the terms=lAl5I — 5=---. 

i-l 162 

Prob. 3. What is the sum of the series, U 3, 9, 27, &c. to 
12 terms] Ans. 26572a 

Prob. 4. What is the sum of ten terms of the series 1, |» 

h M> &c. Ans. — - — - . 

^ 69049 

443. Quantities in geometrical progressi^ are proportional 
to their differences. 

Let the series be a, ar^ ar^y ai^^ ar\ &c. 

By the nature of geometrical progression, 

a : an: ar : ai^ ::ar^ : ar^: :ar^ : ar^y &c. 

In each couplet let the antecedent be subtracted from the 
consequent, according to Art.. 389, 6. 

Then a : or: icer-a : ar^'-afr; : ar^^ar : ar^-ar^y &c. 

That is, the first term is to the second, as the diflerence 
between the first and second, to the difference between tho 
second and third ; and as the difference between the second 
and third, to the difference between the third and fourth, &c 



N 
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Cor. If quantities are in geometrical progression, their dif* 
ferences are also in geometrical progression. 

Thus the numbers 3, 9, 27, 81, 243, &c. 
And tlieir differences 6, 18, 64, 162, &c. are in geo 
metrical progression. 

444. Several quantities are said to.be in harmorUcal progres* 
9um^ when, of any three which are contiguous in the senes, 
the first is to the last, as the difference between the two first, 
to the difierence between the two last Bee Art. 400. 

Thus the numbers 60, 30, 20, 15, 12, 10, are in harmoni* 
cal progression. 

ror60:20::60-30:30-20,And20:12::20-.15:15-12. 
And 30: 15 :: 30-20: 20-15,And 15: 10:: 15-12 : 12^10. 

Problems in geometrical progression, may be solved, as in 
Dther parts of algebra, by the reduction of equations. 

Prob. 1. Find three numbers in geometrical progression, 
such that their sum shall be 14, and the sum of their 
Squares 84. 

Let the three numbers be ar, y, and r. 

By the conditions, x :y ::y : z^ or a»r=*«' 

And • x4-y+^ 



= 14[ 

=84) 



And se^^y^^s!' 

Reducing these equations, we find the numbers required 
to be 2, 4 and 8. 

Prob. 2. There are three numbers in geometrical progres- 
sion whose product is 64, and the sum of their cubes is 584. 
What are the numbers T 

If X be the first term, and y the common ratio ; the series 
will be 0?, ay, xy^. 

By the conditions, « X ay X «/*> or «y = 64, > 

And «^+a:y+«y =684. J 

These equations reduced give x=i9j and y=2. 
The numbers required, therefore are, 2, 4 and 8. 

Prob. 3. There are three numbers in geometrical progred- 
sion : The sum of the first and last is 52, and the square of 
the mean is 100. What are the numbers 1 Ans. 2, 10,and 50. 

20» 
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Prob. 4. Of four numbm'd in geometrical progression, the 
sum of the two first is 15, and the siun of the two last is 60. 
What are the numbers ? 

Let the series be x, xy^ xi^, xyf^ ; and the numbers will be 
found to be 5, 10, 20, and 40. 

Prob. 5. A gentleman divided 210 dollars among three 
servants, in such a manner, that their portions were in geo- 
metrical progression ; and the first had 90 dollars more than 
the lasU How much had each % 

Prob. 6. Tliere are three numbers in geometrical progres- 
Bion, the greatest of which exceeds the least by 15 ; and the 
difference of the squares of the greatest and the least,, is to 
the sum of the squares of all the three numbers as fi to 7. 
What are the numbers 1 Ans. 5, 10, and 20. 

Prob. 7. There are four numbers in geometrical progres- 
sion, the second of which is less than the fourth by 24 ; and 
the sum of the extremes is to the sum of the means, as 7 to 3. 
What are the uumberal Ans. 1, S, 9,. 27. 
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mPmiTES AND INFTNITESIMALS.* 

Art. 445. THE word mfoMle is used in different senses^ 
The ambiguity of the term has been the occasion of much 
perplexity. It has even led to the absurd supposition that 
propositions directly contradictory to each otner, may be 
mathematically demonstrated. These apparent contradic- 
tions are ovnxig to the fact, that what is proved of infinity 

— I _ _ i— — 

^^^^^— ^^».— ^— — ^^^^^^— ^.^^^^-^^.^ . J I. 

♦ I-p«ke'8 Essays, Book 2, Chap. 17. Berkeley's Analyst Prcftice to Mac 
iMuin's Fluxions. JMewton's Prindp. Saunderson's AJgobra, ArU 38& 
Mansfield's Essays. Emersoa's Al^bra^ Prob.. 7X Buffi^ 



* * 



MATHEMATICAL INFINITY. ««7 

when understood in one particular manner, is often thought 
to be true also, when the term has a very different significa- 
tion. The two meanings are insensibly shifted, the one for 
tlie other, so that the proposition which is really demonstra- 
ted, is exchanged for another which is false and absurd. To 
prevent mistakes of tliis nature, it is important that the dif- 
ferent meanings be carefully distinguished from each other. 

446. Infinite, in the highest, and perhaps the most proper 
sense of the word, is that which is so great, that nothing can be 
added to ity or supposed to be added. 

In this sense, it is frequently used in speaking of xnoral and 
metaphysical subjects. Thus, by infinite wisdom is meant 
that which will not admit of the least addition. Infinite power 
is that which cannot possibly be increased, even in supposi- 
tion. This meaning of infinity is not applicable to the ma- 
thematics. That which is the subject of the mathematics is 
quantity; (Art. 1.) such quantity as may be conceived of by the 
human mind. But no idea can be formed of a quantity so 
great that nothing can be supposed to be added to it In this 
sense, an infinite number is inconceivable. We may increase 
a number by continual addition, till we obtain one that shall 
exceed any limits which we please to assign. By this, how- 
ever, we do not arrive at a number to which nothing can be 
added ; but only at one that is beyond any limits which we 
have hitherto set. Farther additions may be made to it with 
the same ease, as those by which it has already been in- 
creased so far. It is therefore not infinite, in the sense in 
which the term has now been explained. It is absurd to 
speak of the greatest possible number. No number can be 
imagined so great as not to admit of being made greater. 
We must therefore look for another meaning of infinity, be- 
fore we can apply it, with profMiety, to the mathematics. 

447. A MATHEMATICAL QUANTITY IS SAID TO BE INFINITE, 
WHEN IT IS SUPPOSED TO EE INCREASED BEYOND ANY DETER- 
MINATE LIMITS. 

By determinate limits are meant such as can be distinctly 
stated.^ In this sense, the natural series of numbers, 1» 2, S, 4, 
6, &c. may be said to be infinite. For, if any number be men* 
tioned ever so great, another may be supposed still greater. 

The two significations of the word infinite are liable to be 
confounded, because they are in several pointA of view th« 

*See!^QteGU 
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same. The higher meaning includes the lower. That which 
IS so great as to admit of no addition, must be beyond any 
determinate Umits. But the lower does not necessarily unply 
the higher. Though number is capable of being increased 
beyond any specified limits ; it will not follow, that a number 
can be found to which no farther additions can be made. 
The two infinites agree in this, that according to each, the 
things spoken of are great beyond calculation. But they 
differ widely in another respect. To the one, nothing can be 
added. To the other, additions can be made at pleasure. 

' 448. In the mathematical sense of the term, there is no 
absurdity in supposing one infimte greater than another. 

We may conceive the numbers 2 2 2 2 2 2 2, &c. 

4 4 4 4 4 4 4, &c. 

to be each extended so feu: as to reach round the globe, or to 
the most distant visible star, or beyond any greater boundary 
which can be menticmed. But if the two series be equally 
extended, the amount of the one will be twice as great as the 
other, though both be infinite. 

So if the series a-\- a^-\- a^-\- a^-f- a", &c. 
and Oa+Oa'+ga^-j-Oa'+Oa*, &c. 

be extended together beyond any specified limits, one will be 
nine times as great as the other. But it would be absurd to 
suppose one quantity greater than another, if the latter were 
ulready so great that nothing could be added to it, 

449. An infinite number of terms must not be mistaken for 
an infinite quantit3^ The terms may be extended beyond 
any given limits, when the amount of the whole is a finite 
quantity, and even a small one. . If we take half of a unit ; 
then half of the remainder ; halfof the remaining half, &c. 
^e shall have the series 

ij. widch each succeeding term is halfof the preceding one. 
Let the progressicm be continued ever so far, the sum of all 
the terms can never exceed a unit. For, by the supposition^ 
there is still a remainder equal to the last term. And this 
remainder must be added, before the amount of the whole 
can be equal to a unit. 

So }4-l+»+ A " l M A* &c- can never exceed 8. 
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450. When a quantity is diminish&d till it becomes 
less than any determinate quantity, it 18 galled an 
INFINITESIMAL. 

Thus, in a eeries of fracti ms y^, y^, ivVo' TiydCff' ^^' ^ 
unit is first divided into ten parts, then into a hundred, a 
thousand, &c. One of these parts in each succeeding term 
!s ten times less than in the preceding. If then the progres- 
sion be continued, a portion of a unit may be obtained less 
than any specified quantity. This is an infinitesimal, and in 
mathematical language, is said to be mfimtely small. By this^ 
however, we are not to understand that it cannot be made 
less. The same process that has reduced it below any limit 
which we have yet specified, may be continued, so as to di- 
minish it still more. And however far the progression may 
be carried, we shall never arrive at a point where we must 
necessarily stop. 

45L In the sense now explained, mathematical quantity 
may be said to be infinitely divisible ; that is, it may be sup- 
posed to bo so divided, that the parts shall be less than any 
oetemiinate quantity, and tlie number of parts greater than 
any given number. 

In the series ,"^, -^^ ^Tmrj >oooo > &c- » ^^^^ ^s divided 
into a greater and greater number of parts, till they become 
infinitesimals, and the number of them infinite, that is, such 
a number as exceeds any gken number. But this does not 
prove that we can ever arrive at a division in which the parts 
shall be the least possible or the nwnber of parts the greatest 
possible, 

452. One infinitesimal may be less than anotlier. 

:\ 

may be carried on together, till the last term in each becomes 
infinitely small ; and yet one of these terms will be only halj 
as great as the other. For the denominators being the same, 
the fractions will be as their numerators, (Art. 360, cor. 2,) 
that is, as 6 : 3, or 2 : L 

Two quantities may also be divided, each into an infinite 
number of parts, using the term infinite in the mathematical 
sense, and yet the parts of one be more numerous than those 
of the other. 



The series, nr, rJir> nnnr> nrmnr* &c. 

AnH 8 3 3 8 &rc 



The series ^, ttttj nrW) t udoo> &c. 
And ^, j^nr* 4 com nnnnn ^^ 



:} 



290 ALGEBRA. 

may both be infinitely extended ; and yet a unit in the last 
series, is divided into four times as many parts as in the first. 
But if, by an infinite number of parts were meant such a 
number as could not be incref sed, it would be absurd to sup- 
pose the divisions of any quantity to be still more nimierous,* 

453. For all practkcd purposes, an infinitesimal may be 
considered as absolutely nothing. As it is less than any de- 
terminate quantity, it is lost even in numerical calculations. 
In algebraic processes, a terra is often rejected as of no value, 
because it is infinitely small. 

It is frequently expedient to admit into a calcuUtion, a 
small error, or what is suspected to be an error. It may be 
difficult either.to avoid the objectionable part, or to ascertain 
its exact value, or even to determine, without a long and 
tedious process, whether it is really an error or not. But if it 
can be shown to be infinitely small, it is of no account in 
practice, and may be retained or rejected at pleasure. 

It is impossible to find a decimal which shall be exactly 

•equal to the vulgar fi-action J. Dividing the numerator by 

the ' denominator, we obtain in the first place ft. This is 

*<> ii Bui ^ is nearer, ^i^o» still nearer, &c. 



The error, in the first instance, is A. 

For ft4.A=A+8Ay=^=4. 

In the same manner it may be shown, that 

the difference between \ * ^^^ H' ^! ^' . 

I i and .333, is g^nr^ &c. 

If the decimal be supposed to be extended beyond any as- 
signable limit, the difference still remaining will be infinitely 
small. As this error is less than any given quantity, it is of 
no account, and may be considered ii* calculation as nothing. 

454. From the preceding example it will be seen, that a 
quantity may be continually coining nearer to another, and 
yet 'never reach it. The decimal 0.3333333, &c. by repeated 
additions on the right, may be made to approxirrtate continu- 
ally to J, but can never exactly equal it. A difference will 
always remain, though it may become infinitely small. 
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When one quantity is thus made to approach continually 
to another, without ever passing it ; the latter is called a 
limk of the former. The fraction g is a limit of the decimal 
0.666 &c. indefinitely continued. 

455. Though an infinitesimal is of no account of itself^ 
yet its effect on other quantities is not always to be disre- 
garded. 

When it is a factor or divisor, it may have an important 
influence. It is necessary, therefore, to attend to the rela- 
tions which infinites, infinitesimals, and finite quantities have 
to each other. As an infinitesimal is less than any assigna- 
ble quantity, as it is next to nothing, and, in practice, may be 
considered as nothing, it is firequently represented by 0. 

An infinite quantity is expressed by the character QO 

456. As an infinite quantity is incomparably greater tlian 
a finite, one, the alteration of the former, by an fiddition or 
subtraction of the latter, may be disregarded in calculation. 
A single grain of sand is greater in comparison with the 
whole earth, than any finite quantity in comparison with one 
which is infinite. If therefore indfinite and finite quanti- 
ties are connected by the sign -f- or -, the latter may be re- 

S'ected as of no comparative value. For the same reason, if 
inite quantities and infinitesimals are connected by + or - , 
the latter may be expunged. 

457. But if an infinite quantity be multiplied by one which 
is finite, it will be as many times increased as any other quan- 
tity would, by the same multiplier. 

If the infinite series 2 2 2 2 2 2 &c. be multiplied by 4 ; 

The product will be 8 8 8 8 8 8 &c. four times as gieat as 
the multiplicand. See Art. 448. 

453. And if an infinite quantity be dtmded by a finite quan- 
tity, it will be altered in the same manner as any other quan- 
tity. 

If the infinite series 66666666 &c.be divided by 2 ; 

The quotient will be 3 3 3 3 3 3 8 3 &c. half as great as 
Jie dividend. 

459. If a finite quantUy be multiplied by an infimtesmai^ 
the product will be an infinitesimal ; that is, putting z for a 
finite quantity, and for an infinitesimal, (Art. 455. 

zxO^O. 
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If the multiplier were a tmU, the product would be equa 
to the midtipUcand. (Art. 90.) If the midtiplier is less tlian 
a unit, the product is proporticnally less. If then the multi- 
plier is inJinUely less than a unit, the product must be lufi*^ 
nitely less tl)an the multiplicand, that is, it must be an infi- 
nitesimal. Or, if an infinitesimid be considered as abso- 
lutely nothing, then the product of z into nothing is nothing. 
(Art, 112.) 

460. On the other hand^ if a finite quantity be divided by 
an infinitesimal, the quotient will be infinite. 

z 



For, the less the divisor, the greater the quotient. If then 
the divisor be inJhuUly small, the quotient vrill be infinitely 
great. In other words, an infinitesimal is contained an infi- 
nite number of times in a finite quantity. This may, at first, 
appear paradoxical. But it is evident, that the quotient must 
increase as the divisor is diminished. 

Thus 6-5-3 =2, 6-f.0.03=200, 

6-^0.3=20, 6-5-0.003=2000, &a 

If then the divisor be reduced, so as to become less than 
any assignable quantity, the quotient must be greater than 
any assignable quantity. 

461. If a finite quantity be divided by an infinite quantity, 
the quotient will be an infinitesimal. 

OD 

For the greater* the divisor, the less the quotient. If then, 
while the dividend is finite, the divisor be infinitely great, the 
quotient will be infinitely small. 

It must not be forgotten, that the expressions n^iielygrecu 
and infinitely smalls are, all along, to be understood in the 
mathematical sense according to the definitions in Arts. 447, 
and 450. 
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SECTION XVI 

DIVISION BY COMPOUND DIVISORS, GREATEST 

COMMON MEASURE. 

Art. 463. IN the section on division, the ease in whick 
the divisor is a compound quantity was omitted, because tbft 
operation in most instances, requires some knowledge of the 
nature of powers ; a subject which had not been previously 
exj^ained. 

Division by a compound divisc^ is performed by the fol* 
lowing rule, which is substantially the same, as the rule for 
division in arithmetic ; 

To obtain the first term of the quotient, divide the first 
term of the dividend, by the first term of the divisor ;* 

Multiply the whole divisor, by the term placed in the quo- 
tient ; subtract the product from a part of the dividend ; and 
to the remainder bring down as many of the following terms^ 
as shall be necessary to continue the operation ; 

Divide a^ain by the first term of the diviscMr, and proceed 
as before, tul all the terms of the dividend are brought dowa 

Ex. 1. Divide ac-^hc-^ad^hd^ by o-f-A- 
ac-4-ic, the first subtrahend. 



«d4-6(i, the second subtrahend* 



Here ne^ the first term of the dividend, is divided by o, 
the first term of the divisor, (Art. 1 16.) which gives c for the 
first term of the quotient Multiplying the whole divisor by 
this, we have at^hc to be subtracted fix)m the two firsi 
terms of the dividend. The two remaining terms are then 
brought down, and the first of them is divided by the first 



■M 
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tenn of the divisor as before. This g^ves d for the second 
tenn of the quotient. Then mukiplying the divisor by d, 
we have ad'\-bd to be subtracted, which exhausts the whole 
dividend without leaving any reinainder. 

The rule is founded on tliis principle^ that the product of 
the divisor into the several parts of the quotient, is equal to 
the dividend. (Art. 115.) Now by the operation, the pro- 
duct of the divisor into the first term of tlie quotient is sub- 
tracted from the dividend; then the product of. the divisor 
into the tecotid term of the quotient ; and so on, till the pro- 
duct of tjie divisor into each term of the quotient, that is, 
the product of the divisor into the tohok quotient, (Art. 100.) 
is taken from the dividend. If there is no renminder, it is 
evident that this product is equal to the dividend.. If there 
is a remainder, the product of the divisor and quotient is equal 
to the whole of the dividend except the remainder. And this 
remainder is not included iii the parts subtracted from the 
dividend, by operating according to tlie rule. 

4€S. Before beginning to divide^ it wiH generally be. ex- 
pedient to mak» soiae preparation in the arrangemmt qf the 

t$ftM, 

The letter which is in the first term of the divisor, should 
be in the first term of the dividend also. And the powers of 
this letter shoidd be arranged in order, both in the divisor 
and in the dividend; the highest powfur standing first, the 
next highest next, and so on. 

Ex. 2. Divide ga'fc+fc'+Soi'+rf*^ by ^f+V+ab. 

Here, if we take a' for the first tenn of the divisor, the 
other terms should be arranged according to the powers of a, 
thusy 

a»+ai+y»)rf+2a«64-2a6«+ft'(a+ft 



In these operations, particular care will be necessary m the 
management of negative quantities. Constant attention must 
be paid to the rules for the signs in subtractioo, multiplica* 
tion and division. (Arts. 32, 105, 123.) 
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Ex. S. Divide 2ax - ia*ic - Sa*xji+6(fx+axy - sy by 2a * y 

If the terms be arranged according to the powers of a» 
they will stand thus ; 

Za - y)6o*ar -Mxy - ta^x-^-axy-^-Zax - xy{9a*x - ax-^x. 
Sc^x^Stfxy 



- 2aV 






♦ ♦ -^-Zax-xy 

4-2ajr- ary 

464 In multiplication, some of the terras, by balancing 
each other, may be lost in the product (Art 110.) These 
may re-appear in division, so as to present terms, in the 
course of the process, different from any which are in tbt 
dividend. 

Ex.4. 

a+x)<f'\-sf{a* - ox+a* 
<if"\^a^x 

♦ -,«•«+«* 



Ex.& 

flF-«a»+8aP)tf*+4*«(a"+2aa?+2«" 



♦+2a«ar-2aV+4«* 
+2a»a?-4aV4.4a«» 



tmm^ 



* +2aV-4ar«+4«« 
+2aV - 4ax»4-^» 

If the learner will take the trouble to mulUpIy the quo. 
dent into the divisor, in tlie two last examples, be will find 
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in the pftrtial products, the several tenns which appear in the 
process of dividing. But most of them, by balancing each 
other, are lost in the general product. 

Ex. 6. Divide (f+a^+a*b+ab+Sac+Sc,hy a+l. 

Quotient, ir-4-ab-f 3c. 

Ex.7. Divide a-\'b'-'C''ax-bx'{-cxy by a-^b^-e. 

Quotient, l^x. 

m 

Ex 8. Divide 2a«- lSc^a?+llaV-8«r»+2x*, by 2a*-a» 
4-«*. Quotient, a^-Cox+gar.* 

465. When there is a remainder after all the terms of the 
dividend have been brought down, this may be placed over 
the divisor and added to the quotient, as in arithmetic. 

Ex. 9« 



a4-ft)«c+ftc+od+6<'+at(c+il+ 



X 



a+b 
oc-l-oc 

♦ * ad+bd 
ad+bd 



Ex. 10. 

d - h)ad * ah+bd -^ bh+y{a+b+^S— 

o — A 



od- 


-ah 








• 


• 


bd- 
bd- 


-bh 
-bh 






» 


• 


y 



It IS evident that o+i is the quotient belonging to the 
vhole of the dividenu, e^xepting the remainder y. (Art. 562.) 

And^-L. is the quotient belonging to this remainder. (Art. 
a — /i 

184) 
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Ex. 11, Divide 6ax'{-2xy - 3ai - ty-fSoc+cy+A, by So-f-y. 

Quotient. 2«-6+c+ * 



3a+y- 
Ex. !«• Divide a«6 - Sa*+2afc - 6a - 46+22, by 6 - S. 



Quotient. a^-}.2a-4-|- 



10 
6-8 ' 



Ex. IS. See Art. 283. 
ac-i-c\/6 

a^d-\-j^bd 

Ex. 14. Divide a+^y+ar^y+ryy by o+y^. 

Quotient. l+*'Vy- 

1 5. Divide o^ - 3a«*4"3^'* - rf, by a: - a. 

16. Divide 2y»- 19y«+26y- 17, by y-8. 

17. Divide a;* - 1, by a? - 1. 

18. Divide 4a?* - 9a;^+6a: - 3, by 2x»+Sx^ 1. 

19. Divide a*+4a»6+36S by a+26. 

20. Divide x* - aV+2a»x - a\ by a;^ - ax+(f. 

466. A regular series of quotients is obtained, by dividing 
the difference of the powers of two quantities, by the differ* 
ence of the quantities. Thus, 

(y«.a*)-^(y-a)=y+a, 
(y•-a»)-^(y.a)=y«+(ly+a^ 

&c. 

Here it will be seen, that the index of y, in the first term 
of Uie quotient, is less by 1, than in the dividend ; and thai 
it decreases by 1, from the first tcnn to the last but one : 

While the index of a, increases by 1, from the second term 
to the last, where it is less by 1, tlmn in the dividend. 

21* 
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This may be expreceed in a general fonnnla, thus, 

(y-0-^(»-«)=r"'+«»""'* • • • .+0— "y+flT-^ 

To demonstrate this, we have only to multiply the quo^ 
tient into the divisor. (Art 115.) 

AH the terms except two, in the partial products, will be 
balanced by each other ; and will leave the general product 
the same as the dividend. 

Mult y*+ay«+ay+aV+<»* 
Into y -a 

S»+aS/*4.ay+ay+fl*s 
-ay*- ay- oy— a^y-oP 

Pfoducty* ♦ * ♦ ♦ -rf 

Mult y- »4.oy— •4.ay-» 4.ir -"^y+iT- " 

Into y-a 

-c^-» ^ ay-i . . . - «r-y- ur - V- <** 

Prod, y- ♦ * ♦ ♦ -iT. 

466. b. In the same manner it may be proved, that the dif- 
ference of the powers of two quantities, if the index is an 
evm number, is divisible by the aum of the quantities. That 
is, as the double of every number is even ; 

(y*"-a^)-h(y+«)=y^'*-«ir~*- • • .+a^^*y - a*— "• 

And the sum of the powers of two quantities, if the index 
is an odd number, is divisible by the sum ^ the qwmtities* 
That is, as Sm-fl is an odd number ; 

(j^+a'-<^).A,(y+a)=ry*--fly^-\ . . . -a^-'y+o^. 

^ For in each of these cases, the product of the quotient and 
divisor, is ec^ual to the dividend. 

Thus, 
(»*-a').^(y+/i)=:y-a, 

{it - ^)My+a) =y* - fly»+«V - «•» 

(y*-a^>~{y+a)«y»-i^+«y-ii»y«+tf*y^rf, ke. 
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And, 

GREATEST COMMON MEASURE. 

466. c. The Greatest Common Measure of two quantities, 
may be found by the following rule ; 

Divide oke op the quantities bt the other, and the 
preceding ditisor rt the last remainder, till nothing 
remains ; the last ditisor will be the greatest comm<»r 

MEASURE. 

The algebraic letters are here supposed to stand for whole 
numbers. In the demonstration of the rule, the following 
principles must be admitted. 

1. Any quantity measures itself^ the quotient being 1. 

2. If two quantities are respectively measured by a third, 
their «tim or d^fferince is measured by that third quantity.-^ 
If 6 and c are each measured by (2, it is evident that i-f-c, 
and 6 - e are measured by d. Connecting them by the sign-j- 
3r -^ does not affect their capacity of being measured by d. 

Hence, if i is measured by d, then by the preceding pro* 
position, b-^d is measured by d. 

8. If one quantity is measured by another, any mtdtiph 
of the former is measured by the latter. If 6 is measured 
by df it is evident that 64-6, 36, 46, n6, &c. are measured 
by A 

Now let D=:the greater, and (2=rthe less of two algebraic 
quantities, whether simple or compound. And let the pro* 
cess of dividing, according to the rule be as follows : 

i)D{q 

r)d{ 



'^ 
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In which a^ ff q^\ are the quotients^ from the succesmve 
divisions ; ana r, r^, and o the remamdera. And as the divi- 
dend is equal to the product of the divisor and quotient added 
to the remainder, 

D=rd^-|-r, and rf=r^^-|-K 

Then, as the last divisor r^ measures r the remainder being o, 

it measures (2, and 3,) rj'+*^=^> 
and measures dq-\-r=:Dy 

That is, the last divisor r^ is a common measure of the two 
given quantities D and d. 

It is also their greatest common measure. For every com- 
mon measure of D and </, is also (3, and 3) a measure of 
2> - dq=:r ; and every common measure of d and r, is also a 
measure of d - r^^r^. But the greatest measure of r^ is 
itseV. This, then, is the greatest common measure of D 
and d. 

The demonstration will be substantially the same, what- 
ever be the number of successive divisions, if the operation 
be continued till the remainder is nothing. 

To find the greatest common measure of three quantities ; 
first find the greatest common measure of two of them, and 
then, the greatest common measure of this and the third 
quantity. If the greatest common measure of D and d be 
f^, the greatest common measure of r^ and c, is the greatest 
common measure of the three quantities i7, (2, and c. For 
every measure of r^, is a measure of D and d; therefore the 
greatest common measure of r^ and c, is also the greatest 
common measure of i9, d, and c. 

The rule may be extended to any number of quantities. 

46C. d. There is not much occasion for the preceding 
operations, in finding the greatest common measure of WiTt- 
ple algebraic quantities. For this purpose, a glance of the 
eye will generally be sufficient. In the application of the 
rule to compound quantities, it will fi'equently be expedient 
to reduce the divisor, or enlarge the dividend, in conibrmitj- 
with the following pnnciple ; 

The greatest common measure of two quantities is not altered^ 
^ by muliiplying or dividing either of Ihem by any quantity which 
is not a divisor of the other^ and widch contains no factor which 
is a divisor of the other. 

The common measure of ab and ac is d. If either be 
multiplied by d, the common measure of abd^ and oc, <ff of 
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0ft and acdy is still a. On the other hand, if oft and acd are 
the given quantities, the common measure is a; and if tied 
be divided by d^ the common measure of ab and oc is a. 

Hence in finding the common measure by division, the 
divisor may often be rendered more dimple, by dividing it by 
some quantity, which does not contain a divisor of the divi- 
dend. Or the dividend may be multiplied by a factor, whir.b 
does not contain a measure of the divisor. 

Ex. 1. Find the greatest common measure of 
6a«+llar+3a:*, and 6a*+7ax-Sx». 

6a«+7aa: - 3a;«)6a'+l loa;+3a?'(l 

Dividing by 2jc)4ax4-6x' 

2a+3s:)6a»+7aa? - 3a*(3a - x 

-2<m:- 8a* 

-2ax-3a:« 



After the first division here, the remainder is divided by 
Sx, which reduces it to 2a--\-Sx. The division of the pre- 
ceding divisor by this, leaves no remainder. Therefore 2a-4- 
Sx is the common measure required. 

2. What is the greatest common measure of a:* - ft'x, and 
a^4.26a?4.6« 1 Ans. x+b. 

3. What is the greatest common measure of cx-^a^^ and 
a^C'{'a^x 1 Ans. c-^-x, 

4. What is the greatest common measure of 3x' - 24ar - 9, 
and 2x»- 16ar-6? Ans. a;'-8a:-.3. 

5. What is the greatest common measure of a* - b*y and 
flP-fcVI Ans. a*-6l 

6. What is the greatest common measure of o^- 1, and 
sy-fyl Ans. a;4-l. 

7. What IS the greatest common measure of a:*-- a\ and 
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8. What is the greatest common measure of c^-oi*- 2£% 
ftnda"-3a6+2AM 

9. Wliat is the greatest common m'easure of of - «*, and 

10. What is the greatest common measure of c^-ai*, and 
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INVOLUTION AND EXPANSION OF BINOMIALS.* 

Art. 467. THE manner in which a binomial, as well as 
any other compound quantity, may be involved by repeated 
multiplications, has been shown in the section on powers. 
rArt. 213.) But when a high power is required, the opera- 
tion becomes long and tedious. 

This has led mathematicians to seek for some genemi prin- 
ciple, by which the involution may be more easily and expe- 
ditiously performed. * We are chiefly indebted to Sir Isaac 
Newton for the method which is now in common use. It is 
founded <m what is called the Bmemwd Theorem, the inven- 
tion of which was deemed of such importance to mathemati- 
cal inyestigation, that it is engraved on his monument in 
Westminster Abbey 

468.^ If the binomial root be a-^h, we may obtain, by mul- 
tiplication, the following powers. (Art. 213.) 

* Simpflon's Algobra, Sec 1 5. Simpson's Fluxions, Art 99. Euter^ Alge« 
bra, Sec. 8. Chap. 10. Manning^s Algebra. Saunderson's Aigebra, Art, 
380. Yince's Fluxions, Art. 33. Waring's MedL Anal. p. 4 IS. Larjroiz's 
Algebra, ArU 135. Do. Conip. Art 70. Lond. Phil. Trans. 1795, 1SJ6^ and 
18i7. Woodhouse's Analyucal Calculation. 
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.by=af+4a'b+6a'b*+4ab*+b* 



.6)''=a'4.5a'64-10a'6«+10a'6»+5a6*+i», &c. 

By attending to this eeries of powers^ we shall find, that 
the esponentt preserve an invariable order through the whole. 
This will be very obvious, if we take the exponents by them- 
selves, unconnected with the letters to which they belong. 

In the square, the exponents { Jf A wS 5 I' « 
In the cube; the exponents j jf » JjJ J; f ; ]• J 

In the 4th power, the exponents jjf; J^O; fl I,' SjS 

Here it will be seen at once, that the exponents of a in the 
first term, and of 6 in the lasty are each equal to the index of 
the power ; umI thiat the smi of the eoEponentB of the two let- 
ters is in every term the same. Thns in the fourth power, 

C in the first term, is 4-f-0=:4 
The sum of the e^qponenits < in the isecoad, 34- 1 =4 

i'mlk^ tiikdt 24-12s4,&c. 

It is farther to be observed, that the exponents of a regu- 
larly decrease to 0, and that the exponents of b increase ftom 
Q. That this will universally be the case, to i;viiatever ex- 
tent the involution may be carried, will be evident, if we con- 
sider^ that in raising frpm any power to the next, eaeh term 
is multiplied both by a and by 6. 

Thus {a+byz^(f+2ab+V 
MuU. by a+b 

[of a in each term. 

tf+2<fb+ab^. Here 1 is added to the exp. 
a'b+2ab*+b\ Here 1 is added to the 

^-^ — — — [exp. of 6 in each temL 

If the exponents, before the multiplication, intMwase and 
decrease by 1, and if the multiplication adds 1 to each, it is 
evident they must still increase and decrease in the same 
maimer as before. 
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469. irthena4-^^r^^^d to a power whose exponent .Is ik 
The exp*8 of a will be n, n- 1, n- 2, .... 3, 1, ; 
And the exp's of b will be 0, 1, 2, .... n - 2, n - 1, n. 

The tenns in which a power is expressed, consist of the 
letters with their exponents^ and the co-efficietUs, Setting aside 
the co-efficients for the present, we can determine, from the 
preceding observations, the letters and exponents of any 
power whatever. 

Thus the eighth power of a-|-b, when written without the 
co-efficients, is 

And the nth power of a-f-6 is, 

ar + a^'' 6-|.a"-^6" o«6"-«+ o6"-» +6". 

470. The number of terms is greater by 1, than the index 
of the power. For if the index of the power is n, a has, in 
different terms, every index from n down to 1 ; and there is 
one additional term which contains only b. Thus, 

The square has 3 terms. The 4th power, 5, 
The cube 4, The 5th power, 6, &c. 

471. The next step is to find the co-ejfficients. This part 
or the subject is more complicated. 

In the series of powers at the beginning of Art. 468, the 
co-efficients, taken separate from the letters are as follows ; 
In the square, 1, 2, 1, whose sum is 4=2*^ 

In the cube, 1, 3, 3, 1, 8=2» 

In the 4th power, 1, 4, 6, 4, 1, 16=2* 

In the 5th power, 1, 5, 10, 10, 5, 1, _ 32=2*. 

The order which these co-efficients observe is not obvious, 
like that of the exponents, upon a bare inspection. But they 
will be found on examination to be all subject to the follow* 
inglaw; 

472. The co-efficient of the first term is 1 ; that of the 
second is equal to the index of the power ; and universally, 
if the co-efficient of any term, be multiplied by the index of 
the leading quantity in that term, and divided by the index of 
the following quantity increased by 1, it will give the co« 
efficient of the succeeding term.* 



♦ See Note T, 
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Of the two letters in a term, the first is called the leadmg 
quantity, and the other the following quantity. In the ex 
amples which have been given in this section, a is the 
leading quantity, and 6 the following quantity. 

It may frequently foe convenient to represent the co^iS*- 
eients in the several terms, by the capital letters, •d, B^ C, &c. 

The ntli power-of a4~^» without the co-efficients, is 
cr+fl— *6+a— %«+a— 'A'+^-*i*, &c. {Art. 460.) 

And the co-efficients are, 
Jl ^Bii, the co-efficient of the second term ; 

J^ =n X ^^-^ of the third term ; 

C = n X^^ X^^^ of the fourth term ; 
Z>=»X^x!^X^ of theJJjiAterm; &c 

Z o 4 

The regular manner in which these co-efficients are de 
^ved one fi'doa another, will be readily perceived. 

478. By recurring to the numbers in Art 471, it will be 
seen, that the co-efficients first increcMey and tlien 4eereM€y at 
the same rate ; so that they are eq.ua], in the first term and 
the last, in the second and last but one, in the third and last 
but tw^o ; and Universally, in any two terms equally distant 
from the extremes. The reason of this is, that (0+6)" is the 
same as (A-f-a)" ; and if the order of the terms in the bino- 
mial root be ^changed, the whole series of terms in the oowcr 
will be inverted. 

It is sufficient, then, to find the coefficients of hdf ihe 
terms. These repeated will serve for the whole. 

474. In any power of (a+^>) ^^® sum of the co-efficients 
IS equal to the number i raised to that power. See the list 
of co-efficients in Art. 471. The reason of this is, that, ac- 
cording to the rules of multiplication, wjien any quantity is 
involved, the leUers are multiplied into each other, and the 
co-efficients into each other. Now the ciD-efficiente of a+^ 
being I4-I =^9 if these be involved, a secies of tiie fcmen 
of 2 will be produced. 

475. The principles which have now been explained moy 
mostly be comfNrised in the following general theorem, calM. 
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THE BINOMIAL THEOREM. 
The index of the leading quantity of the power 

OF A BaNOMIAL, BEGINS IN THE FIRST TERM WITH THE IN« 
DEX OF THE POWER, AND DECREASES REGULARLT BY 1. 
The INDEX OF the following QUANTITY BEGINS WITH 1 
IN THE SECOND TERH AND INCREASES REGULARLY BY !• 

(Art. 468.) 
The CO-EFFICIENT of the first term is 1 ; that 

OF THE SECOND IS EQUAL TO THE INDEX OF THE POWER ; 
AND UNIVERSALLY, IF THE CO-EFFICIENT OF ANY TERM BB 
MULTIPLIED BY THE INDEX OF THE LEADING QUANTITY IJEf 
THAT TERM, AND DIVIDED BY THE INDEX OF THE FOLLOW- 
ING QUANTITY INCREASED BY 1, IT WILL GIVE THE CO-EF- 
FICIENT OF THE SUCCEEDING TERM. (Aft 472.) 

In algebraic characters, the theorem is 

It is here supposed, that the terms of the binomial have no 
other co-efficients or exponents than 1. Other binomials may 
be reduced to this form by substitution. 

* Ex. 1. What is the 6th power of oj-j-y ' 

The terms without the co-efficient8» are 

«•, A> *Y> «^'i «^*» ^9 y*- 
And the co-eiBSicients, are 

1, 6. «><«. ^^^ !£><!. 6, 1. 

tliatis 1, 6, 15, 20, 15, 6, 1. 

Prefixing these to the several tenns, we have the povrer 
required ; 

a*^6i*y+ 1 6a;y+20aY+ 1 5x^«+6i3/»+y*. 

S. What is the nth power of b-\-y % 

Ana. 6"+-a6'-'y4-B6— y+C6"-y+JD6"-y, &c. 

That is, supplying the co-efficients which are here repre- 
■ented by Ji, B, C, &c. (Art 472.) 

fc"+nX6"-'y+nX^-Xfr-y, &c. 



I 

\ 
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4. IVliat is the 6th power of a^+Sf 1 
Substituting a for x\ and b for 3^j\ we have 

And restoring the whics of a and fr, 
(a^+V)'=a^'"+15x«j^+90iy+270ar*/+405ai^"+243y'* 

5. Wliat is the sixth power of (Sz+Sy) ? 

Ans. 

729a:^ +29 1 exH/+ 4SQ0a^+4S%0ji^y^+2 1 605:«y*+576«y» 
+64y«. 

476. A residual quantity may be involved in the sam^ 
manner, without any variation, except in the ngns. By re 
peated multiplications, as in Art. 213, we obtain the foUow 
ing powers of (a -6.) 

;a-i}'=a»-2a&+6^ 

^a- 6)'=:a' - 3a'6+3a6» - b\ 

[a - t)*=:a* - 4a^*+6a'6« - 4ab^+b\ &c. 

By comparing these with the like powers of (a+5) in Art. 
468, it will be seen, that there is no difference except in the 
signs. There, all the terms are positive. Here, the terms 
which contain the odd powers of 6 are negative. See Art. 
218. 

The sixth power of (x-y) is 
«• - 6afy+ 1 5xY - 20a:^/*4- 1 Sx^ - SxyF+j/*. 
The nth power of (a- 6) is 
a"-^a— '6+J?a— «6^-Ca— »6», &c. 

477. When one of the terms of a binomial is a unit, it is 
generally omitted in the power, except in the first or last 
term ; because every power of 1 is 1, (Art. 209.) and this 
when it is a factor, has no effect upon the quantity with 
which it is connected. (Art. 90.) 

Thus the cube of (a?+ 1 ) is a?+Sa? X 1 +Sa: X 1*+ I't 
Which is the same as a^-|-3a;'-|-3a;-f-l. 

The insertion of the powers of 1 is of no use, unless it 
be to preserve the exponents of both the leading and the fol- 
lowing quantity in each tenn, for the purpose of finding the 
co-efBcients. But this will be unnecessary, if we bear ip 
mind, that the sum of the two exponents, in each tenn, i^ 
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equal to the index of the power. (Art, 468.) So that, if we 
have the exponent of the kading quantity, we may know 
that of the following quantity, and v. v. 

Ex« 1. The sixth power of (1 -y) is 

2. ( 1 4.ir)-=: 1 ^Ax+Baf'+ C^+Dx\ &g. 

478. From the comparatively simple manner in which the 
power is expressed, when the first term of the root is a unit, 
18 suggested the expediency of reducing other hioomials to 
this form. 

The quotient of {a+x) divided by a is [ ^+- ) • '^ his mvl 

ti|died into the diviscMr, is equal to the dividend ; that is^ 
(a+ir)^ax(l+-) therefore (a+x)-=arx f 1+^*. 

By expanding the factor [14'^} > "^^ hhre 

479. When the index of the power to which any I*'jM)miat 
is to be raised is a positive whole number^ the series will termi- 
nate. The number of terms will be limited, as in all the 
preceding examples. 

For, as the index of the leading quantity continually de- 
creases by one, it must, in the end, become 0, and then the 
eeries will break off. 

Thus tho 6th terra of the fourth power of o-(-ar is «*, or 
tfx\ (f being commonly (Hnitted, because it is ec{ual to 1. 
(Art. 207.) If we attempt to continue the series farther, the 
co-efiicient of the next term, according to the rule, will be 

1^=0. (Art. 112.) And as the co-efficients of all sne- 
er 

ceeding terms must depend on this, they will also be (X 

480. If the index of <he proposed power is negative^ this 
can never becoiTie 0, by the successive subtractions of a unit. 
The series will, therefore, never terminate; htxt like many de- 
cimal fractions, may be continued to any extent that is de* 
sired. 
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JFsX. Expand into a series ^=(a4-y)~*. 

The terms without the co-efficients, are 
a-», a-'y, o-y, a-y, a-y, &c. 

The co-efficient of the 2d term is - 2, of the 4tbi-^l^=-4 

3 

Of the third, "^^"•^=+3, of the 6th zi2iZ^=+5. 

2 ^ 4 ^ 

The series then is 

a-«-2a-»y4.Sa-"y-4o-y+6a-y, &c. 

Here the law of the progression is apparent ; the co-effi- 
cients increase regularly by 1, and their signs are alternately 
positive and negative. 

481. The Binomial Theorem is of great utiUty, not only 
in raising powers, but particularly in finding the roots of bino- 
mials. A root may be expressed in the same manner as a 
power, except that the exponent is, in the one case an m<e- 
gfir, in the other a fraction. (Art. 245.) Thus (o+fr)" may 
be either a power or a root. It is a power if n=2, but a root 
if n=J. 

482. If a root be expanded by the binomial theorem, the 
aeries will never terminate. A series produced in this way 
terminates, only when the index of the leading quantity be- 
:^omes equal to 0, so as to destroy the co-efficients of the suc- 
ceeding terms. (Art. 479.) But according to the theorem, 
the difference in the mdex, between one term and the next, 
is always a unit ; and a fraction^ though it may change from 
positive to negative, cannot become exactly equal to 0, by 
successive subtractions of units. Thus, if the index in tha 
first term be |, it will be, 

In the 2d, J-ls-J, In the 4th -f-l=;:- f, 
In the Sd, -J - l=s -*, In the 5th -f - 1 = -f, &c. 

Ex. Wliat is the square root of (a+t) 1 
The terms, without the co-efficients, are, 

a^,a''h,a^h\ a^^h\ a""V, &c. 
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The co-efiicient of the second tenn is -^i 

Df the Sd, *^"^= - i, of the 4th, ""'^7'*=+ j\. 

And the series is a*4-i<» *-i<» ^+iH« **> *tc. 

Wlien a quantity is expanded by the Binomial Theorem, 
the law of the series will frequently be more apparent, if the 
factors^ by which the co-ejfficients are farmed, art kepi cKf- 
itnct. 

1. Expand into a series (a'-f-^) • 
Substituting 6 for a*, we have 

^=1, (Art. 472.) 



9 2 2 4 2.4 

2.4 3 2.4 6 §!Z6' . 

2.4.6 4 2.4.6 8 2.4.6.8' 
Restorioij^, then, the ralue of b, and writii 



a 



-r ' —To- 2.4^^ 2.4.6a' 2.4.6.8a^* 



2. Expand mto a series (l-f-x) . 

Ana. 1+f -jt+IfL — M*U &c 
^2 2.4^2.4.6 2.4.6T 

S. Expand V^, or (1+1)^. 

Ana. 1+1— L+_l. - 3-5 . ^.5.7 ^^ 
^2 2.4^5X6 2.4.6.8 '2.4.6.8.10' 

4. Expand (a+«)*, or a * x ( 1 +-] * See Art. 47& 

Ans. a*x(l+iL-_^+_?fL.-^^ Ac. ) 
\ ^2a 2.4a'^ 2.4.6a» 2.4.6.8«* ' / 
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5. Ej^Mind (a+l) ^ or a^ x (H-) *• 

6. Expand into a series {a -by. 

\ 4a 4.8a« 4.8.12a' 4.8.127165^ / 

7. Expand (a+x)"^. 8. Expand (1 -«)% 

9. Expand (1+x)""* 10. Expand (a" +ar)""* 

483. The binomial Uieorem may also be applied to quan- 
tities consisting of mare than tvpo terms. By sutetitution^ sev- 
eral terms may be reduced to two, and when the compound 
expressions are restored, such of them as have exponents 
may be separately expanded, 

Ex. What is the cube of a-^-h-^-c 1 
Substituting h for (6+^>) we have «+(fc+0 =<H-A» 
And by the theorem, (a-4-A)'=o*+8a*A+*^^*+^*' 
That is, restoring the value of hy 

The two last terms contain powers of (i4'0 l ^^ these 
may be separately involved. 

Pnmiscuous Example$* 

!• "WTiat is the 8th power of (a+b) 1 

Ans. te+8a'b+2SaV+56afb^+70a'b*+S6(fh 4- 
28aV+8a6'+A'. 

8. What is the 7th power of (a - fc) t 

3. Expand into a series , or (1 -a)"' 

1-a 

Ans. l4-a-fo*+a'4-a*+a*, &c. 
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4 Expand -*_ or Ax (« -t)"*. 
a — b 

6. Expand into a series (<^-(-M)'. 
Ans. o-f-^- *1+ JL &c 

6. Expand into a series {(^y)"** 
Ans. I-^1£^-!^?V &c. 

7. Eiqpand into a series (c'-f-^) • 

8. Expand ^ _ ot d(c»+«»)"i, 
Ans.^/l-^+J^-J:«l+J:«:!4 &c^ 

e\ 2c»^2.4c* 2.4.6c'^2.4,6.8c^ y 

9. Find tbe 5lh power of (a'-flT') 

10. Find the 4th power of (o^^+'O 

11. Expand (rf-«)*. 1«. Expand (1-y*)*. 
IS. Expand (a- x)^. 14. Expand A(«^-y)' 
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• 



SECTION XVIII. 



EVOLUTION OF CO]ViPOUND QUANTITIES. 

Art 484. THE roots of compound quantities may be ex* 
tracted by the following general rule : 

After arranging the terms according to the powers of one 
of the letters, so that the highest power shall stand first, the 
next higliest next, &c. 

Take the root of the first term^fw the first term of the reqwT'^ 
ed root : # 

Subtract the power from the given quantihff and divide tfie 
first term of the remainder, by the first term of the root involved 
to the next istferior power, and muMplied by the index of the 
given vower ;t the quotient toill be the next term of the root. 

Suotract tlu power of the terms already found from the given 
qiumtityy and using the same divtsor, proceed as before. 

This rule verges itself. For the root, whenever a new 
term is added to it, is involved, for the purpose of subtract- 
ing its power from the given quantity : and when the power 
18 equal to this quantity, it is evident the true root is found. 

Ex. 1. Extract the cube root of 
a% the first subtrahend. 



icf)* Scff &c. the first remainder. 

a'+So'+Sa^+a", the 2d subtrahend. 
3tf*)* * - Ga\ &c. the 2d remainder. 

rf+So^- 3a* - 1 la»+6(r'+12a - 8. 



fBy the givm power is meant a power of the same name with the reqaindl 
TOOL As powers and roots are correiatiye, any quantity is the sqiiare of its 
■quwe root, the cube of its cube coot, &c. 



I 



I 
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Here a*, the cube root of c^, is taken for the first term of 
the required root The power if is subtracted from the given 
quantity. For a divisor, the first term of the root is sauared, 
that is, raised to the next inferior power, and multiplied by 
S, the index of the given power. 

By this, the first term of the remainder So^, &c. is divided, 
and the quotient a is added to the root. Then a*-{~^ ^^® 
part of the root now found, is involved to the cube, for the 
second subtrahend, which is subtracted from the whole of 
the ^ven quantity. The first term of the remainder - %a\ 
&c. IS divided by the divisor used above, and the cjuotient - 2 
is added to the root. Lastly the whole root is mvolved to 
the cube, and the power is found to be exactly eoual to the 
given quantity. 

It is not necessary to write the remainder aAength, as, in 
dividing, the first term only is wanted. 

2. Extract the fourth root of 

iir*+8a^+24rf+82a+16(a+2 



4a^)» 8a»,&c. 



o«+8a»+ 24a*+S2(i+ 1 6. 

3. What is the 5th root of 

4. What b the cube root of 

& What is the square root of 

4a*- 12a6+9t*+16a&- 24ft&+16&'(2a-3&+4& 
4a* 



4a)*-12fli, &c. 
4aP- 12aft4-9fr* 
4a)* ♦ •+ 16aA,&c. 



4a>- 12aH-9fr'+16a&-246&-{.16ik«. 
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In finding the divisor here, the term 8a in the root is not 
involved, because the power next below the squai'e is the 
first power. 

485. But the square root is more commonly extracted by 
the following rule, whidi is of the same nature as that which 
is used in Arithmetic. 

After arranging the terms according to the powers of one 
of the letters, take the root of the first term, for the first temp 
of the required root, and subtract the power from the giveo 
quantity. 

Bring down two other terms for a dividend. Divide by 
double the root already found, and add the quotient, ^th to 
the root, and to the divisor. Multiply the divisor thus in- 
creased, into the term last placed in the root, and subtract 
the product from the dividend. 

Bring down two or three additional terms and proceed ai 
before. 

Ex. 1. What is the square root of 

if^2ab+V+iae+2bc+e'{a+b+e. 
a\ the first subtrahend. 



20+6)* 2ab' 
Into 6= 2ab' 



n 



Vf the second subtrahend. 



ia+2b+c) * * iac+2bc+<? 

Into 0= 8ac4-^6<^+^9 ^^^ ^^^ subtrahend. 

Here it will be seen, that the several subtrahends are sue* 
cessively taken from the given quantity, till it is exhausted. 
If then, these subtrahends are together equal to the square 
of the terms placed in the root, the root is truly assigned b]^ 
the rule. 

The first subtrahend is the square of the first term of the 
root. 

The second subtrahend is the product of the second term 
of the root, into itself, and into twice the preceding term. 

The tUrd subtrahend is the product of the third term 
of the root, into itself, and into twice the sum of the two pre* 
ceding terms, &c. 

That is, the subtrahends are equal to 

a»+(2a-ffc) x64-(2o+26+c) xc, &c. 
and tliis expression is equal to the square of the root* 
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Vor (a+by=ff+tab+b'sca^+{ta+b)xh. (Art ISO.) 

And pulling h=:a-\-by Ihe square A*=a'-f-(2a4-fr)X&* 

And {a+b+cy=z{h+cy=h*+{2h+e)xc; 

that is, restoring the values of h and /i*, 

(a+b+cy=i(f+{2a+b) xb+{ta+tb+c) xe. 

In tlie same manner, it may be proved, that, if another 
term be added to the root, the power will be increased, by 
the product of that term into itself, and into twice the sum 
of the preceding terms. 

The demonstration will be substantially the same, if some 
of the terms be tiegatioe, 

8. What is the square root of 
I 



Into-26=:-46- 



4i« 
46* 



2-4t+y)* ♦ 2y-46y+y« 
Into y= 2y - 4^+y'- 

S. What is the square root of 

4. ^Vhat is the square root of 
a*J^4a'b+W - 4a« - 8t+4 1 



Ax».*fl^-a'4-A* 
Ans. a*-f-26 - 2. 



486. It will frequently facilitate the extraction of roots, 
to consider the index as composed of two or more factors. 

Thu8a+=o*X* (Art. 258.) And a*=:a*><* That is, 

The fourth root is equal to the square root of the square 
oot; 

Tlie sixth root is equal to the square root of the cube root ; 

The eighlli root is equal to the square root of the fourth 
root, &c. 

To find the sixth root, therefore, we may first extract the 
cube root, and then the square root of this. 
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1 Find the square root of re* - 4a:*+6ac^- 4j:4-'« 

2 Find the cube root of x^ - 6a:'+ 1 5ar* - 20x*+ 1 5^^ - 6*4. 1. 

3 Find the square root of 4a;* -4a:*4-13ar»- 6a:+9. 

4. Find the fourth root of 

16a* - 96a'a?+216aV- 2ieaaj^+8l«», 

d. Find the 6th root of x'+5ar*+10ar»+10a:*+5ar+l. 
6. Find the sixth root of 

a«-6a*6+15<^fe*-20a»6»4.15a«6* -6o6'+6*. 

ROOTS OP BINOMIAL SURDS. 

486. 6. It is sometimes expedient to express the square 
root of a quantity of the form at\fbj called a binomial or re- 
sidual surdy by the sum or difference of two other surds. A 
formula for this purpose may be derived from the following 
propositions; 

1. The square root of a whole number cannot conast of 
1100 paxis^ one of which is raXional^ and the other a 9wrd. 

If it be possible, let V^^^4~Vy9 ^ which the part :rii 
rational. 

Squaring both sidesy arsx^-f-^^Vy+y 

And reducing, y/y^z^LZJLJZl^ a rational quantity^ 

which is contrary to the supposition. 

2. In every equation of the form a:+\/y=^+V'> ^^ ^^ 
tional parts on each side arc equals and also the remaining 
parts. 

If X be not equal to tf, let x=:utz. 

Then ais+ Vy = «+ V^* -^^ V^ = *+ Vy f 
That is, \/6 consists of two parts, pne of which is rational, 

and the other not ; which, according to the preceding firopo- 

eition, is impossible. 

In the same manner it may be shewn, that in the equa* 

tioo, «- Vy=^~' V^> ^^^ rational parts on each side an 

equal, and sdso the remaining parts. 

S. If \/^~hV^^^4' Vy> ^^^^ V** - V*=* "" Vy* 

For, by squaring the first equation, we have 

a+v*=*^+^\/y+y 
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jknd by the lost proporition. 



By subtraction, a^\^ b=^oi^^ 2ir\/y4-y 
By evolution, Va - j^b=zx - Vif* 

486. c. To jSnd, now, an expression for the square root of 
binomial or residual surd. 

Let \/a-{-\/6=a:-j-\/y 

Then \/^~V*= * " Vy 

Squaring both sides of each, we have 

Adding the two last, and dividing, as^a^-^-y 

Multiplying the two first, ^a^'-b^sf^y • 

Adding and subtracting. 



w^ 



'a-|-\/o* — 6 



Therefore, as \/a-f-\ /6 = a?+ Vy> ^^d \^^V^=«- VSfc 

Or, substituting i for \/c?-6, 

Ex. 1. Find the square root of 3+2^2. 
Here a=3, a'=9, V^=2v2, 6=8, a«- 6=9 - 8= L 

Theiefore vS+2v2=^^+ v^^=^/«+J• 



N 
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2. Find the square root of 1 1+6 y/Z. Ans. S-fv^ 

S. Find the square root of 6 - Z^5. Ans. ^5 * 1. 

4. Find the square root of 7+4^3. Ans. 2+^S; 

5. Find the square root of 7 - 2^10. Ans. ^5 - ^2. 

These resuUs may be verified, in each instance, by multi 
^ying the root into itseif, and thus re-producmg tiie binomial 
from which it is derived. 
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INFINITE SERIES. 

Art. 487. IT is frequently the case, that, in attempting to 
extract the rgot of a quantity, or to divide one quantity by 
another, we find it impossible to assign the quotient or root 
with exactness. But, by continuing the operation, one terra 
after another may be added, so as to bring the result nearer 
and nearer to the value required. When the number of 
terms is supposed to be extended beyond any determinate 
limits the expression is called an infinite series. The qtumtity^ 
however, may be finite, though the number of tenns be un* 
limited. 

An infinite series may appear, at first view, much less sam- 
ple than the expression from which it is derived. But the 
former is, frequently, more within the power of calculation 
Aan the latter. Much of the labor and ingenuity of mathe« 
matidans has, accordingly, been employed on the subject of 
series. If it were necessary to find each of the terms by ac- 
tual calculation, the undertaking would be hopeless. But a 
few of the leading terms will, generally, be sufilcient to de- 
termine the law of the progression. 
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468. AJirttcHon may often oe expanded into an infinite 
genes, by dividing t}ie numerator by the denominator. For the 
value of a fraction is equal to the quotient of the numerator 
divided by the denominator. (Art. 135.) When this quotient 
cannot be expressed, in a limited number of terms, it may be 
represented by an infinite series. 

Ex. To reduce the fraction to an infinite series, 

1 -a 

div '.de 1 by 1 - a, according to the rule in Art. 462. 
1 - a) 1 (1 4.<i4-a»4.a', &c. 



* a 



a-D? 



a\ &c. 



By continuing the operation, we obtain the terms 

]-{.i^.ci^-|-a'4'A*4~^'+^% &c. which are sufficient to 
show that the series, after the first term, consists of the 
powers of a, rising regularly one above another. 

That the series may converge^ that is, come nearer and 
nearer to the exact value of the fraction, it is necessary that 
the first term of the divisor be greater than th« second. In 
the example just given, 1 must be greater than a. For at 
each step of the division, there is a remainder; and the quo- 
tient is not complete, till this is jdaced over the divisor and 
annexed. Now the first remainder is a, the second a\ the 
third a% &c. If a then is greater than 1, the remainder con- 
tinually increases ; which shows, that the farther the division 
is carried, the greater is the quantity, either positive or nega- 
tive, which ought to be added to the quotient. The series 
is^ therefore, diverging instead of converging. 

B\r. if a be less than 1, the remainders, a, a% a\ &c. wiU 
continually decrease. For powers are raised by multiplica- 
tion ; and if the multiplier be less than a unit, the product 
will be less than the multiplicand. (Art. 90.) If a be taken 
equal to }, then by Art. 223, 
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and we have 



1-i i 

Here the two first terms =1-)-}, which is less than S, by | ; 
the three first = l+i* ^®ss than 2, by J ; 

the four first = 1-j-f , less than 2, by i ; 

So that the farther the series is carried, the nearer it ap- 
proaches to the value of the given fraction, which is equal 
to 2. 

S. If , be expanded, the series will be the same as that 

from , except that the terms which consist of the odd 

1 — a 

powers of a will be negative. 
So that — L.= 1 - a+a'- a"-f a^ - (^+a\ &c. 

S. Reduce , ■■ to an infinite series. 
/ \a a* a' 



a 

Here h divided by a gives ~ for the first term of the quo* 

a 

tient. (Art. 124.) This is multiplied into a - ft, and the product 

is &-— ; (Arts. 159, 158.) which subtracted from h leaves 
a 

— This divided by a gives ^ (Art. 163.) for the second 
a a* 

term of the quotient. If the operation be continued in the 

same manner, we shall obtain the series, . 






in which the exponents of b and of a increase regulaiiy by 1« 
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4. Reduce lit? to an infinite series. 
l-a 

Ans. 1-^ia+2(f^M+M, &c. 

489. Another method of forming an infinite series is^ by 
extracting the root of a compovmd surd. 



Ex. 1. Reduce Va^-f-^* ^'^ ^^ infinite series^ by extracting 
me square root according to the rule in Art 485. 






a* 




\ 




^d 8oV 





Here a the root of the first term, is taken for the first term 
of the series ; and the power c? is subtracted from the given 
quantity. The remainder 6' is divided by 20^ which gives 

— 9 for the second term of the root. (Ajrt. 124.) The divi- 
2a ^ 

sor, with this term added to it, is then multiplied into the 

term, and the product is fr'-fJl. (Arts. 155, 159.) This 

4tcr 

subtracted from V leaves - — ^ which divided by 2a gives 

4a^ 

. _. for the third term of the root. (Art. 163.) &c. 
8«r 

2a 8<^ 16a^ 



8. v2=Vl+l=Hi-++T«»&c- 
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490. A binomial which has a negative or fmctional expo* 
nenty may be expanded into an infinite series by the binomial 
thtorem. See Arts. 480, 482, and the examples at the end 
of Sec. xvii. 



INDETERMINATE CO-EFFICIENTS. 

490. h. A fourth method of expanding an algebraic ex- 
pression^ is by assuming a series, with indelerminaie co^ffi^ 
dents ; and afterwards finding the value of these co-efilcients. 

If the series, to which any algebraic expression is assumed 
to be equal, be 

A+Bx+Cii^+Va^+Ea/^, &c. 

let the equation be reduced to the form in which one of the 
members is 0. (Art. 178.) Then if such values be assigned 
t0d9. By C, &c. that the coefficients of the several powers 
of «^ as well as the aggregate of the terms into which x does 
not enter, shall be each equal to ; it is evident that the tohoh 
will be eaual to 0, and that, upon this condition, the equation 
is correctly stated. 

The values of Jiy jff, C, &c. are determined, by reducing 
(he equations in which they are respectively contained. 

Ex. 1. Expand into a series 



c^bx 



Assume — £-.=j3+Bap+Caj*+I>a!'+£3^, &c. 
c-f-ox 

Then multiplying by the denominator c-]-5x, and trans- 
posing 0, we have 

0=r(jlc-«)+(wJ6+Jc)ar+(J?6+Cc)ar»+(C6+jDc)x», &c. 

Here it is evident, that if (jJc-a), (M+Bc)y (Bb+Cc)^ 
&c. be made each equal to 0, the several parts of the second 
member of the enuation wUl vanish, (Art. 112,) and the 
whole will be equal to 0, as it ought to be, according to the 
assumption which has been made. 
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* 


Bedttdng the following equations^ 






•Ac-asO, we 


have JSt=z% 

e 




Ab+Bc^Oy 


e 




Bft+Cu=0, 


c 




C»+Dc=0, 


e 




&c 


&c. 





That ifl, each of the co-efficients, C, D, and 17, is equal to 
the preceding one multiplied into - ^ We have therefore 

a ab , oJ" « «*' • I oft* 4 ©r- 



2. Expand into a ^ries ^^. 

Assume --f±^f_==^4.Bx+Ca:»+i)a:», &c. 
o-f-'w?+car 

Then multiplying by the denominator of the fraction, and 
transposing a+bx^ we have 0=(j9d-a)+(JBd-{-.iS&-b)« 
+{Cd+Bh+Ac)3f+(Dd+Ch+Bc)3?, &c. 



Therefore ^= 


a 




c=- 


>■ 


-'■^ 


B= 


-¥'^ 




D= 


-^0 


-3»- 




=r(r'- 


■%'- 


■ (a^^)"' 


8cc. 


3. Ehrpand into a series 


1+2; 


c 







Ans. l+Sx4-4a;'+7a?+llaf*+18j;^+29««, &c. 

In which, the co-efficient of each of the powers of x^ is equal 
to the mm of the co-efficients of the two preceding terms. 



4. Expand into a series 
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d 



b -^ax 



5. Expand into a series 



Ans. l+x+5x'+lSj?+4W+ni3f+S6S3f, &c. 

6, Expand into a series 

Ans. l+x+2a^+2s*+Sx^+Sai'+43^+4iK?, &c. 

7. Expand ^ , 8. Expand ^ " * 



9. Expand ^^+\\ 10. Expand -H^r 

SUMMATION OF SERIES. 

491. Though an infinite series consists of an unlimited 
number of terms, yet, in many cases, it is not difficult to find 
what is called the sum of the terms; that is, a quantity which 
differs less, than by any assignable quantity, from the value 
of the whole. This is also called the limit of the series.-— 
Thus the decimal 0.33333, &c. may come infinitely near to 
the vulgar fraction i, but never can exceed it, nor, indeed, 
exactly equal it See Arts. 453, 4. Therefore j- is the limit 
of 0.33333, &c. that is, of the series 

1 I 'T OO I rP tfO I T ODOO I iooooo> &c. 

If the number of terms be supposed infinitely great, the 
difference between their sum and i, will be infinitely small. 

492. The sum of an infinite series whose terms decrease 
by a common divisor, may be found, by the rule for the sum 
of a series in geometrical progression. (Art. 442.) Accord. 

ing to this, <g=: ^ "" ^^ that is, the sum of the series is foimd 

r-1 

by multiplying the greatest term into the ratio, subtracting 

the least term, and dividing by the ratio less 1. But, in an 

infinite series decreasing, the least term is infinitely small.-** 

It may be neglected therefore as of no comparative value. 

(Art. 456.) The formula will then become, 

r-1 r-l 
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£x. 1 • What is the siim of the infinite series 

HI I I BB I iUUil I liPOU I moooof &c. 1 

Here the first term is <nr» ^"^ the ratio is 10 

Then Srs-TL =1^^=1=1, the answer. 
r-1 10-1 

2. What is the sum of the infinite series 

Ans. 5r=Jl-=!2LL=2. 
r-1 2-1 

S. What is the sum of the infinite aeries 

49S. There are certain classes of Infinite series, whose 
turns may be found by Bubtraction. 

By the rules for the reduction and subtraction of fractions^ 

l_l_8-2_ 1 

2''S 2x3 2x3* 

l^l_4-3_ 1 

S"4 3x4 3x7 

l-l=5:ii=J-,&c. 
4 6 4x5 4x5* 

If then the fractions on the right be foimed into a series, 
they will be equal to the difference of two series formed from 
the fractions on the left. This difference is easily found ; 
for if the first term be taken away from one of these two 
series, it will be equal to the other. 

Suppose we have to find the sum of tlie infinite series 

L+ JL+ J-J-JL, &c. 
2-3^ 3-4 ^TT^ 6-6 

From this, let another be derived, by removing the last 
factor from each of the denominators ; and let the sum of 
the new series be represented by jS, 

That is, let ^^l+l+i+l, &c. 

Then fif- 1= J+^+l+J, &c. 

2 S^4^6^6 



And ;>y subtraction 1=— + , + 1 , &c 

^ 2 23^ 3-4^ 4-5^ 6-6 
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Here the new series is made one side of an equation, and 
directly under it, is written the same series, after the first 
term J is taken away. If the upper one is equal to S, it is 
evident that the lower one must be e(|ual to S- J. Then 
subtracting the terms of one equation from those of the 
other, (Ax. 2,) we have the sum of the proposed series 
equal to J. For iSf - (iS - J) = iS - S+i =+. 

S. What is the sum of the infinite series 

Here a new series may be formed, as before, by omitting 
t!ie last factor in each denominator. 

Let S=l+|4.*+|+|, &c. 

Then S- §=14-1+1-4-1+1, &c. 



3 2,2,2.2.2 



And by subtracdon _=__-4 +— — -I -I 1 &c. 

Or ?=_L+J_4-_L+_L+_L, &c. 
4 l-3^2-4^3-5^4-6^5T 

In repeating the new series, in this case, it ig necessary to 
omit the ttto first terms, which are l+is=f. 

3. What is the sum of the infinite series 

2-4-6"''4-6-8'*'6-810"^81012' * 

Here a new series may be formed by omitting the last fac- 
tor, and retaining the two first, in each denominator. And 
we shall find 

1__4_ , _4_ , _4__, 4__ - 

8 2-4-6'^4-6-8'^6-810"'"81012' * 

4. What is the sura of the infinite series 
' .+ -* +_5-^+ *_., tic.1 Ans. i 



1-2-3' 2-3 4 3-4-5 ' 4-0-6 
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493. b. Series whose sums can be determined, may also 
be found by the following method. Assume a decreasing 
fieries, containing the powers of a variable quantity x^ whose 
sum =zS, Muliiply both sides of the equation, by a com- 
pound factor, in wliich x and some constant quantity are con- 
tained ; and give to x such a value, that the compound fac- 
tor shall be equal to 0. If one or more of the first terms be 
then transposed, these will be equal to the sum of the re- 
maining series. 

Ex. 1. Let S=l+-+-+-4--4.^ &c- 

Multiplying both sides by x- 1, we have 

^ / ^l-2^2-3^3-4^4-5^5-6 

If we make ar= 1 1 the first member of the equation becomes 
Sx (I 7 1 )=0. (Art 1 12.) Then transposing - 1 from the 
other side, we have 

2, Let S=l+f4-^+^+?!, &.C. as before. 
Multiplying by ai* - 1, we have, 

■ Making x=l, and transposing the two first terms of th« 
series, we hare 

1+1=?.=^+-?-+ J_+^+-?_, Ac. 

S. MulUplying S-l+--\-'L+t, &c by 2«»-3x+l 

we have 

^^ ^ ' 2^1-2-3^2-3-4' 3-4-5 

And if X be pat equal to 1, 

2 l-2-3^2-3-4^S-4-5^4-5-6 
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From the two last examples it will be seen, that dlfferetd 
9ene$ may have the same swm. 

RECURRING SERIER 

493. c. When a series is so constituted, that a certahi 
Dumber <^ contiguous terms, taken in any part <^ the series^ 
have a given relation to the tetm immedi«teiy succeeding, 
it is called a rtcwrring series ; as any one of the following 
Cerms may be £(Tund, by recwrrmg to those which precede. 

Thus in the series l4-3a:4.4a?+7a:'4.11x*+18a^, &a 

Chesiim of the co-efficients of any two contiguous terms, is 
equal to the co-efficient of the following term. If the series 
be expressed by 

jr-|-j?4.C+D+jB, &c. 

Then «A= 1, the first terra. Bz=zSx^ the second 
C=J5a:+wJa;'=4a:», the third, 
D=Ca:4-Ba;^=7a?, the fourth, &c 

That is, each of the terms, after the second, is equal to the 
one «tnme<fia<ely preceding multiplied by >, 4* ^^ one nejrt 
preceding multiplied by s?. 

In the series 1 -J-2x+3a!^4-4j!'+5ar*+6ar*,' &c., 
each term, after tke second, is equal to %x n^ulfipCed by the 
term immediately preceding, --a^ multiplied Iff the term 
next preceding. The co-efficients of a? ana a?, that is -f-2 - 1, 
constitute what is called the scale of rdoHtm, 

In the series l-f4a:46a:«+Ua^.f28«'+63a;», itc, 
any three contiguous terms have a constant relation to the 
succeeding term. The scale of rdalim is 2 - l-|-3 ; so thai 
each term, after the third, is equal to Sopinto the term imme- 
diately preceding, - ^ into the term next prececyng, -(-^ 
into the third preceding term 

Let any rectirring series be expressed by 

if the law of progression depends upon two eontiguodn 
itfttin add th^ scale of relation consists of two pairts^ M 
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Then Cz=Bmx+^9nx\ the third term, 
D= Cmar+JStw:*, the fourth, 
£=:I>ma?4-CiMr% the fifth. 

If the law of progression depends on three contiguoiM 
tenns, and the scale of relation is m+n-{-rf 

Then D:sCiiwr+£na;*4-JJrx', the fourth term, 
F=zEmj'\'Dn3?'\'Cr3^9 the sixth. 

If the law of progression depends on more than three terms^ 
the succeeding terms are derived from them in a similar 
manner. 

493. d. In any recurring series, the scale of relatum^ if it 
consists of two parts, may be found, by reducing the equa* 
lions expressing the values of two of the terms ; if it con- 
sists of three parts, it may be found by reducing the equations 
expressing the values of three terms, &c. As the scale of 
relation is the same, whatever be the value of xin the series, 
the reduction may be rendered more simple, by making x=z 1. 

Taking then the fourth and fifth terms, in the first exam- 
ple above, and making a;=^ 1, we have 

These reduced, (Art. 839,) give 

^ CC^BD CC^BD^ 

141. ^ S^ B C D E F 

m the senes ^ j^.3^^5-p?^7^^9^4^11^^ ^c. 

Making x= 1, we have 

6»-3x7 5«-3x7 

Therefore, the scale of relation is 2 - 1. 

To know whether the law of progression depends on ttoo, 
Ifanee, or more terms ; we may first make trial of two terms ; 
anil if the scale of relation thus found, does not correspond 
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with tlic given series, we may try three or more terms. Or 
if we begin with a number of terms greater than is neces- 
sary, one or more of the values found will be 0, and the 
others will constitute the true scale of relation. 

493. e. When the scale of relation of a decreasing rccur« 
ring series is known, the sum of the terms may be found. 

Le CjJ JB C DBF 

I a-\-bX'^'Cj?-{-da^-{'ex*'\-fa/'y &c. 

be a recurring series, of which the sc^le of relation is m^iL 

Then Jl= the first term, J?z=: the second, 
C=J?x*»«+«^Xna;'> the third, 
D=zCxinx-{'Bxn3i^9 the fourth, 
£=Dxwx4-Cx»w;", the fifth, 
&c. &C. 

Here mx is multiplied into every term, eircept the first and 
the last ; and na^ into every term except the two last. If 
the series be infinitely extended, tlie last terms may be neg- 
lected, as of no comparative value, (Art. 456,) and if S=s 
the sum of the terms, we have 

S=A+B+mxx{B+C+D, ^c.)+n3^x{^+B+C, &c.) 
But S'-Jl^B+C+Dy &c. And Sr^Jl+B+C, &c. 
Therefore S=zA+B+mxx{S'' Jl)+na;'xS. 
Reducing this equation, we have 

Q *9'\'B — •Smx 

1 — WW - fMf' 

Ex. 1. What is the smii of the infinite series 

l-|-6ar+12x«+48aj»+1203:*, &c. 1 
The scale of relation will be found to be 1-f 6. 
Then,fl=:l, -B=6ar, m=l, «=:6. 

The aeries therefore =- — x •^ , 

2. Wliat is the sum of the infinite series 

l+Sx+4J'+7a?+Ux'+l8x'+2dji*, fcct 

Ans. »+^ 
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S. What 18 the sum (tf the infinite eeriev 
l+x+&f+lSsi^+4ls'+ltlj^+S65s^, Ike. f 

Ana. —Llf 

4. What is the eum of the infinite series 

Ans. l±!f^^= _2_ 
ft. What is the sum of the infinite series 



Ans. 



l+« 



6. What is the stun of the infinite series 
14.a5+8s*4-28«»+10arS &c. f 

Ans. . 

If inthesenes ^ a+6:c+c:r«+d;r'+e:r*+/^, &c. 
the scale of relation consists of three ports, m+n+i^ 

Then •fl= the first term, J?= the second, C= the 
D = C X»»«+ J? X»«*4-J? X rar*, the fourth, 
JS=2>Xm«4-Cxna*+JSxra:',the fifth, 
J'=£xm«+l>X«**+Cxrap', the sixth, 
&c. &c. 

Tlicrefore 
S=,«+JB4-C+niarX(C+J?+i: &c.)+n«*X 

(jB+C+T) &c.)+ra:'X (•4+J5+C&C.) That is, 

S=^+B+C+mxX(S-.fl-2/)+n*'X(S-.«)+rap»xS 
Reducing tliis equation, we liave 

I -UUP— lu;^— ra* 
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Ex, 1. What is the siim of the infinite series 
.14.4a:+6aj'-f.lla:*, +28ar'+63r', &c. 
in whica the scale of relation is 2 — 1+3 1 

2. What is the sum of the infinite series 
in whieh the scale of relation is 1+1-1? 

* 1 - a: - x^-^a^ 

METHOD OP DIFFERENCES. 

493. e. In the Summation of Series, the object of inquiry 
IS not, always, to determine the value of the whole when in- 
finitely extended ; but frequently, to find the sum of a cer^ 
tain number of terms. If the series is an increasing one, the 
sum of all the terms is infinite. ; But the value of a limited 
number of terms may be accurately determined. And it is 
frequently the case, that a part of a decreasing series, may 
be more easily summed than the whole. A moderate num- 
ber of terras at the commencement of the series, if it conver- 
ges rapidly, may be a near approxunation to the amount of 
the whole, when indefinitely extended. 

One of the methods of determining the value of a limited 
numbejc of terms, depends on finding the several orders of dif^ 
ferences belonging to the series. The differences between 
the t6rms themselves, are called iheiirst order of differences; 
the differences of these differences, the second order^ Sic, la 
the series, 

1, 8, 27, 64, 125, &c. 

by subtracting each term from the next, we obtain the first 
order of differences 

7, 19, 37,61, Ac. 
and taking each of these from the next, we have the second 
order, 

12, 18, 24, &c. 

Proceeding in this manner with the series 

a, 6, c, d, e, /, &c. 

we obtam the following ranks of diflbrencea, 

24* 
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Igt. Diffi i-it,c-&9 il-c^e-d,/-e, &c. 
id. Diff. c- 264-0, <l-2c+6, e-'2d+Cjf^2e+d^ &c. 
Sd. Diff. d - Sc+36 - a, e - 3<l+3c - 6, /- Se+Sd - <^ &e. 
4th. Diff. e - 4cl+6c - 46+o, /- 4tf+6J - 4c+6 &c. 
5th. Diff. /- Se+lOd- I0c+6b - a, &c. 

Ice. &c. 

1q these expresBioiiBy each difierence, here pointed off by 
commas, though a compound quantity, is called a term. Thus 
the first term in the first rank is 6 -^ a ; in the second, c - 2fr-(-a ; 
in the third, cl-Sc4-36-a; &c. The first terms^ in the 
several orders, are those which are principally employed, in 
investigating and applying the method of oifibrences. It wil\ 
be seen, that in the preceding scheme of the succesrive dif- 
ferences, the co-efficientt of the first term, 

In the second rank, are 1, 2, 1 ; 
In the third, 1, S, S, I; 

In the fourth, 1, 4, 6, 4, 1; 

In the fifth, 1, 5, 10, 10, 5, 1 ; 

Which are the same, as the co-efficients in the powers ofhU 
nmial$. (Art. 471.) Therefore, the co-efiicients of the first 
term in the nth order of differences, (Art. 472,) are 

493. /. For the purpose of obtaining a general expresston 
fOT 01^ term of the series a, h, c, rf, &c. let D', JD'^ IX'', D<^^\ 
&C. represent the firei termsy in the first, second, third, fourth, 
&c. orders of differences. 

Then ly =6 -o, 

P''=c-264.a, 
I>'^'=(l-.3c+36-.ay 
!>''''««-. 4d+.6c- 46+0, 
&c. &c. 

Transposing and reducing these, we obtain the following 
expressions for the terms of the original series, o^ 6^ c, d, &C. 

The second term 6=o+iy, 

The third, ez=:a+2iy+iy\ 

The fourth d=a+3JD'+3I>''+jy, 

The fifth, ' «=«+4iy+6iy'+4D''^+iy'^ 
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Here the co-efficients observe the same law, aa in the pow^ 

ers of a binomial; with this difTerence, that the co-efficients 
of the nth term of the series, are the co-efficients of the 
(fi- l)th power of a binomial. 

Thus the co-efficients of the fifth term are 1, 4, 6, 4, 1 ; 
which are the same as the co-efficients of the fovrth power 
of a binomial. Substituting, then, n - 1 for n, in the formula 
for the co-efficients of an involved binomial, (Art. 472,) and 
applying the co-efficients thus obtained to I^, 2^^ D'^\ iy"\ 
&c as in the preceding equations, we have the following gen« 
eral expression, for tlie nth term of the series, a, 6, c, d, &c. 

The nth term 

=a+(n-l)iy-f(n-l)!t^iy'+n-l!L:?X^-J»'^ &c 

2' 2 3 

When the diiTerences, after a few of the first orders, becoorjs 
O, anj term of the series is easily found. ^ 

Ex. 1. What is the nth term of the series 1, 3, 6, 10, 15, 211 
Proposed series 1, 3, 6, 10, 15, 21, &c. 
First order of diff. #2, 3, 4, 6, 6, &c. 
Second do 1, 1, 1, 1, &c. 

Third do. 0, 0, 0, 

Herea=l, 1>'=2, 1>"=1, 2y''=0. 

Therefore the nth term =14.(n-l)24-n-l^!—f. 

The 20th term =14-38+171=210. The 50th=1276. 

2. Wlrnt is the 20th term of the series P, 2', 3*, 4», 6', &c. t 
Proposed series 1, 8, 27, 64, 125, &c. 
First order of difi: 7, 19, 37, 61, &c. 
Second do. 12, 18, 24, &c. 

Third do. 6, 6, &c. 

Here iy=7, iy'^12, jy''=6. . 
Therefore the 20th term =8000. 

S. What is the 12th term of the series 2, 6, )2, 20, SO, &c.t 

Ans. 156. 

4 What is the 15th term of the series \\ 2», 3V4«, 5^ 6', Act 

Ans. 225. 
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493. g To obtain an expression for the sum of any number 
of terms of a series a, by c, d^ &c. let one, two, three^ &c. terms 
be successively added together, so as to form anew stries^ 

0, Oy a-f-i, o-f-i+c, a+6+c+d, &c. 
Taking the differences in this, we have 

1st Diff. a, by Cy dy By fy SiC* 

2d Diff. i-o, c-6, d-c, c-d,/-c, &c. 
3d Diff. c - 26+0, d - 2c+6, c - 2d+Cy f- 2c+d, &c. 
4th Diff. d - 3c4-36 - a, c - Sd+Sc - 6, /- 36+3^ - c, &c 

&c. &c. 

Here it will be observed that the second rank of differences 
ui the new series, is the same as the first rank in the original 
series a, 6, c, cf, e, &c. and generally, that the (n-|-l)th rank 
in the new series is the same as the nth rank in the original 
series. }^ as before, IX = the first term of the first differen- 
ces in the original series, and d^= the first term of the first 
differences in the new series ; 

Then d'=a, (l''=iy, cl'''=23'', rf''''=iy^ &c. 

Taking now the formula (Art. 493./.) 

o+(n-i)iy+(n-i)!Lz2iy'+(»-i)!Lz2x2z3zy.r+&5. 

which is a general expression for the nth term of a series in 
wliich the first term is a ; applying it to the new series, in 
wliich the first term is 0, and substituting n-f-1 for iiy we have 

0+nd^+^zld-+n^^x'^df^'+^ X^?x'i=?d''''+ 

[&C. 

Or na+nl-^+n^^ x'^D^+r!^ X^X^^'+ 

[&c. 

Wliich is a general expression for the (n-(-l)th term of the 
scries 

0, Oy a-}-6, a+6-4-c, a-Uft-f c+d, &c. 

or the nth terai of the series 

a, a-^by a-|-6-|-c, a-|-6'-f~^+^> ^^* 
But the nth term of the latter series, is evidently the mm 
of n terms of the series, a, 6, c, d, &c. Therefore this 
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general expression for the sum of q terms of a series of leluch a 
is the first term, is 

na+f^^iy+n'LlLx'f^iy'+r^x'^^^ J^' 

[+&C. 

Ex. 1. What is tiie sum of n terms of the series of odd 
mnnbersy 1, 8, 5, 7, 9, &c.1 

Series proposed If 3, 5, 7, 9, &c. 

First order of diff 2, 2, 2, 2, &c. 

Second do. 0, 0, 0, 

Here a=l, 1>'=2, iy'=0. 

n— 1 

rherefore the sum of n terms =n+ii— Z— x2=n*. 

2 

That is, the sum of the terms is equal to the square of ik§ 

lutmfrer of terms. See Art. 431. 

2. What is the sum, of n terms of the series 

1*, 2% 3«, 4% 6«, &c. 1 
Herea=l, 2^=3, 2>''=2, JD'''=0. 

Therefore n terms =i(2n»+3ti'+n) x=in(n4-l) X (2»4-l)- 
Thus the sum of 20 terms =2870. 

3. What is the sum of n terms of the series 

J, 2^, S\ 4', &c.? 
Herea=l, -D^=7, 2X^=12, iy''=6, XK^'^^O. 



Therefore n terms =J(n*+2n»+n«)=:(lnxn+l)*. 
Thus the sum of 60 terms =1625625. 

4. What is the sum of n terms of the series 

2,6, 12, 20,30, fccl 

Ans. Jn(n+l)X(n+2.) 

5. What is the sum of 20 terms of the series 

1,3,6, 10, 15, &c.? 

6 What is the sum of 12 terms of the series 

V, 2\ 3*, 4*, 5S SlcA * 

■ ■ I.W ■! !■ I « I ' " ' ' I H . ■ .1. I I ■ III. I 

^SoeNotoU. 
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SECTION XX. 



COMPOSITION AND RESOLUTION OF THE HIGHER 

EQUATIONS. 

Art. 494. EQUATIONS of any degree may be produced 
from simple equations^ by multiplication. The manner in 
which they are compounded will be best understood, by 
taking them in that etate in wliich they are all brought on 
one side by transposition. (Art. 178.) It will also be neces- 
sary to assign, to the same letter, different values, in the 
dilTerent simple equations. 

Suppose, that in one equation, x=z2 ) 
And, that in another, x=zS J 

By transposition, d?-2=0 

And «-S=0 



Multiplying them together, a^ - 5a:4-6=r 
Next, suppose a: - 4 = 

And multiplying, ar* - 9ar*+26a: - 24=0 

Again suppose, a;- 5=r0 

And mult as before, af*-14r'+7 la?' -154x4- 120=0, &c 
Collecting together the products, we have 
(:r-2)(a:-S) :=3i*'-5x+G=0 

(ar-2)(ar-3)(a:-4) =3;'-9ar^+26a:-24=0 
(a:-2) (a:-3) (x-4) (or- 6) =a;^- 1 4a:'-f-7 la:«- 1 54x4- 120=0 &o 
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That is, the product 

of two simple equations, is a quadratic equation ; 
of three simple equations, is a ctAic equation ; 
of four simple equations, is a biquadratk, or an equa 
lion of the fourth degree, &c. (Art. 300.) 

Or a cubic equation may be considered as the product of & 
quadratic and a simple equation ; a biquadratic, as the 
product of two quadratic ; or of a cubic and a simple equa- 
tion, &c 

495. In each case, the exponent of the unknown quantity, 
in the first term, is equal to the degree of the equation ; and, 
in the succeedijig terms, it decreases regularly by 1, like the 
exponent of the leading quantity in the power of a binomial 
(Art. 468.) 

In a quadratic equation, the exponents are 2, 1. 

In a cubic equation, 3, 2, 1. 

In a biquadratic, 4, 3, 2, 1, &c 

496. The number of terms, is greater by 1, than the degree 
of the equation, or the number of simple equations from 
which it is produced. For besides the terms which contain 
the different powers of the unknown quantity, there is one 
which consists of known quantities only. The equation is 
here supposed to be complete. But if there are in the partial 
products, terms which balance each other, these may disap^ 
pear in the result. (Art. 110.) 

497. Each of the values of the unknown quantity is cal- 
led a root of the equation. 

Thus, in the example above, 

The roots of the quadratic equation are 3, 2, 

of the cubic equation 4, 3, 2, 

of the biquadratic 5, 4, 3, 2. 

The term root is not to be understood in the same sense 
here, as in the preceding sections. The root of an equatUm 
is not a quantity which multiplied into itself v/ill produce the 
equation. It is one of the values of the unknown quantity; 
and when its sign is changed by transposition, it is a term in 
one of the binomial factors which enter into the composiUoq 
of the equation of which it is a root. 
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The value of the unknown letter x, in the equation, is a 
quantity which may be substituted for x, without aflecting 
the equality of the members. lu the equations wliich we 
are now considering, each member is equal to ; and the 
first is the product of several factors. This product will con- 
tinue 10 be equal to 0, as long as any one of its factors is 0. 
(Art. 112.) If then in the equation 

(a?-2)x(«-S)x(«-4)-(«-6)=0. 
we substitute 2 for x, in the first factor, we have 
0X(a:-S)x(«-4)-(«-5)=a 

8o, if we substitute S for x, in the second factor, or 4 in 
the third, or 5 in the fourth, the whole product will still be 0. 
This will also be the case, when the product is formed by an 
actual multiplication of the several factors into each other. 

Thus, as a:» - 9a*+2e*- 24=0 ; (Art 494. 
So 2*- 9x2*4-26x2 -24=0, 
And8»-9x3«+26x3-24=0, &c. 

Either of these values of x, therefore, will satisfy the con- 
ditions of the equation. 

498. The number of mots, then, which belong to an equa- 
tion, is equal to the degree of the equation. . 

Thus, a quadratic equation has tteo roots ; 
a cubic equation, three ; 
a biquadratic, /otir, &c. 

Some of these roots, however, may be tmaginbry. For an 
imaginary expression may be one of the factors from wliich 
the equation is derived. 

499. The resolution of equations, which consists in finding 
their roota^ cannot be well understood, without bringing into 
view a number of principles, derived from the manner in 
which tlie equations are compounded. The laws by which 
the eo-efficients are governed, may be seen, from the followihg 
view of the multiplication of the factors 

a? — a, a? — 6, a; — c, a: — d, 

each of which is supposed equal to 0. 

The several co-efficients of the same power of x, are pla- 
ced under each other. 
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Thus, -ax - bx is written ""?(*; and ^^^ other co-effi 
cients in the same manner. 

The product, then 

-a)=:0 
Into (x 



Of (x-a)=:0 

-6)=:0 



Is «*_ J ? «+a6=0, a quadratic equation. 
This into a: -c=0 




a;- a6c=Q, a cubic equation. 



ap-|-a6cc{=0, a biquadratic. 



500. By attending to these equations, it will be seen that. 

In the^r^i term of each, the co-efficient of x is 1 : 

In the second term, tlie co-efficient is the sura of all the 

roots of the equation, with contrary signs. Thus the roots 

of the quadratic, equation are a and b, and the co-efficienls, 

in the second term, are - a and - b. 

In the third term, the co-efficient of x^ is the sum of all 
the products which can be made, by multiplying together 
any two of the roots. Thus, in the cubic equation, as the 
roots are a, 6, and c, the co-efficients, in the third term, are 
a6, ac^ be. 

In the fourth term the co-efficient of x is the sum of all 
the products which can be made, by multiplying together 
any three of the roots after their signs are changed. Thus 
the roots of the biquadratic equation are a, 6, c, and d^ and 
the co-effieients in the fourth term are - abc, - a6(2, - ocd^ 
-icd. 

The last term is the product formed from aU the roota oi 
the equation after tlie signs are changed. 
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In the cubic equation, it is - ax -^ * X ■-c== - «^- 
In the biquadratic, -aX -^X -«X -rf=-f ofccrf, &c. 

601. In the preceding examples, the roots are all positive^ 
The signs are changed by transposition, and when the seve* 
ral factors are multiplied together, the terms in the product* 
as in the power of a residual quantity, (Art. 476,) are alter- 
nately positive and negative. But if the roots are all ne^a- 
tivBy they become positive by transposition, and M the terms 
in the product must be positive. Thus if the several values 
of X are - a, - 6, - c, - d, then 

ar-f-a=:0, a;-|-fc=0, ar-fc=0, 3?+d=0; 

and by multiplying these together, we shall obtain the same 
equations as before, except that the signs of all the terms 
will be positive. In other cases, some of the roots may be 
positive, and some of them negative. 

502. As equations are raised, from a lower degree to a 
higher, by multiplication, so they may be depressedy from a 
higher degree to a lower, by divimn. Tlie product of (x - a) 
into (x - 6) is a quadratic equation ; this into {x - c) is a 
cubic equation ; and this into (x - J) is a biquadratic. (Art. 
494.) If we reverse this process, and divide the biquadratic 
by (a:-rf), the quotient, it is evident, will be a cubic equa- 
tion ; and if we divide this by (x - e) the quotient will be 
quadratic, &c. The divisor is one of the factors from which 
the equation is produced ; that is, it is a binomial consisting 
of ^ and one of the roots with its sign changed. When, 
therefore, we have found either of the roots, we may divide 
by this, connected with the unknown quantity, which will 
reduce the equation to the next inferior degree. 

RESOLUTION OP EQUATIONS. 

503. Various methods have been devised for the resolution 
of the higher equations ; but many of them are intricate and 
tedious, and others are applicable to particular cases only. 
The roots of numerical equations may be found, however, 
with sufficient exactness by successive approximations. From 
the laws of the co-efficients, as stated in Art. 500, a general 
estimate may be formed of the values of the roots. They 
must be such, that, when their signs are changed, their 
product shall be equal to the last term of the equation, and 
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their suni equal to the co-efficient of the second term. A trial 
may then be made, by substituting, in the place of the un- 
known letter, its supposed value. If this proves to be too 
small or too great, it may be increased or diminished, and 
the trials repeated, till one is found which will nearly satisfy 
the conditions of the equations. After we have discovered or 
assumed two approximate values, and calculated the errors 
which result from them, we may d>tain a more exact cor- 
rection of the root, by the following proportion. 

As the difference of the errorsy to tlie difference of the assumed 
numbers ; 

So is the least error, to the correction required^ in the corres* 
wmding assumed number. 

This is founded on the supposition, that the errors in the 
esults are proportioned to the errors in the assumed numbers* 

Let JV and n be the assumed numbers ; 

S and s, the errors of these numbers ; 

R and r, the errors in the results. 

Then by the supposition R:r:: S : s 

And pubt. the consequents (Art. 389.) /J-r : «S-5 : : r : *. 

But the difference of the assumed numbers is the same, 
as the difference of their errors. If for instance, the trtie 
number is 10, and the assumed numbers 12 and 15, the er- 
rors are 2 and 5 ; and the difference between 2 an{) 6 is the 
same as between 12 and 15. Substituting, then, JV*-n for 
S-'Sy we have R'^rt JV*- n: :r:Sy which is the proportion 
crtated above. 

The term difference is to be understood here, as it is com* 
monly used in algebra, to express the result of subtraction 
according to the general rule. (Art. 82.) In this sense, the 
difference of two numbers, one of which is positive and the 
other negative, is the same as their sum would be, if theit 
signs were alike. (Art. 85.) 

The supposition which is made the foundation of the rule 
for finding the true value of the root of an equation, is not 
strictly correct. The errors in the results are not exactly 
proportioned to the errors in the assumed numbers. But 
as a greater error in the assumed number, will generally lead 
to a gieater error in the result, than a less one, the rule will 
answer the purpose of approximation. If the value which is 
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first found, is not sufficiently correct, this may be taken as one 
of the numbers for a second trial ; and the process may be 
repeated till the error is diminished as much as is ref{Uii€d. 
There will generally be an advantage in assuming two num- 
bers whose difference is .1, or .01, or .001, &c. 

Ex. 1. Find the value of x, in the cubic equation, 

a'-8a?+17i»:-.10=0. 

Here as the signs of the terms are alternately positive and 
negative, the roots must be all positive ; (Art. 501.) their 
product must be 10 and their sum 8. 

Let it be supposed that one of them is 5*1 or 5*2. Then, 
substituting these numbers for Xy in the given equation, we 
have, 

By the 1st 8uppo8'n,(5-l)»-8x (5-l)'+17x (5-1)-10=r 1 -271. 
By the second (5-2)*-8x(5-2)«+17x(6-2>- 10:=r2-68& 
That is, By the first supposition. By the second suppositiox^ 

The 1st term, a^= 132-651 140 608 

The 2d - 8«*= - 20808 - 21 6-82 
TheSd 17«=: 86.7 88-4 

The 4th -10=- 10. - 10- 



Sums or errors, 4-1*271 4-2*688 

Subtracting one from the other, 1*271 

Their difference is 1 *4 1 7 

Then stating the proportion 
1*4 : 0*1 :: 1*27 : 0*09, the correction to be sub- 
iracted from the first assumed number 5*1 : The remainder 
m 5*01, which is a near value of or. 

To correct tliis farther, assume a;=5*01, or 5*02. 

By the first supposition. By the second supposition 

The 1st terra x^=: 125*751 126*506 

The 2d - 8sif^=i - 200*8 - 201 -6 

Thedd 17x= 85*17 85*34 

The 4th -10 = - 10- -10. 



Errors 4. 0-121 4. 0*246 

0-121 



D^erence 0*lil5 
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Tlien 0-125 : 0*01 : : 0121 : 001, the correction. Thit 
Jbtraeted from 5*01, leaves 5 for the value of x ; which will 
be foiind, oa trial, to satisfy the conditions of the equation. 

For 5*-.8x5'+17x5-10=0. 

We have thus obtained one of the three roots. To find 
the other two, let the equation be divided by x-5, according 
to Art 462, and it will be depressed to the next inferior de- 
gree, (Art. 602.) 

ar - 5)«« - 8«'+17a: - 10(a;« • 3a:+2=0. 

Here, the equation becomes quadratic. 
By transposition, »* - 3ap= - 2, 

Completing the square, (Art. 305.) ar*-Sx4-i=i-2=|. 
Extract, and traijsp. (Art. 303,) a:=3iVi=iii» 
The first of these values of a?, is 2, and the other 1. 

We have now fbund the three roots of the proposed equa- 
tion. When their signs are changed, their sum is - 8, the 
co-efficient of the second term, and their product - IQ, the 
last term. 

2. What are the roots of the equation 

x^^8x'+4x+4S=01 Ans. -2,+4,+6. 

3. What are the roots of the equation 

a;3 - 16a:«+65a? - 50=0 1 Ans. 1, 5, 10. 

4. What are the roots of the equation 

a?+^x* - 33a?=90 1 Ans. 6,-5,-3 

5. What is a near value of one of the roots of the equation 

ar»4.9a;*+4x=80l 

6. What is a near value of one of the roots of the equation 

a;3^a;S4.x=100l 

503. b. Another method of approximating to the roots of 
numerical equations, is that of Nev^ton, by successive subsiU 
ttUions, 

Let r be put for a number found by trial to be nearly equal 
to the root required, and let z denote the difference between f 
and the true root x. Then in the given equation, substitute 
rt;g for x, and reject the terms which contain the powers of jl 
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This will reduce the equation to a simph one. And if g 
be leBs than a unit, its powers will be still less, and therefore 
the error occasioned by the rejection of the terms in which 
they are contained, will be comparatively small. If the 
value of z^ as found by the reduction of the new equation, 
be added to or subtracted from r, according as the latter is 
found by trial be too great or too small, the assumed root will 
be once corrected. 

By repeating the process, and substituting the corrected 
value of r, for its assumed value, we may come nearer and 
nearer to the root required. 

Ex. 1. Find one of the values of x^ in the equation 

Letr-r=:x. 

( ar*=(r-z)'=:»^-Sf^z4-Sr2*-.z» ) 

Then 7 - iea?= - 16(r-z)*= - 16r»4.S2rz-16;r« S =6a 

( 65*= 65(r-z) == 65r -65« > 

Rejecting the terms which contain 2* and z\ we have 
r> - 1 6r*+65r - 8r«;r+S2rz- 65z=60. 

This reduced gives 
^_ 50-r^+16r'-65r 
-3r^ +32r-65 

If r be assumed =11, tjhen z=—=0-8 nearly. 

76 ^ 

and a:=r-z nearly =11 -0-8= 10*8. 

To obtain a nearer approximation to the root, let the cor- 
rected value of 10-2 be now substituted for r, in the preceding 
equation, instead of the assumed value 11, and we shall have 

z=-188 :r=r-z=10-012. 

For a third approximation, lei r= 10*012, and we have 
z=-012 * «=r-z=10. 

2. What is a near value of one of the roots of the equation 
a^4.10x'»+5x=2600 1 Ans. 1 1-0067. 

S. What are the roots of the equation 

«»4.2i»-naF=121 
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4 What are the roots of the equation 

a;*+4a;'-7x«-34ar=24l 

503.C. An equation of the mth degree consists of o^, the 
several inferior powers of x with their co-efficients, and one 
term in which x is not contained. If ,5, jB, C, . • . . T, be 

put for the several co-efficients, and U for the last term, 
then a:"'+w3a:»-*+J&a:^-'4-Ca*-8 +Ta:+I7=0, 

will be a general expression for an equation of any degree. 

If a, 6, c, &c. be roots of any equation, that is, such qnan-. 
tities as may be substituted for x ; (Art. 497.) it may be 
shown, without reference to the metnod of produc:ing the 
equation by multiplication^ that the first member is exactly 
divisihle 6y a? — a, a? — 6, a: - c, &c. 

For by substituting a for ar, we have 

a--f waa'»-»+jBa—«-]-Cfir-« . \^Ta+U=0. 

Anc transposing terms, 

V=-ar- Acrr-' - BaT"^ -^ CoT"^ - Ta. 



Substituting this value for 17, in the original equation, 
-a"'-waa"-*-J5a'-"*-Ca'»-' -Taj"" 



Or, uniting the corresponding terms, 

(C«^-3- Ca"^-^) +r(a:-a)=0. 

In this expression, each of the quantities (a:'"-o'"), 
(•^af*""* - »4a*~^), &c. is divisible by a:-a ; (Art. 406.) there- 
fore the wh/oU is divisible by a: - a. 

In the same manner it may be shown, that the equation is 
divisible by a? - fc, ar - c, &c. 

503.(2. The quotient produced by dividing the original 
equation by a: - a, is evidently equal to the aggregate of the 
particular quotients arising from the division of the several 
quantities (x^-a"), (a:"-*-a'»-»), &c. 

The quotient of (af*- o'")-r(a?- a), (Art. 466) is 

The quotient of A (a:'*-* -o'""0-^(a?-a) is 
. &c. JStc 
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CoUecting these partkuliu' quotients together, and placing 
under each other the coefficients of the same power of x, we 
have the following expression for the quotient of 

divided by «- a. 

■Bef-* 



I. 




Ckr-* 



The quotient of the same equation divided by « - 6, is 
a— 'j-i 1 +fi« ) +*» "i ...+ 4"-* 



II. 



The quotient from dividing by x — c, is 
. ar-'+e > -_rf c" ) 4-c» ^ 

ni. 4-c 



4-J5r6— • 

+Cfr— ♦ 



+r. 



- -j?c— * 

- -Be—' 

—Ctr'-* 

• • • • 



In the same manner may be found the quotients produced 
by introducing successively into the divisor the several roots 
of the equation ; wiiich are equal in number to m. 

503.e. From the known relations between t])e roots and 
the co-eflTicients of equations, as stated in Art. 500, Newton 
has derived a method of determining the co-efficients, from 
(he $tan of the roots, the sum of their sqwiresy the sum of 
the;r cubesy &c., though the roots themselves are unknown ; 
and yi\ the otlier hand of determining from the co-efficient^ 
the sum )f the roots, the sum of their squares, the sum of 
theii cubes, &c. For this purpose, the following plan of no- 
tation is adopted. 8i is put for the sum of the roots, £•« for 
the sum of their squares^ S^ for the sum of their cubta^ ^c 
[f the roots are a^b^e^df • . i, then 
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Si sra+i+c+J - . . +i 



i89 



.+P-" 



"^ By means of this notation, we obtain the following expres 
sion for the mm of all the quotients marked I, II, III, &c 
(Art. SOS.d.) and continued till their number is equal to m. 



»iaf^-"+5fi ? ^.,+ S, 



+mJli 



+ 



'-mB S +BS 

+mC 




+niT. 



In the original equation, 

the co-efficients, .dF, JS, C, &c. have determinate relations to 
the sum and products of the roots, (t, by c. Sec* (Art. 500.) 
But the quotient marked I, (Art. 503. d.) produced by divid- 
ing by x-o, is the first member of an equation of tlie next 
vyerioT degree^ (Art. 502.) from which the root a is excluded. 
So h is excluded from the quotient II, c from the quotient III, 
&c. In the expression above marked F, which is the sum 
of m quotients, the co-efficient of x in the second term is 
Si -^mA, But A, which is the corcfficient of x in the second 
term of the original equation, is equal to the sum of the 
roots 0, b, c, &c. with contrary signs ; (Art. 500.) that is 
iS| = -A Therefwre, 

Sfi+»ufl=(m-l)jJ, 

In tlie third term of the original equation, B the co^ffi- 
cient of x, is equal to the sum of all the products which can 
be made by multiplying together any two of the roots. (Art. 
500.) But each of these products will be excluded from 
two of the quotients, I, II, lit, &c. For instance, ab will not 
be found in the first, from wliicli.a is excluded, nor in the 
second, from whicli 6 is excluded. Therefore in tlie expres- 
sion Yy the co-efficient of x in tlie third term is equal to 
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2B. So that 

iSrf jSSi+mBs: (m - 2)B. 

In the fourth term of the original equation, C the co-effi* 
cieut of Xy is equal to the su^ of all the products which can 
be made by multiplying together any three of the roots, after 
their signs are changed. But each of these products will be 
excluded from three of the quotients^ I, 11, III, &c. So thar^ 
in the expression F, the co-efficient of x in the fourth term, 
is equal to mC - Sabc -> 3aM, &c. That i% 

iSi+jJ^j+BiSi+mCs (m - S) C. 

In the same manner, the values of the. co-efficients of x in 
succeeding terms may be found ; the number of the cd-effi- 
cients being one less than the number of roots in the equation. 



Collecting these results, we have 



S,+^Sr^BSr 

&c. 



'BS^+mC: 



&c. 



L 



Transposing and uniting terms, 

Sf+^S,+2B=0, 



&c» 



JBS,+3C=0, 



BS, 



&c. 



=0, 



Substituting for Si^ «S^ iS^ai &c. their values, and reducing, 
II. iSi=-j}, 

iS3=:-wSP-f3jJjB-SC, 

&c. Slc. 

We have here obtained symmetrical expressions for the 
sum of the roots of an equation, the sum of their squares^ 
the sum of their cubes, &c. in terms of the co-efficienta 
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By iranspoBing the terms in the expressioris marked I, we 
have the following values of j9, By V, &c. 

III. ^= - St 

C=-i(BSt+^S,+S,, 
Z>= - i{CS,+BS^-fAS,+8,) 

&C. OLC. 

By which the co-efficwUs of an equation may be found, 
from the sum of its roots, the sum of their squares, the sum 
of their cubes, &c. 

Ex. 1. Required the sum of the roots, the sum of theii 
squares, and the sum of their cubes, in the equation 

x' - 10a:»-}-35j:«-. bOx - 24=0. 

Here ^= - 10. -8=35. C= -60. 

Therefore iSi=10 

S,= 10»-(2x35)=SO. 

S3=10'+(3x - 10x35) - (3x -60)=100. 

2. Required the terms of the biquadratic equation in which 
fif,=l, iS,=89, Si=-89, and the product of all the rooU 
after their signs are changed is - 30. 

Ans. a?* - «» - 19««+49a?- 30^0.* 

^SeaNoteV. 
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SECTION XXI. 



APPLICATIOxNT OF ALGEBRA TO GEOMETRY.* 

Art. 504. It is often expedient to make use of the alge- 
Oraic notation, for expressing the relations of geometrical 
quantities, and to throw the several steps in a demonstration 
into the form of equations. By this, the nature of the reason- 
ing is not altered. It is only translated into a dilTerent lan» 
guage. Signs are substituted for toordsy but they are intend- 
ed to convey the same meaning. A great part of the de- 
monstrations in Euclid, really consist of a series of equa- 
tions, though they may not be presented to us under the al- 
gebraic forms. Thus the proposition, that the sum of the 
three angles of a triangle is equal to two right angles^ (Euc. 32. 
1.) may be demonstrated, either in common language, or by 
means of the signs used in Algebra. 

Let the side .5jB, of the triangle ABC^ (Fig. L) be con- 
tinued to D; let the Ime BE be parallel to AC; and let 
GHI be a right angle. 

The demonstration, in words, is as follows : 

1. The angle EBD is equal to the angle BAC, (Euc. 20. 1.) 

2. The angle CBE is equcd to the angle ACB. 

S. Therefore, the angle EBD added to CBEy that is, the 
angle CBD, is equal to BAG added to ACB. 

4. If to tliese equals, we add the angle ABCy the angle CBD 
added to ABC, is equal to BAC added to ACB and 
ABC. 



* This and the following section are to be read after the Elements ot 
Geometry, 
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& But CBD aOei to JIBC^ ia equal to twice GHI, that is. 
to two rigiit angles. (£uc. 13. 1.) 

6. Therefore, the angles B^C, and ACB^ and JlBC, are to* 
geiher equal to twice GHIy or two riglit angles. 

Now by substituting the sign +» for the word addedj or 
ati/f, and the character =, for the word eqwdj we shall liave 
the same demonstration in the foUowinsr forin. 

I. By Euclid 29. 1, EBD==BJC 

i. And CBEzx:ACB 

S. Add the two equations EBD-\-CBE—BJiO+^CB 

4. Add ABC to both sides CBD+ABC=^BAC'\^JICB+ 

ABC 

5. But by Euclid 13. 1. CBD+ABC=:^GHI 

6. Make the 4th & 5th equal BAC4'^CB+ABC=2GHL 

By comparing, one by one, the steps of these two demon* 
strations, it will be seen, that they are precisely the same, ex- 
cept that they are differently expressed. The algebraic mode 
has often the advantage, not only in being more concise than 
the other, but in.exhibiungthe order of Uie quantities more 
distinctly to the eye. Thus, in the fourth and fifth steps of 
the preceding example, as the parts to be comparea are 
placed one under the other, it is seen, at once, what must be 
the new equation derived from these two. This regular ar« 
rangement is very important, when the demonstration of a 
theorem, or the resolution of a problem, is umtsually compli* 
cated. In ordinary language, the numerous reiati(M» of the 
quantities, require a series of explanations to make them un» 
derstood ; while 1^ the algebraic notation, the whole may be 
placed distinctly before us, at a single view. The disnosi* 
tion of the men on a chess-board, or the situation of the ot>» 
jects in a landscape, may be better comprehended, by a 
glance of the eye, than by the most laboured description ia 
words. 



i 



505. It will be observed, that the notation m the example 
just given, diflers, in one respect, from that which is general* 
y used in algebra. Each quantity is represented, not by a 
$mgle UtteTy but by sevtraL In common algebra when one 
tetter stands immediately before another, as 06, ii^ithout anv 
eharader between thenii they are to be considered as mufti* 
fKaJ 4ogetber. 
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But in geomefry, AB is an expression for a single Vne^ and 
not for ilie pioihicl of.^ itito B. Muitiplicatioii is ileiioled, 
either by a j)oint. or by ihe character X. Tlie product of 
JIB iato CD, is JIB. CD, or ABx CD. 

506. There is no iiTipropriet}^ however, in representing a 
geonictrical quniUiiy by a single letter. We may make & 
fltaud fur a line or an angle, as well as for a number. 

If, in the example above, we put the angle 

EBD=.a, JiCB=d, ABC:=zh, 

BJiC^b, CBD^g, GIII=zl; 

CBE^c, 

tlie demonstration will stand thus ; 

1. By Euclid, 29. 1. a-b 

2. And c:=d 

3. Adding the two equations, a^c=:g=zb^d 

4. Adding h to both sides, g-^hz^ib-^d^h 

5. By Euclid 13. 1. g+h=:2l 

6. Making the 4th and 5th equal, b-4'^+^=2^* 

This notation is, apparently, more simple than the other ; 
but it deprives us of what is of great importance in geometri- 
cal demonstrations, a continual and easy reference to the 
figure. To distinguish the two methods, capitals are gener- 
ally used, for that which is peculiar to geometry ; and smaU 
tetlerSf for that wliich is properly algebraic. The latter has 
the advantage in long and complicated processes, but the 
other is often to be preferred, on account of the facility with 
which the figures aie consulted. 

507. If a line, whose length is measured from a given 
point or line, be considered positive ; a line proceeding in the 
apposite direction it to be considered negative. If .^f? (Fig. 
2.) reckoned from DE on the rights is positive ; AC on the 
lejt is negative. 

A line may be conceived to be produced by the motion of 
a point. Suppose a point to move in the direction of w9i7, 
and to describe a line vaiying in length with the distance of 
the point from A. While the point is moving towards J?, its 
distance from .^ will increase. But if it move from £, to- 
wards C, its distance from Ji will diminish^ till it is reduc^ 
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to TM)thing, and then will increase on the opposite side. As 
ttiat which increases the distance on tiie right, diminishes it 
on tlie left, the oiie is considered positive, and the other nega* 
tive. See Arts. 59, 60. 

Hence, if in the course of a calculation, the algebraic 
value of a line is found to be negalive; it must be measured 
in a direction opposite to tliat which, in the same process, 
has been considered positive. (Art. 197.) 

508. In algebraic calculations, there is frequent occasron 
for multiplication, division^ invohition, &c. But how, it may 
be asked, can geometrical quantities be muki))lied into each 
other? One of the factors, in multiplication, is always to be 
considered as einutnber. (Art. 91.) Tlie operation consists in 
repeating the multiplicand as many times as there are units 
in the multiplier. How tlien can a liney a surface^ or a solid^ 
become a multiplier ? 

To explain thi^ it will be necessary to observe, that when- 
ever one geometrical quantity is multiplied into another, 
some particular extent is to be considered the unit. It as iimna- 
terial what this extent is, provided it remains the same, in 
diflerent parts of the same calculation. It may be an inch, 
a foot, a rod, or a mile. If an inch is taken for the luiit, 
each of the Unes to be multiplied, is to be considered ns made 
up of so many parts, as it contains inches. The multiplicand 
will then be repeated, as many times, as there are units in 
the multiplier. If, for instance, one of the lines be a foot 
long, and the other half a foot ; the factors will be, one 12 
uiches, and the other 6, and the product will be 72 inches. 
Though it would be absurd to say that one line is to be re- 
peated as often as another is long; yet there is no impropriety 
in saying, that one is to be repeated as many times, as there 
are feet or rods in the other. This, the nature of a calcula- 
tion often requires. 

509. If the line which is to be the multiplier, is only a 
part of the length taken foi the unit ; the product is a like 
part of the multiplicand. (Art. 90.) Thus, if one of the 
factors is 6 inches, and the other half an inch, the product is 
3 inches. 

510. Instead of referring to the measures in common use, 
as inches, feet, &c. it is often convenient to fix upon one of 
the lines in a figure, as tne unit with which to compare all the 
others. When there are a number of lines drawn witUio 
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and about a drete^ the radius is commonly taken for the unit 
This is partkiiiarly the case in trigonometrical calculaiion& 

611. The observations which have been made concerning 
lines» may be applied to surfaces and solids* There may be 
occasion to multiply the area of a figure, by the number of 
inches in some given line. 

But here another difficulty presents itself. The product 
of two lines is often spoken of, as being equal to a surface ; 
ami the product of a line atid a surface^ as equal to a soHd. 
Thus the area of a parallelogram is said to be equal to the 
product of its base and height ; and the solid contents of a 
cylinder^ are said to be equal to the product of its length into 
the area of one of its endsL But if a line has no breadth, 
how can the multiplication, that is the repeHlum, of a line 
produce a surface 1 And if a surface has no thicknessy how 
can a repetition of it produce a solid 1 

If a parallelogram, represented on a reduced scale by 
ABCDy (Fig* 3.) be five inches long, and three inches wide ; 
the area cnr surface is ^id to l)e equal to the product of 5 into 
S» that is, to the number of inches in ABy multiplied by the 
number in BC But the inches in the lines AB and BC are 
Kneor inches, that is, inches in length only; while those 
which compose the surface JiC are superficial or square 
inches, a different species of magnitude. How can one of 
these be converted into the other by multiplication, a process 
which consists in repeating quantities, without changing 
their nature % 

512. In answering these inquiries, it must be admitted, 
that measures of length do not belong to the same class of 
magnitudes with supeiiicial or solid measures ; and that none 
of "the steps of a calculation can, properly speaking, trans- 
form the one into the other. But, though a line cannot be- 
come a surface or a solid, yet the several measuring units in 
common use are so adapted to each other, that scfuares, 
cubes, &c. are bounded by lines of the same name. Thus 
the side of a square incli, is a linear inch ; that of a square 
rod, a linear rod, &c. The Unglh of a linear inch is, there- 
fore, the same as the length or breadth of a square inch. 

If then several square inches are placed together, as from 
Q to i}, (Fig. 3.) the number of them in the parallelogram 
OR is tlie same as the number of linear inches in the side 
Qfi : and If we know the length of this» we have of course 
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ih© area of the parallelogram, which is here supposed to be 
one inch wide. 

But, if the breadth is several inches, the larger parallelo- 
gram contains as many smaller ones, each an inch wide, as 
there are inches in the whole breadth. Thus, if the paral- 
lelogram ^C (Fig. 3.) is 5 inches long, and 3 inches broad, 
it may be divided into three such parallelograms as OR. To 
obtain, then, the number of squares in the large parallelo- 
gram, we have only to multiply the number of squares in 
one of the small parallelograms, into the number of such 
parallelograms contained in the whole figure. But the num. 
ber of square inches in one of the^small parallelograms ia 
equal to the number of linear inches in the length AB. And 
the number of small parallelograms, is equal to the number 
of linecU' inches in the breadth BC. It is therefore said con- 
cisely, that (he area of the parallelogram is equal to the length 
multiplied into the breadth. 

513. We hence obtain a convenient algebraic expression, 
for the area of a right-angled parallelogram. If two of the 
sides perpendicular to each other are AB and BC, the expres- 
sion for the area is ABxBC ; that is, putting a for the area, 

a=2ABxBC. 

It must be understood, however, that when AB stands for 
a Zm«, it contains only linear measuring units ; but when it 
enters into the expression for the area^ it is supposed to con- 
Cain superficial units of the same name. Yet as, in a given 
length, the number of one is equal to that of the other, they 
may be represented by the same letters, without leadhig to 
error in calculation. 

514. The expression for the area may be derived, by a 
method more simple, but less satisfactory perhaps to some, 
from the principles which have been stated concerning van- 
able quantitiesy in the 13th section. Let a (Fig. 4.) represent 
a square inch, foot, rod, or other measuring unit ; and let b 
and I be two of its sides. Also, let A be the area of any 
right-angled parallelogram, B its breadth, and L its length. 
Then it is evident, that^ if the breadtli of each were the 
same, the areas would be as the lengths ; and, if the length 
of each were the same, the areas would be as the breadtlis. 

That is, A I a:: L ily when the breadth is given ; 
And AiaiiBiby when the length is given; 

26* 
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Therefore, (Art 420.) AiaiiBxl*' W, when bothTaiy, 
Tiiat is, tlie area is as the product of the length and breadth, 

' 515. Hence, in quoting the Elements of Euclid, the term 
product is frequently substituted for rectangle. And what- 
ever is there proved concerning the equality of certain rect- 
angles, may be applied to the product of the lines which 
contain the rectangles.* 

^16. The area of an oblique parallelogram is also obtained, 
by muUiplying the base into the perpendicular height. Thus 
the expression for the area of the parallelogram •S^JWIf (Fig. 
5.) is JSIKx^D or ^BxBC. For by Art. 513, ABxBC 
is I he area of the right-angled parallelogram ABCD ; and 
by Euclid 36, 1,t parallelograms upon equal bases, and be- 
tween the same parallels, are equal ; that is, ABCD is equal 
loABJ^M. 

517. The area of a souare is obtained, by multiplying one 
of the sides into itself. Thus the expression for the area of 

the square JlC, (Fig. 6,) is AB, that is, 

a=AB. 
For the area is eoual to ABxBC. (Art 613.) 



But AB=BC, therefore, JtBxBC=iJlBx^B^AB . 

518. The area of a trim^h is equal to ha^ the product of 
the base and height. Thus the area of the triangle ABG^ 
(Fig. 7.) is equal to half AB into GHox its equal BCy that is^ 

a=i\JiBxBC. , 

For the area of the parallelogram ABCD is ABxBC^ 
(Art. 513.) And by Euc. 41, l,t if & parallelogram and a tri- 
angle are upon the same base, and between the same paral- 
lel^ the triangle is half the parallelogram. 

159. Hence, an algebraie expression may be obtained for the 
area of any figure whatever, which is bounded by right lsne& 
For every such figure may be divided into triangles. 



♦ See Note W. - 

ILeeendre's Geometry, Ameridm Edition^ Art ICHk 
Lcgcndre, 1€18» 
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Thus the right-lined figure 

JtBCDE (Fig. 8,) is composed of the triangles 
^BC, ACE, and BCD. 

The area of the triangle ABC=\ACxBLy 

That of the triangle ACEz=\ACxEH, 

That of the triangle £CJD=i ECxDG. 

The area of the whole figure is, therefore, equal to 
(iACxBL)+{iACxEH)+{iECxDG). 

The explanations in the preceding articles contain the 
first principles of the mensuration of superficies. Tiie object of 
introducing the subject in tliis place, however, is not to make 
a practical application of it, at present ; but merely to show 
the grounds of the method of representing geometrical quan- 
tities in algebraic language. 

520. The expression for the superficies has here, been de- 
rived from that of a line or lines. It is frequently necessary 
to reverse this order ; to find a side of a figure, from knowing 
its area. - 

If the number of square inches in the parallelogram 
ABCD (Fig. 3.) whose breadth BC is 3 inches, be divided 
by 3 ; the quotient will be a parallelogram ABHP^ one inch 
wide, and of the same length with the larger one. But the 
length of the small parallelogram, is the length of its side 
AB. The number of square inches in one is the same, as 
the number of linear inches in the other, f Art. 512.) If 
therefore, the area of the large parallelogram oe represented 

by a, the side «dJ9=_-^ that is, ike length of a parallelogram 

is found by dividing the area by the breadth. 

521. If a be put for the area of a square whose side is AB^ 

Then by Art. 517 a^AB* 

And extracting both sides ^d:=iAB. 

That is, the side of the square is found, by extracting the 
square root of the number of me€uuring units in Us area. 

522. If AB be the base of a triangle and BC its perpen 
dicular height ; 
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Then by Art. 518, a:=z{BCx^B 

And dividing by JjBC, .JL^=:JIB. 

Tliat is, the btise of a triangk U founds by dividing the area 
by lialf tlie height. 

523. As a surface is expressed, by the product of its length 
and breadth ; the contents of a aolid may be expressed, by 
the product of its length, breadth and depth. It is necessary 
to bear in mind, that the measuring unit of sohds, is a cube ; 
and that the side of a cubic inch, is a square inch ; the side 
of a cubic foot, a square foot, &c. 

Let ABCD (Fig. 3.) represent the base of a parallelopi- 
ped, 5 inches long, three inches broad, and one inch deep. 
It is evident tliere must be as iftany cubit inches in the sohd, 
as there are square inches in its base. And, as the product of 
the lines AB and J?C gives the area of this base, it gives, of 
course, the contents of the solid. But suppose that the depth 
of the parallelopiped, instead of being one inch, iafour inches. 
Its contents must be four times as great. If, then, the 
length be AB^ the breadth SC, and the depth COy the ex- 
pression for the solid contents will be, 

JLBxBCxCO. 

524. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much rnore simple and 
concise, than in ordinary language. The proposition, (Euc. 
4. 2.) that when a straight line is divided into twopai^^s, the 
square of the whole line is equal to the squares of the two 
parts, together witii twice the product of the parts, is demon- 
Btrated, by involving a binomial. 

Let the side of a square be represented by s ; 
And let it be divided into two parts, a and b. 

By the supposition, s^a-\-b 

And squanng both sides, «'=a*4-2a6-j-^** 

That is, 5* the square of the whole line, is equal to a* and 
6% the squares of the two parts, together with 2a6, twice the 
product of the parts. 

525. The algebraic notation may also be applied, with 

Sreat advantage, to the solution of geometrical problems. In 
oing this, it will be necessary, in the first place, to raise an 
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algebraic equation, from the geometrical relations of the 
c^iiantities given and required ; and then by the usual reduc- 
tions, to find the value of the unknown quantity in this equa* 
tion. See Art. 192. 

Prob. 1. Given the base^ and the sum of the hypothenuse 
and perpendicular, of tiie right angled triangle, •dJ?C, (Fig. 
9.) to find the perpendicular. 

Let the base AB^h 

The perpendicular JBCzs, 

The sum of hyp. and perp. x-i-^SC: 
Then transposing x, JlC: 




1. By Euclid 47. !,♦ BC +AB =zJlC 

2. That is, by the notation, a»-4-6'=(a-a?)*=:fl^-2ax4-a? 

Here we have a common algebraic equation, containing 
only one unknown quantity. The reduction of this equa- 
tion in the usual manner, will give 

«= 3= JBC, the side required. 

2a 

The solution, in lettera, will be the same for any right 
angled triangle whatever, and may be expressed in a gene- 
ral theorem, thus ; Mn a right angled triangle, the perpendj- 
cular is equal to the square of the sum of the hypothenuse 
and perpendicular, diminished by the square of the base, and 
divided by twice the sum of the hypothenuse and perpendi- 
cular.* 

It is applied to particular cases by substituting numberSy for 
the letters a and 6. Thus if the base is 8 feet, and the sum 
of the hypothenuse and perpendicular 16, the expression 

?LZ — becomes 1 — =6, the perpendicular : and this sub- 

2a 2x16 '^'^ 

traded from 16, the sum of the hypothenuse and perpendi* 

cular, leaves 10, the length of the hypothenuse. 

Prob. 2. Given the base and the difference of the hypotlie- 
nuse and perpendicular, of a right angled triangle, to find the 
perpendicular. ' 



* Legenclre, 18C 
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Let the base AB (Fig. 1 0. ) = 6 = £0 

The perpendicular, BC=zx 

The given diflerencey =rf=lO. 

Then will the hypolhenuse •flC=x+*'- 

Then 



1. By Euclid 47. 1, w3C =:AB+BC 

2. That is, by the notation, {x+dy=U'+a^ 

8- Expanding (x+d)% x^+2dx+(Pz=b^+3^ 

4. Therefore a:=^Jl^=15. 

2d 

Prob. S. If the hypotheniise of a right angled triangle is 
80 feet, and the difference of the other two sides 6 feet, what 
is the length of the base 1 Ans. 24 fee* 

Prob. 4. If the liypolhennse of a right angled triangle is 
50 rods, and the base is to the perpendicular as 4 to 3, what 
is the length of the perpendicular 1 Ans. 30. 

Prob 5. Having the perimeter and the diagonal of a par 
allelograra ABCD^ (Fig. 11.) to find the sides. 

Let the diagonal AC^h=:. 10 

The side AB=ix 

Half the perimeter JBC4-.fljB=-BC+a:=fc=14 
Then by transposing :r, BC=^b-x 



ji 



By Euclid 47. 1, AB+BC =j}C 

That is, a'+(6-:r)'=/4« 

Therefore :r==J6±ViP+pS^==:8. 

Here the side AB is found ; and the side BC is equal to 
l-«=14-8=6. 

Prob. 6. The area of a right angled triangle ABC (Fig. 
12,) being given, and the sides of a paiallelogram inscribed 
m it, to find the side BC. 

Let the given area =a, DE=BFzs:b 
EB=,DF^d, BC=x. 

Then by the figure, CF= BC- BF=z x-b. 
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1. By siniilar triangles, CF : DF:: BC : JiB 

2. That is x-b: diixiJiB 
S. Therefore, dx=:{X'rb)x^1B 

4. By Art. 518, a=ABxiBC=^ABxl9 

5. Dividing by Ix, —:=:AB 

X 

6. Therefore d«=(x-6) X— =2o-!fi 

X X 



X And ^=^^5-?^=Ba 

Prob. 7. The three sides of a right angled triangle, JiBC, 
^Fig. 13.) being given, to find the segments made by a per- 
pendicular, drawn from the right angle to the hypotbenuse. 

The perpendicular will divide the original triangle, into 
two right angled triangles, BCD and ^BJ). (Euc. 8. 6.)* 

1. By Euc. 47. 1, BD + CD =5C 

2. By the figure, CD =,5C - AD 

3. Squar. both sides, CD= {AC - AD)* 

4. Therefore, BD+(.4C- AD)=5C 

6. Expanding, BD+JC''2AC.AD+XD=zBC 

6. Transposing, liD=zBC-lC+2AC.XD^l3 

7. By Euc. 47. 1. FdLZS- AD 



8. Mak. ech & 7th eq. BC ^AC+2 AC. ADz:^ JiB 

9. Therefore AT>=^^J^ 

The unknown lines, to distinguish them from those which 
are known, are here expressed by Roman letters. 

Prob. 8. Having the area of a parallelogram DKFG (Fig. 
H,) inscribed m a given triangle, ABC, to find the sides of 
the parallelogram. 



* Legendie, 213. 
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Draw CI perpendicular to JtB. By suppoeition, DO ifl 
parallel to AB. Therefore, 

The triangle CH(7, is sunilar to C1B \ 
And CDG^ toCAB ) 

Let Crz=zd DG=zx > 

JlB=^b The given area =a ) 

1. By similar triangles, CB: CG::AB: DO 

t. And CB: CO::CI:CH 

8. By equal ratios, (Art. 384.) AB : DO ::CI: CH 

4. Therefore E^^L^CH 

«. By the figure, CI- CH=IH=:DE 

6. SubsUtuUng for Cn, CI- ^^^^' .=DE 

mB 

7. That i^ d-^zzDE 

b 

8. By Art 519, a^DQxDE^sx{dJl\ 

9. That is, aszdx^^ 



10. This reduced gives «=3'*"^ /^-^- ^=I>0 

9S/ (4 d 

The side DE is found, by dividing the area by DO. 

Prob. 9. Tlirough a given point, in a given circle, so to 
draw a right line, that its parts, between the point and the 
periphery, shall have a given difference. 

In the circle AQBR^ (Fig. 15.) let P be a given point, in 
tiie diameter AB. 

Let AP=za^ PR^zx^ 

BPszbp The given diflerence=i^ 

Then will PQ=:x+d 
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1. By Etic. is. 3 * PRxP<l=^PxBP 

t. That is, arx(Jt+rf)=ax* 

S. Or, x'-j-ilxsrab 

4. Completing the square, t^-4~^+i^=i^+^* 

5. Extract and tranif). «= - ) dt/\/yP^\^ s= PR. 

With a little practice, the learner may very much abridgti 
these solutions, and others of a similar nature, by reducing 
several steps to oiie% 

Prob 10. If the sum of t^OTo of the sides of a triangle be 
1155, the length of a perpendicular drawn from the angle iu- 
clude^ between these to the third side be 300, and the differ* 
ence of the segments made by the perpendicular, be 495 { 
what are the lengths of tlie three sides i 

Ans. 945, 375, and 7Sa 

Prob. 1I« If the perimeter of a right angled triangle be 
720, and the perpendicular falling from the right angle on 
the hjrpothenuse be 144 ; what are the lengths of the sides t 

Ans. 300, t40, and 180. 

Prob. 13. The difference between the diag^ooal of a squam 
and one of its sides being given, to find the length of the 
ndes. 

If #s the side requiied, and d=z the given dilBkrence ; 

T\Ma x=zi+dA/i. 

Prob. 14. The base and perpendicular height of any plane 
triangle being given, to find the side of a squate inscribed i;:^ 
the triangle, and standing on the base, in the same manner 
as the paridlelogram DBFOy on the base ABy (Pig. 14.) 

If xsz a side of the square, bss the base, and A= thtt 
height of the triangle ; 

bh 



Then «= 



b+h 



Prob. 15. Two sides of a triangle, and a line bisecting the 
hicluded angle beine given ; to find the length of the bass 
or third sid<}^ upon which the bisecting line faUs. 
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If xz=: the base, a= one of the given eddes, es the other, 
and 6= the bisecting line ; 



Then«=(a+c)x^2^. 



Prob« 16. If the hypothenuse of a right angled triangle 
be S5y and the side of a square inscribed in it, in the same 
manner as the parallelogram JBEJDJ?, (Fig- 12.) be 12 ; what 
are the lengths of the other two sides of the triangle % 

Ans. 28^ and 21. 

Prob. 17. The number of feet in the perimeter of a right 
angled triangle, is equal to the number of square feet in the 
area ; and the base is to the perpendicular as 4 to S. Re- 
quired the length of each of the sides. 

Ans. 6, 8, and 10. 

Prob. 18. A grass plat 12 rods by 18, is surrounded by a 
gravel walk of uniform breadth, whose area b equal to that 
of the grass plat. What is the breadth of the gravel walk 1 

Prob. 19. The sides of a rectangular field are in the ratio 
of 6 to 5 ; and one sixth of the area is 125 square rods. 
What are the lengths of the sides 1 

Prob. 20. There is a right angled triangle, the area of 
which is to the area of a given parallelogram as 5 to 8. The 
shorter side of each is 60 rods, and the other side of the tri- 
ttffgle adjacent to the right angle, is equal to the diagonal of 
the parallelogram. Required the area of each 1 

Ans. 4800 and 3000 square rods. 

Prob. 21. There are two rectangular vats, the greater of 
wliich contains 20 cubic feet more than the other. - Their 
capacities are in the ratio of 4 to 5 ; and their bases are 
squajres, a side of each of which is equal to the depth of the 
other vat. Required the depth of each % 

Ans. 4 and 5 feet. 

Prob. 22. Given the lengths of three perpendiculars, 
drawn from a certain point in an equilateral triangle, to the 
three sides, to find the length of the sides. 

If a« K and c, be the three perpendiculars, and «s= halt 
the length of one of the sides ; 

Then «=°+^+^ 
V8 
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Prob. 23. A square public green is surrounded by a street 
of uniform breadth. The side of the square is 3 rods less 
than 9 times the breadth of the street ; and the number of 
aquace rods in the street, exceeds the number of rods in the 
perimeter of the square by 228. Wnat is the area of the 
square f Ans. 576 rods. 

Prob. 24. Given the lengths of two lines drawn from the 
acute angles of a right angled triangle, to the middle of tlie 
opposite sides : to find the lengths of the sides. 

If x=: half the base, y^ half the perpendicular, and a 
and b equal the two given lines ; 



Then x 



46«-o* /4a* -t« 



Vtt: »=v 



15 
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Art 526. IN the preeeding section, algebra has been 
apphed to geometrical figures, tounded by rigAi thus. Its aid 
is require also^ in investigating the nature and relations of 
curvet. Tlie advances which in modem times have been 
made in this department of geometry, are, in a great measure^ 
owing to the method of expressing the distinguishing proper* 
ties o( the different kinds of lines, in the form o^ equatUnu. 
To understand the princijrfes on which inquiries of this sort 
are conducted, it is necessary to become familiar with the 
plan of hotation which has been generally agreed upon. 

537. TTte posUians of the eeveral painle in a cwve drawn om 
a plane^ are determined^ by talang the S^ame of each jfrom two 
right lines nerpendicutar to each other. 

Let the lines JtF and ^$0 (Fig. 16.) be perpendicular to 
each other. Also, let the lines DBy lyB'f ly'B^' be perpen* 
dicular to AF\ and the lines CD, CU^ C']y\ perpenmcu- 
lar to AG, Then the position of the point D is known, by 
the length of the lines BD and CD, In the same manner, 
the point IX is known by the lines B^U and Oiy ; and the 
point D", by the lines B^iy' and C^JD". The two lines 
which are thus drawn, from any point in the curve, are, to- 
gether, called the coordinates belonging to that point. 

But, as there is frequent occasion to speak of each of the 
lines separately, one of them for distinction's sake, is called 
lan ordinate^ and the other, an abscissa. Thus Bl> is th^ or*t 
dinate of the point 2>, and CD, or its equal jfJS, the absciss^^ 
of the same point. It is, 'generally, most convenient to take 
the abscissas on the line AF, as AB is equal to CD^ ABf 
to CXy, and AW to C"D', Euc. SS. 1 The lines M 
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and AOy to which the coordinates are drawn, are called the 
axes of the co-ordinates. 

528. If co-ordinates could be- drawn to every point in a 
curve, and, if the relations of the several abscissas to their 
corresponding ordinates could be expressed by an equation ; 
the position of each point, and consequently, the nature of 
the curve, would be determined. Many important proper- 
ties of the figure might also be discovered, merely by throw- 
ing the equation into different forms, by transposing, dividing, 
involving, &c. But the number of points in a line is unlim- 
ited. It is impossible, therefore, actually to draw co-ordi» 
nates to every one of them. Still there is a way in which an 
equation may be obtained, that shall be applicable to all the 
parts of a curve. This is effected by making the equation 
depend on some property, which is common to every pair ofcO" 
ordinates. In explaining this, it will be proper to begin with 
a straight Une^ instead of a curve. 

Let AH (Fig. 17.) be a line from which co-ordinates are 
drawn, on the axes JiF and JIG perpendicular, to each other. 
And let the angle FAH be such, that the abscissa CD or JIB 
shall be equal to tvoice the ordinate BD, 

The triangles ABD, ABU, AB'iy' &c. are all dmilar. 
(Euc. 29. 1.)* Therefore, 

AB : BD mAB : BiyiiAB' : B'^B^ 
Audit AB=:2BDyihenAB'=2Biy,hndAB^'=:2B^^iy\SLc 

That is, each abscissa is equal to twice the corresponding 
ordinate. But, instead of a separate equation for each pair 
of co-ordinates, one will be sufficient for the whole. Let x 
represent any one of the abscissas, and y, the ordinate be* 
longing to the same point. Then, 

«=2y, or y=:ix. 

This is an equation expressing the ratio of the co-ordinatet 
of the line AH to each other. It differs from a commoa 
equation in this, that x and y have no deterinmate mafi;ni« 
tude. The only condition which limits them is, that they 
shall be the abscissa and ordinate of the same poini. 



If x=:^B, then y=BD 

If sz^JlB', y=B'iy 

If s=JiB", y=B"D", &C. 

1^ ^Lccendjre^lid. 



310 ALGEBRA^ 

Prom this it is evident, that, if one of the co-ordinates he 
taken of any particular length, the other will be given by the 
equation. If, for instance, the abscissa a? be two inches long, 
the ordinate y, which is liaif x, must be one inch. 
If «=8, then y=:4, If ar=30, then y=15, 

If ar==10, y=5, If a?=:100, y=50, &c. 

On the other hand, if y=®, then a: =4, &c. 

529, If the angle H,3[F be of any different magnitude, as 
in Fig. 18, the general equation will be the same, except the 
co*e(Bcient of x. Let the ratio of y to a: be expressed by a, 
that is, let y : x::a : 1. Then by converting this into an 
equation, we have 

ax=:y. 

The co-efficient a will be a whole number or a fraction, 
ftccording as y is greater or less than x. 

530. To apply these explanations to curves, let it be re- 

?uired to fina a general equation of the common parabola. 
Fig. 19.) It is the distinguishing property of this figure, as 
will be shown under Conic Sections, that the abscissas 
are proportioned to the squares of their ordinates. Let the 
ratio of the square of any one ordinate to its abscissa, be 
expressed by a. As the ratio is the same, between the 
square of any other ordinate of the parabola and its abscissa, 
we have universadly j^ i x::a: 1 ; and by converting (his 
kito an equation, 

aafrry*. 

This is called the equation of the curve* The important 
advantages gained by this general expression, are owing to 
this, that the equation is equally applicable to every pohU of 
the curve. Any value whatever may be assigned to the ab* 
Bcissa «, provided the ordinate y is considered as belonging 
to the same point But, while x and y vary together, the 
quantity a is supposed to remain constant. 

By the equation of the parabola, ax=y% and extracting the 
root of both sides, (Art. 297.) 

y^j^ax. If tt=2, then y =V2x. And 
If a?= 4.5=>ag(Fig.l9.)thcny=:V2x4.5=V9=:8=::jPI> 
If «= 8. =z^B^ y=V2x8=:yl6=4=J?7y 

If^«=12.5=jJJ8^ y= V2xlT 5=rV25=5=g^^jy^ 

If «=:18. szJiJB'^ »==V2Xl8 «vs8=6=2r"iy'^. 
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531. When ordinates are drawn on both sides of the axis 
to which they are applied ; those on one side will be positive^ 
while those on the other side will be negative. Thus, in Fiff. 
1 9, if the ordinates on the upper side of ^F be considered posi- 
tive, those on the under side will be negative. (Art. 607.) 
The abscissas also are either positive or negative, according^ 
as they axe on one side or the other of the point from which 
they are measured. Thus, in Fig. 20, if the abscissas on the 
right, JtBj Affy &c. be considered positive, those on the left, 
•dCy j9(7, &c. will be negative. And in the solution of a 
problem, if an abscissa or an ordinate is found to be negative. 
It must be set off on the side of the axis opposite to ihat on 
which the values are positive. 

532. In the preceding instances, the straight line or curve to 
which the ordinates and abscissas are applied, crosses the 
axis, in the point where it is intersected by the other axis. 
Thus the curve (Pig. 19.) and the straight line E^iy(Fig. 
20.) cross the axis AF^ in the poipt Jl^ where it is cut by the 
axis AS. But this is not always the case. The abscissas on 
the axis QF, (Fig. 21.) may be reckoned from the line ON. 

Let X represent any one of the abscissas, J(fB, MB', &c 
and y the corresponding ordinate. 

Let zss^ABy bz=zJiM. 

And a= the ratio of BD to JlB^ as before. 

Then azz=zy^ (Art. 529.) that is, z:rz^ 

a 

But by the figure, AB=iMB''MJIj i. e. z=zx--b 

Making the two equations equal, x - 6=? 

a 

Therefore xszt-^b. 

a 

533. In investigating the properties of curves, it is impor* 
tant to be able to distinguish readily the cases in which the 
abscissas or ordinates are positive^ from those in which they 
are negative; and to determine under what circumstances, 
either of the co-ordinates vanishes. An abscissa vanishes ai 
the point "where the curve meets the axis from toMcA the abscissas 
are measured. And an ordinate vanishes, at the ponnt where 
the curve meets the axis from wliich the ordmates are 
measured. 
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Thus, in Fig, 19, the ordinates are measrared from the line 
JIF. The length of each ordinate is the distance of a particu- 
lar point in the curve from the line. As the curve approaches 
the axis, the ordinate diminishes, till it becomes nothing, at 
the point of intersection. For, here, there is no distance 
between the curve and the axis. 

The abmssas are measured from the line wfCr. These 
must diminish also, as the curve approaches this line, and 
become nothing at Ji. 

£34. From this it is evident, that when the two axes meet 
the curve at the same pointy the two co-ordinates vankh to- 
gether. In Fig. 19, the two axes meet the curve at •.?, the 
one cutting, and the other touching it. But in Fig. 21, the 
axis MF crosses the line JV!D at ^^ while 6JV crosses it at 
•AT. The ordinate, being the distance from MFy vanishes at 
•tf, where the distance is nothing. But the abscissa, being 
the distance from GJV*, vanishes at.JV*or M. 

535. An abscissa or an ordinate changes from positive to 
negative^ by passing through the point where it is equal to 0. 
Thus the ordinate y, (Fig. 20.) diminishes as it approaches* 
the point A ; here it is nothing, and on the other side of >S^ 
it becomes negative, because it is below the axis CF, (Art. 
507.) In the same manner the abscissoy on the right of .SG, 
diminishes, as it approaches this line, becomes at jf, and 
(ben negative on the left. 

In this case, the two co<^ordinates change from positive to 
negative, at the same point. But in Fig. 21, the ordinates 
change from positive to negative at A ; while the abscissas 
continue positive to GJV*, being still on the right of that line. 
On the right from j?, the co-ordinates are both positive : be- 
tween .d and the line G«/Y, the abscissas are positive : and 
the ordinates negative: and, on the left of G^ both are 
negative. 

' 536 The most important applications of the principles 
stated in this section, will come under consideration, in suc- 
ceeding branches of the mathematics, particularly in Flux- 
ions. A few examples will be here given to illustrate the 
observations which have now been made. 

Prob. 1. To find the equation of the circle. 

In the circle FGMy (tig. 22,) let the two diameters GA 
aoid FM be perpendicular to each other. From any point 
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tn the curve^ draw the ordinate DB perpendicular to AFy 
and ^B will be the corresponding abscissa. 

Let the radius •fii)=r, JtB—Xy BDz=y. 



Then, by Euc. 47. 1,* BD ^zAD-^AB 

That is, f:=zr'^a^ 

And by evolution, y=i\/r* - a? 

In the same manner^ «=±V^ "- !/*• 

That is, the abscissa is equal to the square root of the dif- 
ference between the square of the radius and the square of 
the ordinate.. 

If the radius of the circle be taken for a ttni/, (Art. 510) its 
square will also be 1, and the two last equations will become 

These equations will be the same, in whatever part of the 
arc GDF the point JD is taken. For the co«ordinates will be 
the legs of a right angled triangle, the h3rpothenuse of which 
will be equal to AD, because it is the radius of the circle. 

637. To understand the application to the other quarters 
of the circle, it must be observed, that, in each of the 
equations, the root is anibigtums. The values of y anc of x 
maybe either positive or negative. This results from the 
nature of a quadratic equation, (Art. 297.) It corresponds 
also with tlie situation of the different parts of the circle, with 
respect to the two diameters jF«^ and 6A*. In the first 
quarter GF, the co-ordinates are supposed to be both positive* 
In the second, GMy the ordinates are still positive, but the 
abscissas became negative, (Art. 531.) In the third, JIfJV, 
both are negative, and in the fourth, •ATF, the ordinates are 
negative, but the abscissas positive. That is, 

{FG, X i? -f, and y+, 
J^F,x +, y-. 

* Legendre, 186. 
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538. In geometry, lines are supposed to be produced by 
the motion of a povrU. If the pomt moves uniformly in one 
direction, it {nrouuces a straight line. If it continually varies 
its direction, it produces a curve. The particular nature of 
the curve depends on certain conditions by which the motion 
is regulated. If, for instance, one point moves in such a 
manner, as to keep constantly at the same distance from 
another point which is fixed, the figure described is a circle^ 
of which the fixed point is the centre. It is evident from 
the preceding problem, that the equeUion of this curve de- 
pends on the manner of description. For it is derived from 
the property that different parts of the periphery are equally 
distant from the center. In a similar manner, the equations 
of other curves may be derived from the law by which they 
arc described ; as will be seen in the following examples. 

Prob. 2. To find the equation of the curve called the Cw- 
$oid of Diocles. (Fig. 23.) 

The description, which may be considered as the definition 
of the figure, is as follows. 

In the diameter .ABy of the semi-circle •dJV*J7, let the point 
R be at the same distance from -B, as P is from .5. Draw 
Rjy* perpendicular to wJJB, to cut the circle in JV. From .5, 
through JV, draw a straight line, extending if necessary be- 
yond the circle. And from P, raise a perpendicular, to cut 
this line in M. The curve passes through the point M. 

By taking P at different distances from .5, as in Fig. 24, 
any number of points in the curve may be determined. As 
the line PM moves towards J?, it becomes longer and longer; 
80 as to extend the Cissoid beyond the semi-circle. 

To find the equation of the curve, let .AH and AB be the 
axes of the coordinates. 

Also, let each of the abscissas ^P^ ^SP^ jJP", &c. =rx, 
each of the ordinates PM, FM, F^M\ &c.=y, 
and tlie diameter ^SB =6, 

Then by the construction, PB=zAB -AP^zb - z. 

As PJWand RJf are each perpendicular to ^By the trian 
gles APM and JlRJ^T are similar. - (Euc. 27 and 29. 1.) 
Therefore, 
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1. By similar triangles, AP : PMx :AR : RJf 

2. Or, by putting PB for its equal .fl/?, 

JlP:PM::PB:SJr 

S. Therefore, ^>l:^=:2iJV 

AP 



Jl 9 



4. Squaring both sides, P ^/ X P B ^ ^jy. 

•5P 



5. By Eua 35. 3, and 3. 3,* ARxRB:=^RK 
6. Or, putting PB for its equal AR^ and AP for its equal jR£, 



PBx^P=^RJ^ 

Jt 



7. Making 4th and 6th equal, PBx^P=^^^^^^ 

dP 

8. Therefore, 'SP^zTMxPB 

9. Or, «»=: j/»X (*-«)• 

That is, the cube of the abscissa is equal to the square of 
the ordinate, mulliplied by the difference between the Jiame- 
ter of the circle, and the abscissa. The equation is the same 
for every pair of co-ordinates. 

Prob. 3. To find the equation of the Conchnd of Nico- 

medes. 

To describe the cii rve, let JIB, Fig. 25, be a line given m 
position, and C a poL \t without the line. About this point, let 
the line Ch revolve. From its intersections with AB, make, 
the distances EM, ifM, E''M\ &c. each equal to AD. 
The curve will pass through the points jD, M, M, M\ &c. 

To find its equattan, let CD and AB be the axes of the co- 
ordinates. Draw FM parallel to AP, and PM parallel to CF 
From the construction, AD is equal to EM. 
Let the abscissa AP=zFM:=^Xf 

the ordinate PJIf=^jP=y, 

the given Une CA^a^ 

and AD=:EM=:b, 

Then wiU CF= CA+AF=za+y. 



* Leg^endrs, 105, 2i4 
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48 CA/cuts the parallels CD and PM^ and also the paral- 
lels AP and FM^ the triangles CFM and MPE are siniilar. 
Then 

1. By simUar triangles, CF : FM: : PJU : PE 

t. Therefore, p^^FMxPM 

S. Squaring both sides, PE =M_^^. 
4. By Euc. 47. 1 PE =EM - JM 



ji 



«. Mak. Sd and 4lh equal, SSf*- PM=^^^^ 

CF 

6. That is, fe«-y«= ^\, 

7. Or. (a+»rx(6'-S^-^. 
U9. In these examjAes, the equation is derived from the 

description of the curve. But this order may be reversed. 
If the equation is given, the curve may be described. Fcmt 
the equation expresses the relation of every abscissa to the 
corresponding ordinate. The curve is described, therefore, 
6jf toi^S abscissas of differaU lengths^ and applyvag ordmates to 
each. The line required, will pass through the extremities of 
these ordinates. 

Prob. 4. To describe the curve whose equation is 
tx=zy\ or ys VSff. 

On the line ^F, (Fig. 19.) take abscissas of difiereot 
lengths: 

For instance, .41?= 4.5, then the ordinate Bl}=r$, (Art. 630.) 
^ir =8. B^iy = 4, 

-10"'= 18. 2r''iy"'=c, 
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Andy these several ordinates to their abscisBtts^ and con- 
nect the extremities by the line ADUiy'^ &c. wliich will be 
the curve required. The description will be more or less 
accurate, according to the number of points for which ordi- 
nates are found. 

540. If a pomt is conceived to move in such a manner, as 
to pass through the extremities of all the ordinates assigned 
by an equation ; the line which it describes is called the Mcuf 
of the point, that is the path in which it moves, and in which 
it may always be found. The line is also called the fecuv oj 
the equation by which the successive positions of the point era 
determined. Thus the common parabola (Fig. 19,) is called 
the loctAS of the points, 1?, £K, jy^y &c. or of the equation 
aj;=ry*. (Art. 5 30.) T he aix: of a circle is the Iocm of the 

equation *=±\/r'-y'*. (Art 636.) To find the loan of 
an equation, therefore, is the same thing, as to find the 
straight line or curve to which the equation belongs* 

Prob. 5. To find the locus of the equation 

c=S, or axssy, 

a 

in which x and y are variable co-ordinates, while a is a deter- 
minate quantity. 

If the abscissa x be taken of different lengths, the ordinate 
y must vary in such a manner as to preserve axtsy ; or con- 
verting the equation into a proportion, y:x::a: 1. There- 
fore, as a is a determinate quantity, the ratio of a; to y will be 
invariable ; that is, any one abscissa will be to its ordinate as 
any other abscissa to its ordinate. Let two of the abscissas 
be JiB and •/}£', (Fig. 17.) and their ordmatOEf, BD and 
B'ly; then, 

JiB.BDi.JiB'iB'B^. 

The line JiDiy is, therefore, a etraight line ; (Euc. SS. 6.) 
and this is the locus of the equation. • 

If the proposed equation is j;=:lt-f5, the additional term b 

makes no difference in the nature of the locue. For the only 
effect of 6, is to lengthen the abscissas, so that they must not 
be measured from Jif but from some other point, as M 

88 
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(Fig. 21.) The ratio otAByAB, &c. to Biy^Wjy, &c. still 
remains the same. See Art. 532. The locus of the equatioa 
\a, therefore, a straight Une. 

541. From this it will be easy to prove, that the hcui of 
every equation in which the co-ordinates x and y are in sepa- 
rate terms, and do not rise above the first power, is a straight 
line. For every such equation may be brought to the form 

»z=y.tb. All the terms may be reduced to three, one con- 
a 

taining a:, another y, and a third, the aggregate of the con- 
stant quantities which are not co-ej3icients of x and y ; as will 
be seen in the follo\ving problem. 

Prob. 6. To find the locus of the equation 

ex - d-\-hx - y-^m=n. 
By transposition, cx-{'hx=zy-^n ~ m-fd 

Dividing by c+h g=JL.4-'*'"^+^. 

Here the constant quantities, in each term, may be repre* 
sented by a single letter. (Art. S21.) If, then, we make 

e+hszOf and *LziI!l!l«=6; the equationwill become «=¥-{"&, 

whose locus, by the last article, is a straight line. 

542. But if the ordinates are as the squares, cubes, or 
higher powers of the abscissas, the hcus of the equation, in- 
stead of being a straight line, is a curve. Tor the ordinates 
applied to a straight line, have the same ratio to each other 
which their abscissas have. But quantities have not the 
same ratio to each other, which their squares, cubes, or higher 
Dowers have, (Art. 354.) Thus, if a^=y, the ordinates 
will increase more rapidly than the abscissas. If the abscis-^ 
sas be taken, 1, 2, 3^ 4, &c. the ordinates will be equal to 
their squares, 1, 4, 9, 16, &c. 

643. As an unlimited variety of equations may be produ- 
ced, by different combinations and powers of the co-ordi- 
nates, and as each of these has its appropriate locus ; it is 
evident that the forms of curves must be innumerable. They 
may, however, be reduced to classes. The modem mode of 
classing them, is from the degree of their equations. Tk$ 
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different orders of lines are distinguished^ by the greaiest tndex^ 
or sum of the indices of the co^ordinaieSy in any term of tlie 
equation. 

Thus the equation ax=zy belongs to a line of the firsl or- 
der, because the index of each of the co-ordinates is 1. But 
this order includes no curves. For, by Art. 541, the locus of 
every such equation is a straight line. 

The equation C3!^-^axyz=:y\ belongs to the second order of 
lines, or the first kind of curves, because the greatest index 
Is 2. The equation ay'\-xy=bx also belongs to the second 
order. For, althougli there is here no index greater thatiL 
1, yet the stun of the indices of x and y, in the second term, 
is 2. 

The equation J/'- Saary=&x' belongs to the (/itrd order of 
lines, or the second kind of curves, because the greatest in- 
dex of y is 3. 

644. In curves of the higher orders, the ordinate belong- 
ing to any given abscissa may have different values, and may 
therefore meet the curve in several points. For the length 
of the ordinate is determined by the equation of the curve, 
and if the equation is above Uie first degree, it may have two 
or more roots, (Art. 408.) and may, therefore, give different 
values to the ordinate. 

An equation of the first degree has 'but one root; and a 
hne of the first order, can be intersected by an ordinate, in 
one point only. Thus the equation of the line .5// (Fig. 
17.) is ax^y, in which it is evident y has but one value, 
while X remains the same. If the abscissa x he taken equal 
to JIB, the ordinate y will be BD, which can meet the line 
JlH in D only. 

But the equation of the parabola f^z^ax, (Art 530.) has 
two roots. For, by extracting both sides, y==±\/aa:. (Art. 
297.) It is true, that in this case, the two values of y are 
equai. But one is positive, and the other negative. Thin 
shows that the ordinate may extend both toays from the end 
of the abscissa, and may meet the opposite branches of the 
curve. Thus the ordinate of the abscissa ^B (Fig. 19.) may 
be either BD above the abscissa, or Bd beloto it, 

A cubic equation has three roots ; and an ordinate of the 
curve belonging to this equation, may have three diirercnl 
values, and may meet the curve in three diiTerent points 
Thtjs the ordinate of the ubscissaJiB (Fig. 26.) may be BL*" 
or Biy, or Bd. 
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M& When the cunre meets the axis on which the ahecis* 
■as are measured, the ordinate,ailer becoming less and leas, 
k reduced to nothing. (Art 533.) But, in some cases, a 
conre may continually approach a line, without ever meeting 
it Let the distances JtB^ BB, BfB"^ &c. on the line AFy 
(Fiff* 27.) be tqwd; and let the cmveDiyiy', &c. be of 
such a nature that of the several ordinates at the points B^B^, 
B'^ &c each succeeding one shall be haij the preceding, 
that is, WU^ half BD, B'U' half BfU^ &c. It is evident 
that, however far the straight line be carried, the curve will 
beccnie nearer and nearer to it, and yet will never quite reach 
it AlkntulU/chihiMtati&nmM^ 

meeimg U, U catted an astmptotb of the curve. The axis AF 
is here the asymptote of the curve DUiy\ &c. As the ab- 
scissa increases, the ordinate diminishes^ so that, when the 
abscissa is mathematically infinite, (Art 447.) the ordinate 
becomes an infinitesimaL and may be expressed by 0. (Art 
4550* 

* 8m Note T. 



NOTES. 



Note A. Page 1. 

As the term quantity is here used to signify whatever in 
the obJ3ct of mathematical inquiry, it will be obvious that 
number is meant to be included ; so far at least, as it can be 
the subject of mathematical investigation. Dugald Stewart 
asserts, indeed, that it might be easily shown, that number 
does not fall under the definition of quantity in any sense of 
that word. Philosophy of the Mind, VoL II. Note G. For 
proof that it is included in the c(mp>f>n acceptation of the 
word, it will be sufficient to refer to almost any mathematical 
work in which the term quat>*ity is explained, and particu- 
larly to the familiar distinction between continued quantity or 
magnitude, and discrete quantity or number. 

But does number ** fall under the deJinUion of quantity f * 
Mr. Stewart after quoting the obser\'ation of Dr. Reid, that 
the object of the mathematics is commonly said to be quan* 
tity, which ought to be defined, that whick may be measured^ 
adds, "The appropriate objects of this science are such 
things alone as admit not only of being increased and dimin- 
ished, but of being multiplied and divided. In other words, 
the common character which characterizes all of them, is 
their mensurability" That number may be multiplied and 
divided, will not probably be questioned. But it may per- 
haps be doubted, whether it is capable of mensuration. If, 
as Mr. Locke observes, " number is that which the mind 
makes use of, in measuring all things that are measurable,** 
can it measure itself y or be measured ? It u evident that it can 
not be measured geometrically^ by applying to it a measure of 
length or capacity. But by measuring a quantity matlie- 
matically, what else is meant, than determining the ratio 
which it beaxs to some other quantity of the same kind ; in 
other words finding how often one is contained in the other, 
either exactly or with a certabi excess 1 And is not this aa 
applicable to number aa to magnitude t The ratio which a 

28» 
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given number bears to trnUy cannot, indeed, be the subject 
of inowry ; because it is expressed by the number itselt 
But tne ratio which it bears to other numbers may be as pro- 
per an object of mathematical investigation, as the ratio of a 
mile to a Ifurlong. 

For proof that number is not quantity, Mr. Stewart refers 
to Barrow's Mathematical Lectures. Dr. Barrow has start- 
ed an etymological objection to the application of the term 
quantity to number, which he intimates might, with more 
propriety, be called ^notity. He observes, ** The general ob^ 
feel of the mathematics has no proper name, either in Greek 
or Latin.** And adds, ** It is plain the mathematics is con- 
Tersant about two things especially, quantity strictly taken, 
and quotity ; or magnitude and multitude.'' There is fre- 
quent occasion for a common name, to express number, dura- 
tion, &c. as well as magnitude ; and the term quantity will 
probably be used for thb puqpose, till some other word is sub- 
stituted in its stead. 

But though Dr. Bam>w thus distinguishes between mag- 
nitude and number, he afterwards gives it as his opinion, 
(page 20, 49,) that there is really no quantity in nature dif- 
ferent from what is called magnitudo or continued quantity, 
and consequently, that this alone ou^fu to be accounted the 
object of the mathematics. He accordingly devotes a whole lec- 
ture to the purpose of proving the idefUity qf arithmetic and 
Seometry. (Lect. 3.) He is '* convinced that number really 
ifiers nothing from what is called continued quantity ; but 
is only formed to express and declare it ;" that as *^ the con- 
ceptions of magnitude and number could scarcely be separa- 
ted," by the ancients, *^ in the name^ they can hardly be so 
in the mmdy^* and ^* that number includes in it every conside- 
ration pertaining to geometry." He admits of metaphysical 
number, which is not the object of geometry, or even of the 
mathematics. But, in his view, magnitude is always inclu- 
ded in mathematicdl number, as the units of which it is com- 
posed are equoL On the other hand, magnitudes are not 
to be considered as mathematical quantities, except as they 
are measured by number. In short, quantity is magnitude 
measured by nunii^er. 

It would seem, then, that according to Dr. Barrow, nmn- 
ber considered as separate from magnitude, has as fair a 
claim to be called quantity, as ma^tude considered as sep- 
arate from number. If arithmetic and geometry are the 
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$ame; quantity is as mucb the object of one, as of the other. 
IIow far tills scheme is applicable to duration, motion, &c. it 
is not necessary^ in this place to inquire. 

Note B. p. 1* 

It is to be regretted, that the science of Fluxions has re* 
ceived its name from the particular manner in which its in- 
ventor. Sir Isaac Newton, explained its principles, rather than 
from the nature of the science itself. This has served to 
countenance the opinion, that the doctrine of fluxions, and 
the differential and integral calculus, in which a different Ian** 
guage, and difierent mode of explanation have been adopted, 
are distinct methods of investigation. Whereas the funda- 
mental laws of calculation are the same in both. These 
nave no necessary dependence on motion, or even on geo- 
metrical magnitudes. The method of fluxions has been 
greatly enlarged and modified since Newton's day. But it 
is difllcult to change the name, to adapt it to the present 
state of the science, without seeming to derogate from that 
profound regard which is due to the original inventor. 

Note C. p. 38. 

It is commoti to define multiplication, by saying that * it it 
finding a product which has the same ratio to the multipli- 
cand, that the multiplier has to a unit.' This is strictly and 
universally true. But the objection to it, of a definition^ is, 
that the idea of ratio, as the term is understood in arithmetic 
and algebra, seems to imply a previous knowledge of multi- 
plication, as well as of division. In this work at least, the 
expression of geometrical ratio is made to depend on division, 
and division on nuiltiplication. Ratio, therefore, could not 
be properly introduced into the definition of multiplication. 

It is thought, by some, to be absurd to speak of a unit as 
consisting of parts. But whatever may be true with respect 
to number in the abstract^ there is certainly no absurdity in 
considering an integer, of one denomination, as made up of 
parts of a different denomination. One rod may contain 
several feet : one foot several inches, &c. And in multipli- 
cation, we may be required to repeat tlie whole, or a part of 
the multiplicand, as many times as there aie mches in a foot| 
or part of a foot 
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Note D. p. 66* 

It is perhaps more philosophically exact, to consider an 
equation as affirming the equivaience of two different expres- 
sions of the same quantity, than to speak of it as expressing 
an equality between one quantity and another. But it is 
doubted whether the former definition is the best adapted to 
the apprehension of the learner; who in this early part of his 
mathematical course, may be supposed to be very little accus- 
tomed to abstraction. Though he may see clearly, that the 
area of a triangle is equal to the area of a parallelogram of 
tlie same base and half the height ; yet he may hesitate in 
pronouncing that the two surfaces are precisely the same. 

Note E. p. 86. 

As the direct powers of an integral quantity have positive 
indices, while the reciprocal powers have Tugatwe indices ; it 
is common to call the former positive powers^ and the latter 
negaiwe powers. But this language is ambiguous, and may 
lead to mistake. For the same terms aie applied to powers 
with positive and negative signs prefixed. Thus -f-8a* is 
called a positive power ; while - 8a* is called a negative one. 
It may occasion perplexity, to speak of the latter as being 
both positive and negative at the same time ; positive, be- 
cause it has a positive index^ and negative because it has a 
negative co-ef&cient. This ambiguity may be avoided, by 
ii€ing the terms direct and reciprocal ; meaning, by the for- 
mer, powers with positive exponents, and by the latter, pow- 
ers with negative exponents. 

Note P, p. 109. 

I have been unwilling to admit into the text the rules o( 
calculation which are connnonly applied to imaginary quan- 
tities ; as mathematicians have not yet settled the logic of 
the principles upon which these rules must be founded. It 
appears to be taken for granted by Euler and others, that the 
product of the imaginary roots of two quantities, is equal to 
the roo: of tlie pro duct of the quantities; for instance, that 
V -axV-6=:V -ax-h. If this principle be admitted, 
certain limitations nuist be observed in the application. If 

wc make V^^xV-a=V-ax -«» and this in confor- 
injty with the common rule for possible quantitieS| ss^c^; 
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yet we are not at liberty to consider the latter expression as 
equivalent to a. For though \/^» when taken without re- 
ference to its origin, is ambiguous, and may be either -{-a or 
- a ; yet when we know that it has been produced by mul- 

tiplying\/-a into itself, we are not permitted to give it any 
other value than - a. (Art. 262.) 

On the principle here stated, imaginary expressions may 
De easily prepared for calculation, by resolmng tlie quantity 
under the radical sign into two factored one of which if - 1 ; 

thereby reducing the imaginary part of the expression to V-L 
As -ar=4~^X - 1> the expression \/ -a=\/^X - 1=\/^X 

V~. So V- o - 6= Vo+ftxV^. The first of the 
two factors is a real quantity. After the impossible part of 

imaginary expressions is thus reduced to V-1, they may be 
multiplied and divided by the rules already given for other 
radicals. 

Thus in Mvltiplicationy 

8. +V-ox-Vr6=-v«*x-i=+V«*- 

5. V^x V^=: - VS6=: - 6. 

4. (i+vrr)x(i-v^r)=2. 

From these examples it will be seen, that according to the 
principle assumed, the product of two imaginary expressions 
IS a real quantity. 

5. V~axv*=V<»xV^xV*=V«*xV^. 

6. V^xV*s=6xV^. 

Hence, the product of a real quantity and an imaginary 
expression, is itself imaginary. 

In Dmsion, 

V-b V*XV-1 ^ ft V-a 

Hence, the quotient of one imaginary expressicm divided 
by anotlier is a real quantity. 
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4. 



V^ — V^ — ^ 



V-a v^xV-1 V-^ 



Hence, the quotient of an imaginary quantity divided by a 
real one, or of a real quantity divided by an imaginary one, 
is itself imaginary. 

By multipl)dng V-1 continually into itself, we obtain the 
following powers. 

(V^l)'= -V- 1 (V- 1)'= - V^ 
(V-r)*=+l (V3T)«=+1 

&c. &c. 

The even powers being alternately - 1 and -{-l and the 
odd powers, - V^l and +V-1. 

On the nature and use of imaginary expressions, see Ba- 
ler's Algebra, Rees* Cyclopedia, the Edinburgh Review, Vol. 
I. and the London Philosophical Transactions for 1801, 1803 
and 1806. 

Note G. p. 146. 

Every affected quadratic equation may be reduced to one 
rf the three following forms. 

1. a:'-|-aa:= h 
2.3r^^ax=z b 
8. a;*-ax= — b 

These, when they are resolved, become 



1. a:=-ia±VK+& 
8. ar= ^a±V la^+b 
3. ar= ia±Vja*-i 

In (he two first of these forms, the roots are never imagi 
nary. For the terms under the radical sign are both posi 
tive. But in the third form, whenever 6 is greater than Ja', 
llie expression -Ja* - 6 is negative, and therefore its root is 
Qupoijsible. 
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Note H. p. 175. 

For the sake of keeping clear of the multiplied controvert 
ttes, a great portion of them verbal, respecting the nature oi 
ratioy I have chosen to define geometrical ratio to be that 
which is expressed by the quotient of one quantity divided by 
another, rather than to say that it consists in this quotient. 
Every ratio which can be mathematically assigned, may be 
expressed in this way, if we include surd quantities among 
those which are to be admitted into the numerator or denomi* 
nator of the fraction representing the quotient. 

Note I. p. 177. 

This definition of compound ratio is more comprehensive 
than the one which is given in Euclid. That is included in 
this, but is limited to a particular case, which is stated in 
Art. 353. It may answer the purposes of geometry, but is 
not sufficiently general for algebra. 

Note K. p. 178. 

It is not denied that very respectable wi iters use these 
terms indiscriminately. But it appears to be without any 
necessity. The ratio of 6 to 2 is 3. There is certainly a 
difference between twice this ratio, and the sqwwe of it, that 
is, between twice three, and the square of three. All are 
agreed to call the latter a dvpliccUt ratio. Wluit occasion is 
there, then, to apply to it the term double alsol This is 
wanted, to distinguish the other ratio. And if it is confined 
to that, it is used according to the common acceptation of the 
word, in familiar language. 

Note L. p. 185. 

The definition here given is meant to be applicable to 
quantities of every description. The subject of proportion as 
it is treated of in Euclid, i^ embarrassed by the means which 
are taken to provide for the case of incommensurable quanti- 
ties. But this difficulty is avoided by the algebraic nota- 
tion which may represent the ratio even of incommensur- 
ables. 

Thus the ratio of 1 to \/2 is _. 
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It is impossible, indeed, to express in rational numbers, 
cbe square root of 2, or the ratio which it bears to 1. Bui 
this is not necessary, for the purpose of showing its equality 
with another ratio. 

The product 4x2=8. 

And, as equal quantities have equal roots, 

2xV2=V8> therefore, 2 : V® • • 1 • V*- 

Here the ratio of 2 to \/8, is proved to be the same, as 
that of 1 to V^ 9 although we are unable to find the exact 
value either of \/8 or i\/2. 

It is impossible to determine, 'with perfect accuracy, the 
ratio which the side of a square has to its diagonal. Yet it 
is easy to prove, that the side of one square has the same ra- 
tio to its diagonal, which the side of any other square has to 
its diagonal. When incommensurable quantities are once 
reduced to a proportion, they are subject to the same laws as 
other proportionals. Throughout the section on proportion, 
the demonstrations do not imply that we know the value of 
the terms, or their ratios ; but only that one of the ratios is 
epud to the other. 

Note M. p. 190. 

The inversion of the means can be made with strict pro- 
priety in those cases only in which all the terms are quanti- 
ties of the same kind. For, if the two last be different from 
the two first, the antecedent of each couplet, after the inver- 
sion will be different from the consequent, and therefore, 
there can be no ratio between them. (Art. $55.) 

This distinction, however, is of little importance in prac- 
tice. For, when the several quantities are expressed in num^ 
berSy there will always be a ratio between the numbers. And 
when two of them are to be multiplied together, it is imma- 
terial which is the multiplier, and which the multiplicand. 
Thus in the Rule of Three in arithmetic, a change in the 
order of the two middle terms will make no difference in the 
result. 

Note N. p. 197. 

The terms composition and division are derived from ge- 
ometry, and are introduced here, because they are generally 
used by writers on proportion. But they are calculated rather 
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to pcrpjex, than to assist the learner. The objection to the 
word compysitwn is, that its meaning is liable to be mistaken 
for the composition or compounding of rcUios. (Art. 390.) 
The two cases are entirely different, and ought to be carefully 
distinguished. In one, the terms are added^ in the other, 
they are muUfplkd together. The word compound has a simi* 
lar ambiguity in other parts of the mathematics. The ex- 
pression a-^b^ in which a is added to 6, is called a compound 
quantity. The fraction ^ of -f, or ^ xf> in which ^ is mtdtir 
plied into f, is called a compound fraction. 

The term division^ as it is used here, is also exceptionable. 
The alteration to which it is applied, is effected by subtractwrif 
and has nothing of the nature of what is called division in 
arithmetic and algebra. But there is another case, (Art 
392.) totally distinct from this, in which the change in the 
terms of the proportion is actually produced by division* 

Note O. p. 206. 

The iMTincipIes stated in this section, are not only expressed 
in difrerent language, from the corresponding propositions in 
Euclid, but are in sevenil instances more general. Thus the 
first proposition in the fifth book of the Elements, is confined 
to equmtdiipks. But tlie article referred to, as containing thit 
proposition, is applicable to all cases of equal nUioSy whether 
tlie antecedents are multiples of tlie consequents ^r net. 

Note P. p. 222. 

The solution of one of the cases is omitted in the text, he« 
cause it is performed by logarithms, with which tlie learner 
is supi>osed not to be acquainted, in this part of the course* 
Wiieii the first term, the last term, and tlie ratio are given^ 
the number of terms may be foiuid by the formula 

log.rf 

a 



log. r 

Note Q. p. 227. 

"Wlien it is said that a mathematical quantity may be fliip« 
nosed to be increased beyond any determinate limits, it is not 
intended that a quantity can be specified so great, that no 
limits greater than this can be assigned. The quantit j tuul 

»9 
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the limits may be titemaiely extended one beyond the other. 
If a line be conceived to reach to the most distant point in 
the visible heavens, a limit may be mentioned beyond this. 
The line may then be supposed to be extended farther than 
this limit. Another point may be soecifi©^ still farther on, 
and yet the line may be conceived ^a oe carried beyond it. 

JHotx R. p. 230. 

The apparont contradicHons respecting infinity, are owing; 
to the ambiguity of tlie term. It is often thought that the 
proposition, that quantity is infinitely divisible, involves an 
absurdity. If it can be proved that a line an inch long can 
be divided into an infinite number of parts, it can, by the 
same mode of reasoning, be proved, that a line two inehes 
long may be first divided in the middle, and then each of the 
sections be divided into an infinite number of parts. In this 
way, we shall obtain one infinite twice as great as another. 

If by infinity, here is meant that which is beyond any as- 
■ignable limits, one of these infinites may be supposed greater 
tluoi the other, without any absurdity. But if it be meant 
that the number of divisions is so great that it cannot be in- 
creased, we do not prove this, concerning MiJtt of the lines. 
We make out, therefore no contradiction. The apparent 
absurdity arises firom shifting the meaning of the terras. We 
Remonstrate that a quantity is, in one sense infinite ; and 
then infer tiuit it is infinite, in a sense widely diflferent. 

Note S. p, 233. 

Strictly speaking, the inquiry to be made is, how often the 
nihoU divisor is contained in as many terms of the dividend. 
But it is easier to divide by a pari only of the divisor ; and 
this will lead to no error in the result, as the whole divisor ia 
multiplied, in obtaining the several subtrahends. 

Note T. p. 244. 

The demonstration of this proposition, particularly in its 
application to fractional indices, could not be introduced, with 
advantage, in this part of the course. It does not appear 
that Newton himself demonstrated his theorem, except by 
induction. And though various demonstrations have since 
been given ; yet they are generally founded upon principles 
and methods of investigation not contained in this introduc* 
tion, such as the ^aws of combination, fluxions, and figurate 
nimiben. 
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' Those who wish to examine the inquiries on this subject, 
may consult Simpson's Algebra, Section 15, Euler's Algebra, 
Section 2, Chap. 11, Vince's Fluxions, Art. 99, Lacroix's 
Algebra, Art. 138, &c. Do, Ccmp. Art. 71, Rees' Cyclopedia, 
Manning's Algebra, the London Phil. Trans. Vol. xxxv, p. 
298, Woodhouse's Analytical Calculations, Bonnycastlc's 
Algebra, and Lagrange's Theory of Analytical Functions. 

Note U. p. 277. 

The very limited extent of this work would admit of no- 
thing more, than a few specimens of the Summation of Se- 
ries. For information on this subject, the learner is referred 
to Emerson's Method of Increments, Sterling's Summation 
of Series, Waring's Fluxions, Maclaurin's Fluxions, Art, 828, 
&c. Wood's Algebra, Art. 410, Lacroix's Comp. Alg. Art. 
SI, &c. Euler's Anal. Infin. C. xiii, Simpson's Essays and 
Dissertations, De Moivre's Miss. Analyt. p. 72, and the Lou- 
don Philosopliical Transactions. 

Note V. p. 291. 

To those who have made any considerable progress in the 
mathematics, this section will doubtless appear very defec- 
tive. But it was impossible to do justice to the subject, 
without occupying more room than could be allotted to it 
here. In going through an elementary course of mathema- 
tics and natural philosophy, the student will rarely have oc- 
casion to solve an equation above the second degree. 

Those who wish to examine particularly the difierent meth- 
ods of solution, will find them in Newton's Universal Arith- 
metic, Maclaurin's Alg. Part. 2, Euler's Alg. Part 1. Sec. 4, 
Waring's Algebra, Do. Medit. Algeb., Wallis' Algebra, Simp- 
son's Alg. Sec. 12, Fenn's Alg. Ch. 3 and 4., Saunderson's 
Alg. Book X, Simpson's Essays and Dissertations, Journal 
De Physique, Mar. 1807, and the Philosophical Transactions, 

Note W. p. 298. 

It will be thought, perhaps, that it was unnecessary to ht 
so particular, in obtaining the expression for the area of h, 
parallelogram, for the use of those who read Play fair's edi- 
tion of Euclid, in which ^^AD.DC is put for the rectangle 
contained by JID and DC^^ It is to be observed, however, 
that he introduces this, merely as an article of nolalion, 
(Book u. Def. 1.) And though a point inter|x>sed between 
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Ihe lettersy is, in Algebra, a sign of multiplication; yet he I 

does not liere undertake to show Iiow the sides of a paralielo- ' 

gram may be multiplied together. In the first book of the 1 

Supplement^ he has indeed der. ions tra ted, that "equiangular 
parallelograms are to one another, as the products of the 
numbers proportional to their sides." But he has not given 
to the expressions the forms most convenient for the suc- 
ceeding parts of tliis work. In making the transition from 
pure geometry to algebraic solutions and demonstrations, it is 
unportant to have it clearly seen tliat the geometrical princi- 
nlcs are not altered ; but are only expressed in a difTerent 
language. 

Note X. p. 307. 

This section comprises very little of what is commonly 
understood by the application of algeln-a to geometry. The 
principal object has been, to prepare the way for the other 
parts of the course, by stating the grounds of the algebraie 
notation of geometrical quantities, and rendering it familiar 
by a few examples. 

On the construction and eoluti<m of problems, See New- 
ton's Arithmetic, Simpson'^ Alg. Sec. 18 and appendix, I^* 
croix's Afqp. Alg. Creoini, Saundersoa^s Alg. Book xiii. Ana* 
lyt. Inst, of Maria Agnesi, Book i. Sec. 2, and Emersoa^a 
Alg Book II, Sec. 6. 

Note Y. p. 320. 

On the equations of curves, the geometrical construction 
of equations, the finding of bet, &c. see Maclaurin's Alg. 
Part III, and appendix, Newton's Arith., Emerson's Alg. 
Book II, Sec. 9, Do. Prob. of Curves, Euler's Anal. Infin., 
Waring's Prob^ Alg. and Mansfield's Essays. 

Among the subjects which, for want of room, are entirely 
omitted in this introduction, one of the most interesting is the 
mdetemiiMit anudysis. No part of Algebra, perhaps, is bet 
ter calculated to exercise the powers of mren.'ion. But other 
branches of the mathematics are so little dependent on this, 
that it is not absolutely necessary to give it a place in an ele- 
mentary course. 

See, on this subject, Eulei-'s Alg. Vol. ii, with LagrangeV 
additions, Saunderson's Alg. Book vi, Bonnycastle's Algebra, 
and the Edinburgh Phil. 'Transactions, Vol. ii. 
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